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Abstract

We consider the problem of dynamically maintaining a solution of all pairs shortest paths in a directed weighted graph
G = (V E) undergoing a sequence of edge insertions and/or the edge cost decreases, and present a simple data structure
to support the above operations. The proposed algorithm for maintaining the data structure requires O(logn) time and
o) processors for each of the operations above. Furthermore, our algorithm is able to answer n? queries concerning the
lengths of all pairs shortest paths in O(1) time, and to find n shortest paths in O(logn) time. The same bounds for similar
operations can be achieved for other problems such as dynamically maintaining all pairs longest paths in a directed acyclic
graph (DAG), the topological order of a DAG, and the transitive closure of a directed graph. To the best of our knowledge,
no partially dynamic NC algorithm using O(n?) processors for these problems is known yet, despite the existence of several
efficient sequential algorithms. All known NC algorithms for these problems are based on matrix multiplication which
requires M (n) processors at least. Currently the best result for M(n) is n*¥¢ (Coppersmith and Winograd, 1987). Unless
otherwise specified, our computational model is a CREW PRAM in which concurrent read to the same memory cell is
allowed, but concurrent write to the same memory cell is forbidden.

Keywords: Parallel algorithms; Partially dynamic graph algorithms; The all pairs shortest paths problem; The longest path problem; The
transitive closure problem; Topological sorting

1. Introduction both. In this paper we consider the edge insertion case

only. Let G(VE) be a weighted or unweighted di-

A fully dynamic graph algorithm is one that allows
edge insertions and deletions, and recomputes some
desired graph property quickly after each such update.
A partially dynamic graph algorithm is one that al-
lows either edge insertions or edge deletions but not
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rected (acyclic) graph. Initially, G(VE) = G(V0)
and V = {1,2,...,n}. An important problem in the
algorithm area is how to maintain on-line all pairs
shortest paths in G after undergoing dynamic updates.
The problem consists of (1) maintaining a distance
matrix Dist, where an entry Dist[i, j] in Dist contains
the length of the shortest path from vertex i to vertex
J» (2) finding such paths and answering queries about
the lengths of such paths for the edge insertions, 1 <
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i,j < n. In detail, in this paper we consider how to
maintain all pairs shortest paths in G in parallel after
undergoing an intermixed sequence of the following
operations:

e Add(x,y,w): insert an edge of cost w from vertex

X to vertex y;

o LengthShortestPath(x,y): return the length of the
shortest path from x to y if it exists; +oc otherwise;

e FindShortestPath(x,y): return the shortest path
from x to y if it exists.

The problem above has been studied in the se-
quential context previously [1,9]. Ausiello et al.
considered a special case of this problem in which
case the edge cost is an integer bounded by C.
For this case, their algorithm requires O(Cn? logn)
amortized time for an intermixed sequence of edge
insertions and edge cost decreases, O(1) time for a
query LengthShortestPath(x,y) and O(l) time for
FindShortestPath{x,y), where [ is the number of
edges of the shortest path from x to y. Independently
Lin and Chang [9] also gave the same results for
this special case. As for the problem of fully dy-
namic maintenance of all pairs shortest paths in a
directed graph, i.e., maintaining a solution to the all
pairs shortest paths problem during edge insertions,
edge deletions and edge cost updates, Even and Gazit
[4] have shown that it requires O(n?) time for an
edge insertion and/or an edge cost decrease, and
O(mn + n*logn) time for an edge deletion and/or
an edge cost increase respectively, where m is the
number of edges in the current graph. Rohnert [11]
and Yellin [14] also considered the fully dynamic
maintenance of this problem, giving similar results.
However, to the best of our knowledge, there is no
known NC algorithm for this problem using O(n?)
processors only, in spite of several efficient sequen-
tial algorithms for it. Without exception, all existing
NC algorithms for this problem are based on matrix
multiplication which requires M(n) processors at
least. Currently the best result for M(n) is n>376 [3].
In this paper we suggest an NC algorithm for this
problem. Our algorithm requires

(i) O(logn) time and O(n?) processors for an

edge insertion and/or an edge cost decrease;
(ii) O(1) time and O(n?) processors for the queries
of the lengths of n? pairs shortest paths; and
(iii) O(logn) time and O(n?) processors for finding
n shortest paths.

The proposed NC algorithm for the partially dy-
namic maintenance of the all pairs shortest paths prob-
lem can also be extended to other dynamic update
problems such as the all pairs longest paths problem
in a directed acyclic graph (DAG), the topological
sorting problem on a DAG, and the transitive closure
problem in a directed graph. The all pairs longest paths
problem is polynomially solvable on DAGs, but is NP-
complete on general graphs [5]. Ausiello et al. [1]
extended their results on all pairs shortest paths to all
pairs longest paths in a DAG, and presented an algo-
rithm. Their algorithm for this latter problem has the
same time complexity as that for the former problem.

The topological sorting problem and the transitive
closure problem have wide applications in distributed
computing and compilers [14,12]. For the on-line
topological sorting problem which was raised in com-
plier, Spaccamela et al. [12] proposed an amortized
O(nm) time algorithm for m edge insertions. Note
that there exists a topological ordering of the vertices
in a directed graph only if the graph is a DAG. For the
transitive closure problem, there are several sequen-
tial algorithms for it [6,8,7]. The first fully dynamic
algorithm was given by Ibaraki and Katoh [6]. Their
algorithm requires O(n3) time for a sequence of edge
insertions, and O(n?(m + n)) time for m edge dele-
tions. Later La Poutré and van Leeuwen [8] consid-
ered a special case of this problem in which case a
directed graph can be augmented to a DAG. For this
case, their algorithm requires O(nm,) amortized time
for either m edge insertions or m edge deletions but
not for both of them, where m;, is either the number of
edges in the original graph for deletion or the number
of edges in the resulting graph for insertion respec-
tively. Independently Italiano [7] also presented an
algorithm for the DAG with the same time bound. If
the maximum vertex degree of the augmented graph
is bounded by 4, for this special case Yellin [ 14] pro-
posed an algorithm which is still the best known. His
algorithm requires O(md4) amortized time where m is
either the number of edges of the transitive closure in
the final graph for edge insertions or the number of
edges in the initial graph for edge deletions.

We extend our results for the all pairs shortest paths
problem to all other problems mentioned above, and
solve them using similar techniques. In detail, our al-
gorithms for these problems require O(logn) time and
O(n?) processors for an edge insertion, and O(logn)
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time and O(n?) processors for n path queries such
as finding the longest paths in a DAG, finding n di-
rected paths in the transitive closure problem etc. Un-
less specified, our computational model is a CREW
PRAM in which concurrent read and exclusive write
are allowed.

2. The algorithm for the all pairs shortest paths
problem

The data structure for this problem comprises two
matrices Dist and PT. An entry Dist[i,j] in Dist is
the length of the shortest path from vertex i to ver-
tex j if such a path exists, +o00 otherwise. Consider
the single source shortest path problem starting from
i. It consists of computing the shortest paths from i
to all other vertices. Denote by T(i), a shortest path
tree rooted at i, where the parent Fr(;(j) of vertex
J is j’s immediate ancestor on the shortest path from
i to j if j is reachable from i, Fr¢;(Jj) is assigned
NULL otherwise. An entry PT[i, ) in PT is defined
as PT(i,j] = Fra ().

Having the above data structure, we now con-
sider inserting an edge (x,y) into the graph G. Let
Distyali, j1 and Distyew [i, j] be the length of the
shortest path from i to j before and after inserting the
edge (x,y) respectively. Then, by the definition of
the shortest paths, for all i € V and j € V, we have

Distyew [l,j]
:= min{Distoq[ i, j}, Distoiai, x]
+Di3t0|d[yaj] +W(Xa}’)}» (1)
where w(x,y) represents the cost of the edge (x, y).

Using Eq. (1), in the following we give a simple
dynamic update algorithm for the all pairs shortest
paths problem.

Consider inserting an edge (x, y) ‘into G. Our al-
gorithm proceeds as follows. For each T(i) we first
assigned a copy T; , of tree T(y) to it. Then for each
tree T(/) and every vertex j € V, we check whether
Distogli, j)

> Distoiali, x] + Distoal y, j1 + w(x,y).

If yes, we assign Dist{i, j] by

Distog(i, x] + Distogly, j1 + w(x.,y),

and delete the edge (J, Fr¢i(j)) from T(i), ie.,
set Fr(iy(j) = j. Otherwise we delete the edge
(J, Fr,,(j)) from the tree T;,. Let T'({) and T}, be
the resulting graphs after deleting the edges from
T(i) and T;, respectively. We now compute the con-
nected components of graphs 77(i) and T;,. Denote
by CCs(g) the connected component containing ver-
tex g in a graph G. Let FMY(i) and Ff* (i) be the
parent of vertex i in a tree T before and after inserting
the edge (x,y) respectively. Now we check whether
Distyq[i, y] > Distnew[i,y]. If yes, vertex x is the
parent of y in T'(¢) after inserting edge (x, y), and we
set Fr(y(y) = x. Finally we merge two connected
components CCr(;y (i) and CCT‘{‘.( y) (here actually
two subtrees) into a connected component, i.c., we
update the tree T(i). The description for this update
is as follows. Initially we set Fr{jj(v) := NULL for
all v € V. Then for each vertex k € CCr(;) (i), we
set F7ey (k) := Ff) (k), and for each k € CCrv ()
we set F}‘f}’;(k) = Fr, (k).

The algorithm above can be easily modified to pro-
cess the case of edge cost decrease case. We omit it
here. In the following we show that the proposed al-
gorithm is correct.

Lemma 1. For any vertex k # y in T(y), k €
CCT;’v(y) if and only if

Distogli, k]
> Distgg[i, x] + Distoq[ y, k] + w(x,y). (2)

Proof. For any k € V which is reachable from y, if &
does not satisfy Inequality (2), the edge (k, Fr,, (k))
will be deleted from 7; ,, and hence & is excluded from
CCr; . So the vertices remaining in CCyv must satisfy
Inequality (2). )

Let k be such a vertex that Distoali, k] >
Distygli, x] + Distoa y, k] +w(x, y) = Distnew[i, k].
In order to prove k € CCyy (y), we just need to show
that, for every ancestor p of k in T(y),

Disto[i, p]
> Distoali, x] + Distog[y, p1 + w(x,y).  (3)
We prove this by contradiction. Assume that vertex

pi is the first ancestor vertex (starting from k) of k
which does not satisfy Inequality (3). Then
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Distqali, p1]
< Distoali, x] + Distoaly, p1]1 + w(x, y).

However, we already knew that

Distoqli, k]
< Distaali, pr] + Distaal p1, k]
< (Distoali, x] + Distoa[y, p11 + w(x, y))
+ Distoalp1, k]
= Distoli, x] + Distouly, k] + w(x,y)
= Distpew [, k].

Contradiction! So, for every ancestor p of k in T(y),
we have Distog[i, p] > Distogli, x] +Distgaly, pl+
w(x,y). From this we derive that the vertices k and
y are in the same connected component of 7}, i.e.,
ke CCTI/‘\‘(y). O

Using the same argument we have the following
lemma.

Lemma 2. For any vertex k + i in T(i), k €
CCriy(i) if and only if

Distggl i, k]
< Distogli, x] + Distoigly, k] + w(x, y). (4)

Lemma 3. The proposed algorithm is correct.

Proof. Let & be a vertex in CCr/(;)(i). By Lemma 2,
we know that Distygli, k] < Distygli,x] +
Distoa[y, k] + w(x,y). So, the edge (x,y) added
into G does not affect the shortest path from i to
k. If y already changed its parent to x in T'(i)
and % in CCE’\,()’)y by Lemma 1, Distyq4li, k] >
Distogli, x] + Distogly, k] + w(x,y). This means
that the shortest path from i to & must pass through
the edge (x,y). The parent of k in T(y) therefore is
also the parent of k in 7(i) after inserting the edge
(x,y). O

Lemma 4. The update algorithm for inserting an
edge (x,y) into G requires O(logn) time and O(n?)
processors.

Proof. Note that the computation of connected com-
ponents in a forest with n vertices can be done in

O(logn) time using O(n) processors. Therefore, the
entire update for an edge insertion requires O(logn)
time and O(n?) processors because there are n short-
est path trees. For each such a tree T'({), it may need to
merge with a subtree of 7(y) including y. The merge
needs O(logn) time and O(n) processors, | < i <
n. So, the algorithm for maintaining all pairs shortest
paths requires O(logn) time and total O(n?) proces-
sors, [

Now consider operation LengthShortestPath(u,v).
It can be handled easily by retrieving the value of the
entry Dist(u,v). So, we are able to answer as many
as n? such queries in O(1) time because there are n?
processors available. The query for finding the short-
est path from u to v can be done by finding the directed
path from v to the root u in the tree 7 () which can be
obtained easily in O(logn) time using O(n) proces-
sors by path doubling technique in parallel processing.
So, we are able to find n shortest paths in O(logn)
time. Therefore we have the following theorem.

Theorem 5. Given a weighted directed graph
G(V,E) provided that the edge insertions introduce
no negative cycles in G, there exists a data structure
which supports n* LengthShortestPath(x,y) opera-
tions in O(1) time, n FindShortestPath(x,y) opera-
tions in O(logn) time, and an Add(x, y, w) operation
in O(logn) time, using O(n?) processors at most.

3. The algorithms for other problems
3.1. Finding all pairs longest paths in a DAG

Following the similar discussion by Ausielloetal. in
[ 1], we can modify the algorithm in Section 2 to make
it capable of performing the following operations on
a DAG. Assume that the augmented graph is still a
DAG.
e Add(x,y,w): insert an edge of cost w from vertex
xtoy,;
e LengthLongestPath(x,y): return the length of the
longest path from x to y if it exists; +-co otherwise;,
o FindLongestPath(x,y): return the longest path
from x to y if it exists.
The data structure for this problem is a modification
of that for the all pairs shortest paths problem. That is,



W. Liang et al./Information Processing Letters 58 (1996) 149-155 153

for each i € V we establish a directed tree T'(i) rooted
at vertex i. Define the parent Fr(;(j) of a vertex j in
T(i) by u, where u is the immediate ancestor of j on
the longest path from i to j. The tree T(i) is stored
in the ith row of the matrix PT defined in Section 2.
Meanwhile we also establish a matrix Long in which
an entry Long| i, j] represents the length of the longest
path from i to j if it does exist, Long[i, j] is —o0
otherwise.

When inserting an edge (x,y), we first check
whether it introduces a cycle, which can be done
easily by testing whether Long[y,x] # —oo. If yes,
the edge (x,y) cannot be added to G, because it will
form a cycle in G consisting of the longest path from
y to x and the edge (x, y) itself. Otherwise we should
re-compute some longest paths after inserting (x, y).
Assume that there is no cycle introduced by adding
(x,y) into the current graph. Let Long (i, j] and
Long,., i, j] be the length of the longest path from
i to j before and after inserting (x,y) respectively.
Then by the definition of the longest paths, for all
i€ VandjeV, wehave

Longqli,i] := Longnew[i,1] :=0, (5)
Long,.. 11, /]
= max{Long 41, j1,Long,4li, x]
+ Longggly, j1 +w(x,y)}. (6)

The processing for this problem is similar to that for
the all pairs shortest paths problem. Therefore we have

Theorem 6. Given a DAG G(VE) provided
that the edge insertions introduce no cycles,
there exists a data structures which supports n?
LengthLongestPath(x,y) operations in O(1) time, n
FindLongestPath(x,y) operations in O(logn) time,
and an Add(x,y,w) operation in O(logn) time. The
number of processors used is O(n?).

3.2. Topological sorting in a DAG

A topological order of a partially ordered set (V, £2)
is a total order ord on V such that if (x,y) € £, then
ord(x) < ord(y). It is straightforward to represent a
partially ordered set (V £2) by using a DAG G(V E)
such that (x,y) € E if and only if (x,y) € 2. A
topological order ord of vertices in G is to map each

vertex v to an integer ord(v) between 1 and n such
that, for each (x, y) € E, ord(x) < ord(y). The inte-
ger ord(u) is called the topological numbering of ver-
tex u. A simple sequential algorithm for this problem
requires O(m+ n) time by using depth-first searching
technique [ 10]. But all known parallel algorithms for
this problem [2,13] are based on matrix muitiplica-
tion which require 0(log2 n) time and M(n) proces-
sors at least on a CREW PRAM.

In this paper we deal with how to maintain the topo-
logical numbering of vertices dynamically after a se-
quence of edge insertions operations. The data struc-
ture for this problem include two matrices Dist and PT,
and two one-dimensional arrays ord and Vex, where
an entry Dist[i, j] in Dist is the length of the shortest
path from i to j if j is reachable from i, Dist[i, j] :=
+00 otherwise. An entry ord(i) in ord represents ver-
tex i’s topological numbering, and an entry Vex(i) in
Vex represents the vertex whose topological number-
ing is i. For each vertex i € V we build a reachability
tree 7(i) which actually is a shortest path tree start-
ing at i. The tree T({) is stored in the ith row of the
matrix PT.

Consider inserting an edge (x, y) to a DAG G. First
we check whether the augmented graph is still a DAG,
i.e., whether this operation introduces any cycle in G.
This can be done by checking if Dist[y, x] # +oc.
If Dist[y,x] # +o0, we cannot add this edge to G,
because otherwise a directed cycle will be introduced.
From now on, assume that inserting an edge (x,y)
introduces no cycles. We proceed as follows. We first
check whether the old topological order is still valid,
i.e., we check whether ord(x) < ord(y).If so, we just
update the matrices Dist and PT by the algorithm in
Section 2, and do nothing about the topological order
update. Otherwise we must update ord and Vex too, i.e.,
recompute the topological numbering of vertices. Our
algorithm for this latter case depends on the following
lemma proven by Spaccamela et al.

Lemma 7 (see [12]). Given a DAG G(V E) and
a topological order ord of its vertices, let G'(VE U
{(x,¥)}) be the graph obtained from G by inserting
edge (x,y).If G isacyclic, then there is a topological
order ordyey of G' such that ordye, (W) = ordga(w)
for all w with ordyg(w) < ordgg(x) or ordgg(w) >
ordyg(y), where ordyy(w) is the topological num-
bering of vertex w before inserting the edge (x,y).
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Let X = {x1,x2,...,x,} be a vertex set in which
x is reachable from each vertex in X and ord(y) <
ord(x;) < ord(x) for 1 < i < p, where ord(x;) <
ord(x;y)) for all { < p — 1. The construction of X
can be done in O(log n) time using O(n) processors
by testing each u to see if Dist(u,x) # —+oc and
ord(y) < ord(u) < ord(x) and then by sorting.

Let Y = {y1,¥,...,¥4} be a vertex set in which
each vertex is reachable from y and ord(y) <
ord(y;) < ord(x) for 1 < j < g, where ord(y;) <
ord(y;y1) for all j < g — 1. Obviously Y can be ob-
tained by checking each vertex u in T'(y) if it satisfies
ord(y) < ord(u) < ord(x).

It is easy to show that XNY = () when X # {x} and
Y # {y}, since otherwise the augmented graph is not
a DAG any more. Let A and B be two disjoint vertex
sets. Define ord(A) < ord(B) if ord(u) < ord(v)
for every u € A and every v € B.

From Lemma 7, we know that the topological num-
bering ord(u) of vertex u may need to be updated if
ord(y) < ord(u) < ord(x). Let U = {u | ord(y) <
ord(u) < ord(x)}. Obviously X C U and Y C U.
Let W=U —Y.Then x € W and y € Y. In order to
compute the new topological order after inserting the
edge (x,y), it is necessary that each of the following
conditions must be satisfied:

(i) ordpew(x) < ordnew(y) and ordyew (W) <
ordyew (Y) because ordyig(x) = max{ordoa(v) |
v e W}, ordyg(y) = min{ordold(u) | u c Y}
and ordoig(x) > ordoa(y);
(i1) for any two vertices u,v € W, ordpew(u) <
Ordyew (V) if ordog(u) < ordga(v);
(iii) for any two vertices u,v € Y, ordpew(u) <
ordnew (0) if ordga(u) < ordyg(v).

Based on the discussion above we now update the
topological numbering of vertices in U. We proceed as
follows. First mark all vertices in Y. Then define a 1-
dimensional array count in which the entry count(i) :=
1 if Vex(i) is marked; count(i) := 0 otherwise. Then
compute the prefix sum(i) := Z;=l count(j) of array
count for all 1 < i < n. Finally we assign new topo-
logical numberings to all vertices. Foreachu € V—U,
ordnew (u) = ordgg(u) and Vexpew(ordoq(u)) =
u. Let | = ordya(y), h = ordyy(x) and k =
max{sum(i) | 1 € i < n}. For each i between [ and
h, if Vex(i) € Y then Vexpew(h — k + sum(i)) :=
Vexoia (i) and ordpew (Vexoa(i)) = h — k + sum(i);
if Vex(i) € W then Vexpew (i — sum(i)) := Vexqq (i)

and ordyey (Vexoq(i)) =i — sum(i).

It is not difficult to verify that the newtopological
numbering of vertices satisfies the above conditions
(i)-(iii). The computation of all prefixes of count can
be done in O(logn) time using O(n/logn) proces-
sors. Thus we have the following theorem.

Theorem 8. Given a DAG G(V,E) provided that the
edge insertions introduce no cycles, there exists a data
structure which supports maintaining the topological
order of vertices in G when there is an edge insertion.
The proposed algorithm requires O(logn) time and
o(n?) processors.

3.3. The dynamic transitive closure problem

The problem is to compute the transitive closure
of the augmented graph dynamically undergoing an
intermixed sequence of the following operations:

e Add(x,y): insert an edge from vertex x to y;

e Reachability(x,y): return TRUE if y is reachable
from x, return FALSE otherwise;

& ReachabilityPath( x, y): return a directed path from

x to y if such one exists.

By a similar discussion as in the previous section, we
maintain two matrices reach and PT, where an entry
reach[i, j] in reach is TRUE if vertex j is reachable
from the vertex i, and FALSE otherwise. The ith row
of PT stores a directed rooted tree T(i), where T(i)
is the shortest path tree from i to all other vertices,
and these vertices are reachable from i. Note that the
cost of each edge here is one. So, the transitive closure
problem is a special case of the all pairs shortest paths
problem. Thus we have

Theorem 9. Given a directed graph G(VE),
there exists a data structure which supports n*
Reachability(x,y) operations in O(1) time, n
ReachabilityPath(x,y) operations in O(logn) time,
and an Add(x,y) operation in O(logn) time. The
number of processors used is O(n?).

Remark. The parallel algorithms described above re-
quire the same time for processing a single query and
multiple queries. It should be noticed that it is more
efficient for parallel dynamic algorithms to process a
batch of queries rather than each query individually.
The possibility for processing multiple queries simul-
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tancously is provided by the fact that queries only re-
trieve information from the given data structures but
do not modify the underlying data structures.

4. Conclusions

In this paper we discuss the partially dynamic up-
date problem related to directed (acyclic) graphs such
as the all pairs shortest paths problem, the all pairs
longest paths problem, the topological sorting prob-
lem, and the transitive closure problem. Our algorithm
requires O(logn) time for an edge insertion, O(1)
time for n? queries of graph’s simple property such
as the length of the shortest (longest) paths (in a
DAG) and the reachability between a pair of vertices,
and O(logn) time for both finding n pairs shortest
(longest) paths and maintaining the topological order
of vertices. The number of processors used is at most
O(n?). The open problem is whether there is any NC
algorithm for the problems above by using O(n?) pro-
cessors or O(nm) processors for edge deletions only.
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