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Abstract

Let G(V, E) be a weighted, undirected, connected simple graph with n vertices and m edges.
The k most vital edge problem with respect to a minimum spanning tree is to find a set S (C E) of
k edges in G whose removal results in the greatest increase in the weight of the minimum
spanning tree in the remaining graph G(V, E — S). Although for arbitrary k, Frederickson et al.
have shown that this problem is NP-hard, it is polynomial time solvable when £ is fixed. In this
paper we introduce a sparse, weighted k-edge connected certificate of a graph which has been
found very useful. By using this certificate, we first present a general algorithm for the problem
above. Then, for a fixed k> 1, we present efficient sequential and parallel algorithms. Our
sequential algorithm runs in time O(n**'). Our parallel algorithm runs in time O(log n loglog n)
using O(n**') processors on an EREW PRAM. If the minimum spanning tree of G and the
sparse, weighted (k + 1)-edge connected certificate of G are given, the algorithm runs in time
O(log n) using O(n**") processors on the same model. Particularly, when k=1, we develop
parallel algorithms which require O(log nloglog n) time using O(m + n?/(log n loglog n))
processors on an EREW PRAM, and O(log n loglog n) time using O(m) processors on a CREW
PRAM respectively, and the algorithm on the EREW PRAM is the fastest, compared with
previous known algorithms. © 1997 Elsevier Science B.V.

Keywords: Combinatorial algorithms; Minimum spanning trees; Most vital edges; NC algorithms; Network
optimization

* Corresponding author. E-mail: wliang @cs.anu.edu.au.
! E-mail: xshen@cstp.umke.edu.

0167-8191 /97 /$17.00 © 1997 Elsevier Science B.V. All rights reserved.
PII $0167-8191(97)00098-7



1890 W. Liang, X. Shen / Parallel Computing 23 (1997) 1889—1907
1. Introduction

Let G(V, E) be an undirected, weighted, connected simple graph with vertex set V
and edge set E. Associated with each edge e € E, there is a real valued weight w(e). A
minimum spanning tree (MST) of G is a spanning tree with minimum total weight. For
the sake of convenience, denote by MST(G) the MST of G, and w(MST(G)) the total
weight of MST(G). The problem of finding an MST in G has been well studied in the
past two decades [2,8]. The best sequential algorithm for the MST problem needs
O(mlog B(m, n)) time [8], where m = |E|, n=|V|and B(m, n) = min{i:log®n < m/n).
In particular, when m > n log!" n for some constant i,, 8(m, n) is a constant. The
best parallel algorithms for the MST problem require O(log nloglog n) time using
O(m + n) processors on an EREW PRAM [5], and O(log? n) time using O(n?/log? n)
processors on a CREW PRAM [3] for sparse graphs and dense graphs, respectively.

One closely related problem is the k most vital edge problem which can be formally
defined as follows. The k most vital edge problem with respect to an MST of G (the k
most vital edge problem for short) is to find a set S* CE, [S*|=k, such that
w(MST(G(V, E— S§"))) is maximized. This problem has many practical applications
including robust network design and distributed computing [7,9-12]. Obviously, £ < A
<[m/n], where A is the edge connectivity of G. Otherwise, after deleting all edges in a
minimum cut of G with any other k — A edges, the remaining graph is disconnected,
and there is no MST existing in this remaining graph. Therefore, in this paper we
assume that G is (k + 1)-edge connected at least.

For k=1, the problem becomes a special case of finding the single most vital edge
with respect to an MST of G, which has been extensively studied in the literature
[9-11,15]. Hsu et al. [9] first considered this problem, and gave O(n?) time and
O(mlog m) time sequential algorithms for dense and sparse graphs respectively. Iwano
et al. [11] improved Hsu et al.’s results by giving an O(tygy + min{m a(m, n),
m + nlog n}) time algorithm where fy,5; is the time used to find an MST of G, and «
is the inverse Ackermann’s function. Hsu et al. [10] later proposed two parallel
algorithms for this problem on an EREW PRAM. One of their parallel algorithms
requires O(n'**) time and O(n' ~*) processors with 0 < x < 1. The other one requires
O(mtog(m/N)/N+ na(m, n) log(m/n)) time and O(N) processors where N <
(mlog m)/(na(m, n) log(m/n)). All their algorithms need 2(log?n) time clearly.
Recently Shen [15] presented another parallel algorithm for this problem. His algorithm
requires either O(log n) time and O(m logloglog n/log n + n) processors on a priority
CRCW PRAM in which only the processor holding the minimum value is successful
when a write conflict happens, or O(log nloglog n) time and O(m +
n?/(log nloglog n)) processors on a CREW PRAM.

For the case k£ > 1, not much work has been done. The only results are due to Lin et
al. [12], Frederickson et al. [7] and Shen [16]. Lin et al. have shown that a generalized
version of this problem is NP-complete, where each edge in E is assigned a removal
cost and the total removal cost B is bounded. But their proof does not imply the
NP-completeness of our problem which is a special case of their general version.
Frederickson et al. [7] recently proved that the & most vital edge problem is NP-com-
plete, and presented an approximation algorithm for it. Their approximation algorithm
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requires O(min{kmlog n + k*nlog n, kmlog? n}) time, and the solution delivered by
their algorithm is £2(1/log &) times optimal. Shen [16] explored this problem by giving
an exact algorithm and a randomized, approximation algorithm. His exact algorithm
needs O(n*mlog B(m, n)) time when k is fixed. Note that, if k is fixed, there always
exists a polynomial algorithm for the X most vital edge problem which generates exact
solutions.

In this paper, using the notion of sparse, weighted k-edge connected certificates
(defined later), we present a general exact algorithm for the k& most vital edge problem.
When k is fixed, we suggest efficient sequential and parallel algorithms for this
problem. Our sequential algorithm runs in O(n**') time which improves by an
O(mlog B(m, n)/n) factor in the time bound over Shen’s algorithm [16]. Our parallel
algorithm runs in O(log nloglog n) time using O(n**!) processors on an EREW
PRAM. If both the MST of G and the sparse, weighted (& + 1)-edge connected
certificate of G are given, the algorithm runs in time O(log n) using O(n**!)
processors on an EREW PRAM. In particular, for k=1, we develop an NC algorithm
on the EREW PRAM which requires O(log nloglog n) time and O(m +
n? /(log nloglog n)) processors. This algorithm outperforms all previous results on this
model. We also suggest another NC algorithm on the CREW PRAM which has the same
time complexity as Shen's algorithm [15] on the same model, but we use O(m)
processors rather than O(m + n* /(log nloglog n)) processors by his algorithm.

The parallel computational models involved in this paper are defined as follows. The
EREW PRAM is a model in which only exclusive read and exclusive write can be
allowed. The CREW PRAM is a mode! in which concurrent read is allowed but
concurrent write is forbidden. The priority CRCW PRAM is a model in which
concurrent read is allowed, and when write conflict happens, only the writing processor
with the highest priority is successful.

The rest of this paper is organized as follows. In Section 2 we introduce the notion of
sparse, weighted k-edge connected certificates, and show how to use it to solve the k
most vital edge problem on G. In Section 3 we present two NC algorithms for the single
most vital edge problem which run in the EREW PRAM and the CREW PRAM
respectively. In Section 4 we develop efficient sequential and parallel algorithms for the
k most vital edge problem with fixed k. In Section 5 we make some generalization
regarding the k& most vital edge problem. A conclusion is given in Section 6.

2. Finding k most vital edges

Without loss of generality, we first assume that the weight assigned to each edge in G
is distinct (in Section 5 we will generalize to non-distinct case) and hence the MST or
the minimum spanning forest (MSF for short) of graph G(V, E — S) is unique for every
SCE.

A naive approach to attack the k most vital edge problem proceeds as follows. First
enumerate all different S of k edges from the set E, and compute the weight of the MST
of G(V, E—S) for each S. Then find a S, of k edges such that w({MST(G(V,
E - S))) = w(MST(G(V, E — S))) for all other S # ;. Thus, S, is the solution of the
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problem which contains the k& most vital edges. There are (') different subsets of k
edges in E. So the time used for the k most vital edge problem on G is

Toaive = (¥ ) tusricn (1)

where G' = G(V, E—S) with |S|=k, and tyst(cy is the worst-case time bound to
compute the MST of G'.

When k is fixed, Ty, = (Ptysrey = O(m** 'log B(m, n)).

In the following we show that there exists a better algorithm for this problem. The
idea behind our algorithm is that we first extend the notion of sparse k-edge connected
certificates of an unweighted, undirected graph used in [13,14] to a weighted, undirected
graph G, and define the sparse, weighted k-edge connected certificate of G. We then
show that the k& most vital edge problem on G is exactly equivalent to the & most vital
edge problem on the sparse, weighted (k + 1)-edge connected certificate U, , of G. As
a result, instead of using G, we shall use U, , to find the & most vital edges. Thus, we
reduce the size of the searching space from (§) to (¢*'X»=1) Particularly when & is
fixed, this improvement on the algorithm’s performance is significant.

Consider an unweighted, undirected graph G. Let 7} be a maximal spanning forest of
G, and T; be a maximal spanning forest of graph G;=G — U ;;}7}' for i> 1. Denote
by U/ = U ;. T}, the union of the maximal spanning forests T}, T;, ..., 7;. Then the
graph U] is called the sparse k-edge connected certificate of G [13,14], and U, has the
following property.

Lemma 1. [13,14] The graph U, defined above is l-edge connected if and only if G is
l-edge connected, for any integer I with 0 <1< k.

Notice that Lemma 1 is always held no matter whether G is a simple graph or not.
Now we define the sparse, weighted k-edge connected certificate of G.

Definition 1. Let G be a weighted, undirected graph, 7; be an MSF of G, and 7; be
an MSF of G, =G — U;;],T; for i> 1. Denote by U, = U _,T,, the union of the MSFs
T,,T,, ..., T,. The graph U, is called the sparse, weighted k-edge connected certificate
of G.

Lemma 2. The graph U, , ; defined above is (k + 1)-edge connected if and only if G is
(k + 1)-edge connected at least.

The proof of Lemma 2 is easy and omitted. Actually it is a corollary of Lemma 1. Recall
that in the beginning of this paper we already assumed that G is (k + 1)-edge connected
at least. Therefore, from now on, we assume that U, , is (k + 1)-edge connected.
Having defined the sparse, weighted (k + 1)-edge connected certificate U, , of G,
we now show the following lemma which is the key to developing our algorithms later.

Lemma 3. Ife€E—SisnotanedgeinU,,,, then e does not belong to the MST of
the graph G(V,E — S) for any S CE, where |S| < k.



W. Liang, X. Shen / Parallel Computing 23 (1997) 1889~1907 1893

Proof. Let e=(u, v)EE but e &€ E(U,,,) where E(U,,,) is the edge set of graph
U+, Because u and v are connected by e =(u, v), ¥ and v must be in the same
connected component in G, and in G, =G — U },‘_ ,7} forall {, 1 <i<k+ 1. Therefore,
there is a unique path P, between u# and v ineach T;, 1 i<k + 1. Since e=(u, v)
was not chosen in any 7; (1 <i<k+ 1), w(e) must be larger than the weight of any
edge in P, i.e., w(e) > w(e'), where ¢ € U ¥ 1E(P,) and E(P,) denotes the edge set of
P,.

Now we prove that e = («, v) cannot be contained in the MST of G(V, E — S) for
any S CE, |S| < k. For the purpose of contradiction, suppose e = (4, v) is contained in
such an MST. Then, deleting e from this MST will induce a partition of V, V=V, U(V
— V), where V; and V— V; are the vertex sets of subtrees containing u and v
respectively. As we argued above, the edges between V; and V — V; form a cut which
contains at least one edge from each P;, 1 <i <k + 1. Because |S| < k, there must be an
edge e” €E(P)—SCEWU,,,)—SCE-S, such that w(e)>w(e"). Replacing e
with e* in the MST will result in a spanning tree in G(V, E — §) which has less weight
than that of the MST. A contradiction. O

Remark. Lemma 3 is equivalent to saying that for any S, S C E and |S] < k, the MST
of G(V, E—S) is equal to the MST of U, ,.

Lemma 3 implies an algorithm for our problem. That is, instead of selecting a subset of
k edges from the set E of m edges, we only need to select a subset of k edges from the
set E(U, . ,) of at most (k + 1)(n — 1) edges. Therefore we have

Theorem 1. The k most vital edge problem on a weighted, connected, undirected
simple graph G = (V,E) can be solved in time O((f")knlog B (kn,n)) for any k> .

Proof. The discussion is similar to that one in the naive algorithm. The only difference
is that we use the sparse, weighted (k + 1)-edge connected certificate U, , of G instead
of G itself. Let T, be the time complexity for solving the & most vital edge problem
on G. Then T, = (** %"~ D11, Where G’ is a sparse, weighted, undirected graph
induced by deleting k edges from U, ,, and tygy(s) is the worst-case time used to find
the MST of G'. It is well known that the best sequential algorithm for the MST problem

on G’ requires tygr, = O(knlog B (kn, n)) time. The theorem follows. O

In particular, when k is fixed, the time complexity for the k¥ most vital edge problem
on G is:
k+1)(n—-1
Teeri = (( )k( ))’MST(G') = O(n**'log B(kn, n)). (2)
It must be mentioned that Shen [16] also suggested an exact algorithm for the X most
vital edge problem on G. His algorithm needs O(n*mlog B(m, n)) time when k is

fixed, which is obviously inferior to our result above. We later will show how to
improve the time bound in Eq. (2) further to O(n**') by using the technique in Section
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4, which improves by an O(mlog B(m, n)/n) factor over the time bound of Shen’s
algorithm.

3. NC algorithms for finding the single most vital edge

In this section we present NC algorithms for the special case k=1 on both the
EREW PRAM and the CREW PRAM.

Let 7, be the MST of G, E(T,) be the edge set of T,. Define the replacement edge
r(e) of an edge e € E(T}) as follows. Delete the edge e = (u, v) from T,. As a result,
the vertex set V is divided into two subsets W and V — W which are the vertex sets of
the subtrees including u and v respectively. Let Q= (WX (V—W)NE —{e}, and ¢
be such a non-tree edge that w(e') = min{w(e") : €' € Q). If Q + &, define r(e) = ¢,
and this r(e) is unique because the weight associated with each edge in E is distinct by
our initial assumption. Otherwise, there does not exist a replacement edge for e, and e is
a bridge of G. In this case, we know that the remaining graph is disconnected after
deleting e from G, therefore no MST exists in this remaining graph. Thus, the edge e is
the single most vital edge. For the discussion convenience later, we set w(r(e)): = +=x
if e is a bridge of G.

Now we consider the single most vital edge problem on G. Lin et al. [12] observed
that the single most vital edge must be in 7). Iwano et al. [11] further showed that an
edge e¢” € E(T,) is the single most vital edge if and only if it satisfies the following
equation.

w(e™) =max{w(r(e)) —w(e): e € E(T,)} (3)
The Eq. (3) implies that the edge r(e) is an edge of the MST in the remaining graph
after deletion of ¢ from G. Obviously e* can be obtained easily by computing r(e) for
all e € E(T,} in parallel. Thus, the NC algorithm for this problem depends on how to
compute r(e) for every e € E(T)) efficiently. Let T, be the MST (MSF) of the graph
G —T,, and E(T,) be the edge set of T,. Before we continue, we re-produce the
following lemma by Iwano et al. [11].

Lemma 4. [I1] Let T, and E(T,) be defined as above, new(e) be an edge weight
function such that new(e) = 0 for e € E(T,), and new(e) = B — wle) for e & E(T,) where
B =max{wle) : e €E} + 8 and § is a positive constant. Let MaxST{G) be a maximum
spanning tree with respect to the above defined weight function new(e), and E(MaxST{G))
be the edge set of MaxST(G). For an edge e € E(T,), there is a replacement edge
re) € E(MaxST(G)); that is, T, — {e} U {He)} is a minimum spanning tree of G — {e/.

Lemma 4 suggests an algorithm for computing all 7(e) from the tree MaxST(G). Let
w(MaxST(G)) denote the weight of MaxST(G) and n' = | E(MaxST(G))|. Then

"

w(MaxST(G)) =n'B— Y w(e;), where e; € E(MaxST(G)). (4)

i=1
Notice that, for any given undirected, weighted simple graph G” with n" vertices no
matter whether it is connected or not, the number of edges n' in all spanning trees (or



W. Liang, X. Shen / Parallel Computing 23 (1997) 18891907 1895

9
Fig. 1. Atree T,.

spanning forests) of G” is the same. This means that the value #'B in Eq. (4) is fixed
when G is given. By Eq. (4), we know that, in order to make w(MaxST(G)) maximized,
we only need to find a spanning tree (or a spanning forest) 77 in G — T, such that
7 ,w(e)) is minimized where ¢, € E(T’). By the definition of the MST (MSF), T" is
the MST (MSF) of G—T,, i.e, T'=T,. Obviously MaxST(G) =T’ = T,. Shen [15]
noticed this and presented it explicitly by the following lemma. Note that the edges in T,
are not included in MaxST(G) because the new weights associated with the edges in T,
are zeros, whereas all the new weights associated with the edges in MaxST(G) are
positive by Lemma 4.

Lemma 5. [15] For any edge ¢ in T, rle) is an edge in the MST of the graph G — T,.

Now we present an approach for computing r(e) for each e € E(T,). Assume that T,
is a rooted tree. We do the pre-order transversal on T, and assign to each vertex v the
pre-order numbering pre(v) and the number of descendents nd(v) (including v itself).
The following example (see Fig. 1) shows how to compute pre()s and nd()s on a tree T,

consisting of 10 vertices v,, v,, ..., vy, Where v, is the root of T,. Then
pre(v,) =1, nd(v,) = 10;
pre(v,) =2, nd(v,)=1;
pre(vy) = 3, nd(v,) = 6;
pre(ev,) =9, nd(v,) = 2;
pre(vs) = 4, nd(v,) = 2;
pre(ug) = 6, nd(vg) = 3;
pre(v,) = 10, nd(v;) = 1;
pre(vg) = 5, nd(vg) = 1;
pre(vg) =7, nd(vy) = 1;

pre(vm)= 8, nd(Ulg)'__ 1.
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*r—e A tree edge

*---o

A nonn-tree edge

The rootof T, isr.and v is the parentof winT,.

Fig. 2. An illustration of Eq. (5).

Having done the assignment above, we now consider how to compute r(e) for every
edge e = (u, v) € E(T,). Suppose that v is the parent of u in 7). By Lemma 5, for any
edge e € E(T,) we have the following formula.

w(r(e)) =min{w(e"): "= (u',v') € E(T,), pre(u) < pre(u')
< pre{ ) + nd(«), and either pre( ')
< pre(u) or pre( v') = pre( u) + nd(u)} (5)

Eq. (5) says that, if a non-tree edge e” = (&, v") is the replacement edge of a tree edge
e = (u, v), it must satisfy all the following conditions: (i) " € E(T,); (ii) one endpoint
# of € must be in the subtree T, and the other endpoint ¢’ must not be in 7,; and (jii)
¢" is the edge with the minimum weight among all those edges which satisfy (i) and (ii).
Fig. 2 gives such an illustration.

In the following we first present an NC algorithm for this problem on an EREW
PRAM. In order to compute r(e) for each e € E(T,), we need a copy of T,, and a copy
of both pre(s) and nd(v) for every v € V because we use the EREW PRAM. So, there
are a total of n — 1 copies of T,, pre(v) and nd(v) needed. This can be implemented in
O(log n) time using O(n*/log n) processors on this model by the broadcasting tech-
nique. It can also be implemented in O(log nloglog n) time using
O(n? /(log nloglog n)) processors on this model by Brent's Theorem. Now for each
edge e € E(T)), there is a corresponding copy of T, as well as a copy of pre(v) and
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nd(v) for each v € V. By Eq. (5) above, r(e) can be obtained in O(log n) time using
O(n/log n) processors on an EREW PRAM because of |E(T,)| < n — 1. Note that r(e)
can also be obtained in O(log nloglog n) time using O(n/(log nloglog n)) processors
on the same model by Brent’s Theorem. So, the total number of processors used for
computing all replacement edges is O(n? /(log nloglog n)) if all r(e) need to be found
in O(log nloglog n) time. By the discussions above, we have the following theorem.

Theorem 2. Given a weighted, connected, undirected simple graph G(V,E), the single
most vital edge can be found in O(log nlog log n) time using O(m + n* / (log nlog log n))
processors on an EREW PRAM.

Proof. Finding the trees T, and T, require O(log nloglog n) time using O(m)
processors on an EREW PRAM respectively, assuming m > n — 1. It is well known that
the assignment of the pre-order numbering pre(v) and the number of descendents nd(v)
of v in a rooted tree can be done in O(log n) time using O(n/log n) processors on an
EREW PRAM by Euler transversal and the tree contraction technique [1]. Given T,
pre(v) and nd(v) for each vertex v in T}, the computation of all replacement edges in T,
can be done in O(log nloglog n) time using total O(r”/(log n log log n)) processors on
an EREW PRAM. Then, Eg. (1) can be computed in O(log n) time with O(n/log n)
processors. Therefore, the theorem follows. O

Next we consider how to compute r(e) for each e € E(T,) on a CREW PRAM. In
this model we do not need to make n — 1 copies of T, initially. We proceed by the
following lemma.

Lemma 6. Let T, be the MST of G, and E(T,) be the edge set of T;. Then all rle) can
be obtained in O( a(2n, n)log n) time using a total of O(n / log n) processors on a CREW
PRAM, where e € E(T,) and « is the inverse of the Ackermann’s function.

Proof. Dixon et al. [6] have studied the minimum spanning tree sensitivity analysis
problem on a graph with n vertices and m edges, and presented an NC algorithm for
this problem. Their algorithm requires O(a(m, n)log n) time and O((m + n)/log n)
processors on a CREW PRAM. One important part in their algorithm is to compute r(e)
for all tree edges e € E(T,) which was denoted by b(e) in their paper. We will only
need that part of their algorithm. By Lemmas 3 and 5, we know that {r(e):e € E(T})}
E(T,) and T, C U,. Therefore we can work on the graph U, — the sparse, weighted
2-edge connected certificate of G instead of G to find all r(e). Note that | E(U,)| < 2n
— 2. So, by applying Dixon et al.’s algorithm to the graph U,, we can find all r(e) in
0(a(2n, n)log n) time using a total of O(n/log n) processors on a CREW PRAM,
where e € E(T}). O

Based on Lemma 6, we now state the following theorem.

Theorem 3. Given a weighted, connected, undirected simple graph G(V, E), the single
most vital edge can be found in O(lognloglogn) time using O(m) processors on a
CREW PRAM.
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Proof. The construction of U, requires O(log nloglog n) time and O(m + n) proces-
sors on an EREW PRAM using the fastest MST algorithm on this model. So, U, also
can be found in the same time and processor bounds on a CREW PRAM because the
EREW PRAM is more restricted, compared with the CREW PRAM. The computation
of all r(e) can be done in O(a(2n, n)log n) time using O(n/log n) processors on a
CREW PRAM by Lemma 6, where e € E(T). Notice that «(2n, n) < cloglog n, where
¢ is a constant. The Eq. (1) can be computed in O(log n) time using O{(n/log n)
processors on a CREW PRAM. Since G is connected, m>n— 1. So, the theorem
follows. O

The time complexity of our algorithm on the EREW PRAM is a substantial
improvement on that in Hsu et al.’s algorithm which needs {2(log?n) time on the same
model. The cost to achieve our time bound is by employing more processors and
incorporating currently the most efficient MST algorithm [5]. However, the number of
processors in our algorithm is no more than O(n?). With the same time-processor
product, our algorithm is much faster. The time complexity of our algorithm in the
CREW PRAM is the same as Shen’s [15] on this model, but we use O(m) processors
rather than O(m + n?/(log nloglog n)) processors in his algorithm. Particularly, when
we consider sparse graphs, our algorithm is much better than Shen’s algorithm. For
example, consider a sparse graph with n vertices and m = O(n) edges, our algorithm
requires O(log nloglog n) time and O(n) processors on this model, but his algorithm
needs O(n?/(log nloglog n)) processors with the same time complexity.

4. Efficient sequential and parallel algorithms with fixed k > 2

In this section for the case of fixed k > 2, we provide efficient sequential and parallel
algorithms for the k£ most vital edge problem.

By Theorem 1, we can easily suggest a parallel algorithm for the ¥ most vital edge
problem with arbitrary k. The algorithm can be described as follows. First, find the
sparse, weighted (k + 1)-edge connected certificate U,,, of G. This can be done in
O(k log nloglog n) using O(m + n) processors on an EREW PRAM by applying the
best parallel algorithm for the MST problem [5]. Then select a set S of k edges from
E(U,, ,) arbitrarily, and delete all edges of S from U, , . Third, compute the MST of the
remaining graph U,,, — S. This can be done in O(log nloglog n) time using O(kn)
processors on an EREW PRAM. There are a total of (**'X*~ D) different S sets, thus,
the total number of processors used in this step is (kn(“** X"~ 1)), Finally, select one set
$* from these (**1%X"~ D) sets such that w(MST(U,,, — S*)) is maximized. The set
S* can be found in Olog (**™"~ 1)) time using (** X7~ D) processors on an EREW
PRAM. Therefore, there exists a simple parallel algorithm for this problem which
requires O(k log nloglog n) time and O(kn({")) processors on an EREW PRAM.

When k is fixed, we have the following corollary.

Corollary 1. The k most vital edge problem on G(V, E) with fixed k can be solved in
Ollog n log log n) time using O(n**!) processors on an EREW PRAM.
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In the following we will show how to obtain a better algorithm for this problem. We
first develop a simple sequential algorithm. Then we present an efficient sequential
implementation of this algorithm. Finally we show how to parallelize this sequential
algorithm in Section 4.2.

4.1. A sequential algorithm and its efficient implementation
As preparation, we present some lemmas related to the & most vital edge problem.

Lemma 7. Let T be the MST of G, and E(T) be the edge set of T. Assume that S* is
the set of k edges whose deletion results in the maximum increase of in the weight of the
MST of G(V, E—S"). Then (T)NS™ + .

Proof. The proof of this lemma is easy. The approach we adopted is similar to that one
used in [9]. If E(T)NS* =, then G(V, E— S™) contains the tree T. Thus the MST
of G(V, E— S*)is T. However, replacing any edge e € E(T) with r(e) will result in a
spanning tree of larger weight. A contradiction. O

Recall that T is the MST of G, and S* is the set of k edges whose deletion results in
the maximum increase of in the weight of the MST of G(V, E—S"). By Lemma 7,
ET)NS* +@. Let |[E(T)NS*|=r. In the following we construct an auxiliary
undirected, weighted, multigraph G, = (V,, E,). (A graph is a multigraph if, for a pair
of vertices u# and v, there exist multiple edges between them.) We later show that the k
most vital edge problem on G can be reduced to the (k — r) most vital edge problem on
G, for a given r.

The construction of G, is as follows. Delete the r edges in E(T) N S™ from T. After
that, T becomes a forest F of r+ 1 trees, r < k. For each tree in F, we use its root
label to label all vertices in it. Now the vertex set V,, of G, consists of all trees in F. Let
T, and T, be two trees in F, an edge (7, T,) € E, with weight w(e) if and only if there
exists an edge e =(u, v) € Esuchthat u €T, and v €T, and T, # T,. Obviously G, is
a multigraph with r + 1 vertices and |Ey| <|E —~ E(T)l=m — (n — 1) < m edges.

From the graph G,, we construct a subgraph G(V,, E,) of G, as follows. Make
V,=V,. Let T, and T, be two vertices in G, sort the edges in E; which connect T,
and T, in increasing order, using the weight associated with each edge as the key. The
first k—r+ 1 edges are included in E,. Note that the number of edges in G, is
|E)|=0(r*(k—r+ 1)) = O(k3) which is independent of n and m.

Lemma 8. Let G, and G, be defined as above. Then the k' most vital edge problem
on G, is equivalent to the k' most vital edge problem on G,, where 0 <k' <k —r.

Proof. The approach we adopted is to show that the sparse, weighted (k' + 1)-edge
connected certificates of both G, and G, are the same. Then from Lemma 3, this lemma
follows. So, in the rest of this proof we show that the sparse, weighted (k' + 1)-edge
connected certificates of both G, and G, are the same. Notice that G, is a subgraph of

Gy
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Let Ty be the MSF of Gy, and T; be the MSF of Gj=G,— U_{T{. By the
definition in Section 2, the graph G" = U ¥} T{ is the sparse, weighted (X’ + 1)-edge
connected certificate of G,. We observe that, for each pair of vertices 7, and 7, in G”,
there are at most k' + 1 edges between them, and each of these k' + 1 edges belongs to
a unique forest 7§ only, 1 <i <k’ + 1. Obviously these edges between 7, and 7, are
contained in the first &' + 1 minimum weighted edges. By the definition of G, these
&' + 1 edges are included in G,. Therefore, G” is a subgraph of G,. Thus, the sparse,

weighted (k' + 1)-edge connected certificate of G, is also G". The lemma follows. O

Lemma 9. Given T, S*, F and G, as defined above, and |E(T) N S"|=r+ 0, the
MST in G(V, E— S* ) is equal to the union of the MST in G,(V,, E,—S") and F.

Proof. Let T* be the MST of G(V, E—S§"). First we show that any edge e of F
must be contained in the MST of G(V, E — §*). Suppose e is not, then adding ¢ to T"
will form a cycle, and w(e) must be larger than any other edges’ weight on the cycle,
because otherwise we can obtain a smaller weighted spanning tree by replacing an edge
¢ with ¢ if w(e’) > w(e). However, if w(e) is larger than any other edges’ weight on
the cycle, then e should not have been included in T — the MST of G which leads to a
contradiction. So, any edge in F must be contained in the MST of G(V, E—S").

Second, it is clear that any edge (not in F) connecting two vertices of a tree in F
cannot be included in T*. Therefore, E(T")— E(F) C E(G,). Let G* be the subgraph
of G, induced by E(T*) — E(F). Obviously G* must be connected, otherwise the trees
in F will not be connected by the edges in E(T ") — E(F). Also, G* must be acyclic,
otherwise, a cycle in T* would occur. Therefore, G* must be a spanning tree of G,.
On the other hand, any spanning tree of G, together with F will form a spanning tree of
G(V, E—S*). Since w(F) is fixed, T* = FUMST(G,), and w(T*)=w(F)+
w(MST(G,)). Since MST(G,) = MST(G,), the lemma follows. O

By Lemmas 7, 8 and 9, we have the following recursive, sequential algorithm for the
k most vital edge problem. The input of the algorithm is a weighted, undirected graph G
(G may be a multigraph), n and k. The output is the set § of k edges, and the
maximized weight W of the MST of the graph G(V, E — S).

Procedure Find_Vital_Edges(G, n, k, W, S);
MAX = —o0; §* :=(;
compute T, the MST of G;
if k=0 then
W= w(MST(G)); S =, exit;
else
for r=1to k do
for each set S, of r edges do
/" S, is selected from E(T) systematically, one by one. * /
delete the edges in S, from T;
construct the graph G;
Call Find_Vital_Edges(G,, r+ 1, k—r, W, 5,);
if w(T) —w(S,) + W, > MAX
then S*:=S,US;;
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MAX = w(T) — w(S,) + W,
endif
endfor
endfor;
§5:=28"; W:==MAX;
endif

Now we analyze the time complexity of this algorithm.

Lemma 10. The k most vital edge problem on G with fixed k can be solved in time
O(n*mlogn).

Proof. The time complexity of the algorithm above can be expressed by the following
recursive equation.

T(n, m, k) =,§,(n —r_ 1)[tMST(G)(m’ n)
+TA(r+ 1, r(—r;-i)(k—-r+ 1), k—r)
+TG](m, n)] (6)

where

« T,(n, m, k) is the time complexity of the algorithm above for the k¥ most vital
edge problem on a graph (either a simple graph or a multigraph) with n vertices and m
edges;

. tMST(G)(m, n) is the time complexity for constructing the MST of the graph G
with n vertices and m edges;

- TG,(m, n) is the time complexity for constructing the graph G, starting from a
graph with n vertices and m edges.Obviously tygr(m, n)=0(m log B(m, n)),
TG,(m, n) = O(mlog n) because the construction of G, needs sorting all edges in G,
which costs O(mlog n) time, and by the naive algorithm in Section 2, T,(r+1,
r(r+1)/2(k~r+1), k—r)<C where C is a constant. The reason is that G,
contains constant vertices and edges if k is fixed. Thus

k

Ty(n, m, k)= ) (n: 1)[tMST(G)(rh’ n)

r=1
r(r+1)
+T, r+1, ———2——-(k—r+1), k—r

+TGI(m, n)]

<(n+n*+ ... +n*)(mlog B(m, n) + C+mlogn)
= O(n*mlog n) with fixed k. O
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The algorithm above can be further improved by applying Lemma 3, i.e, we use the
sparse, weighted (& + 1)-edge connected certificate U,, ; of G instead of G itself as the
initial input. Meanwhile, we use the sparse, weighted (k —r + 1)-edge connected
certificate G” of G, instead of G,. As a result, we derive the time complexity of the
algorithm above is O(n**'log n) with fixed k. Though the time complexity of the
algorithm in Lemma 10 is inferior to that in Eq. (2), in the following we shall present an
efficient implementation of this algorithm to improve its time complexity. As a result,
the algorithm can run in O(n**') time when £ is fixed. This result improves the results
above as well as the result in [16]. Furthermore, this algorithm also leads to a better
parallel algorithm for the k¥ most vital edge problem in Section 4.2.

Now we present an efficient sequential implementation of the algorithm above.
Recall that if we already knew the specified » most vital edges in T, by the arguments
above, the other k — r most vital edges can be identified from the multigraph G,. Since
G, contains constant vertices and edges, by the naive algorithm in Section 2, we can
easily identify the k — r most vital edges in G, in O(1) time. So how to construct the
graph G, is the key. At this before, the construction of G, uses the sorting routine
which costs O(|E(U, . Jlogl E(U,, ,)) = O(nlog n) time. Here we show that there
exists a better way to construct G,, and this construction can be done in O(n) time. We
proceed as follows. Let the r most vital edges in T be ¢, e,, ..., e,. First, delete these
r edges from 7. Then compute the connected component in 7 — {e,, e, ..., e}, and
label all vertices in a connected component with a unique identification, which can be
implemented in O(n) time because this graph is a forest. Finally, let us consider the
graph G, which contains r+ 1 vertic\es, each one corresponds to a connected compo-
nent. There are O((r + 1)*) = O(k?) vertex pairs in G,. For each pair of vertices in G,,
for example C, and C,, we compute the edges between them by the following
procedure. Let R be all edges in U,, ;. We delete all other edges whose endpoints are
not labeled by C, and C, respectively. Let the remaining edge set be R’. Obviously R’
can be obtained in O(n) time because |R'| <|R|= O(n). Now select the (k—r)+ 1
smallest element from R’ using the weight associated with each edge as the searching
key. Assuming e is the (k — r) + 1 smallest element of R'. Compare all other elements
e in R with e, if w(e') <w(e), € is kept in R'; otherwise ¢ is deleted from R'. Let
R’ be a subset of R’ which contains all remaining elements in R’. Then, by the
definition, R” is the edge set between vertices C, and C, in G,. R” can be obtained in
O(n) time because selecting an element from a set of O(rn) elements costs O(n) time
[2]. Therefore, the construction of G, requires O(k*n) = O(n) time because G, has
O(k?) vertex pairs. Having the graph G,, the k —r most vital edges in G, can be
identified in constant time, and the weight, denote by w(G,, k — r), of the MST in the
remaining graph of G, by deleting these & —r edges from G, can be obtained in
constant time. Therefore, the weight of the remaining graph induced on G by deleting
these k most vital edges from G can be derived, i.e, the weight is wMST(G)) — X/_,
w(e,) + w(G,, k—r) which can be obtained in constant time. Now we state the

following theorem.

Theorem 4. The k most vital edge problem on a weighted, connected, undirected
simple graph G = (V, E) can be solved in time O(n** ') with fixed k > 1.
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Proof. The MST of G can be obtained in time O(m log B(m, n)) = O(n?) by the
algorithm in [8]). There are ("7 ') = 0(n") ways to chose r edges from T. For each
specified r edges, if each of them is among the k most vital edges in G, the other k — r
most vital edges in G can be identified in O(n) time by G, because the construction of
G, needs O(n) time. The weight of the MST in the remaining graph after deleting these
r+ (k — r) edges from G can be obtained in O(n) time because of the same reason. Let
S be such a set of the potential k most vital edges. Since 1 < r <k, we need to chose
one S, of k edges from a total ¢_, ("7 ') = O(n*) sets of S such that the MST in the
remaining graph G(V, E — §;) has the maximum weight. By the discussion above, for
each of these sets of S, it needs O(n) time to compute the weight of the MST in the
remaining graph G(V, E — §). So, for the k most vital edge problem, we need O(n**")
time to solve it. O

4.2. A parallel implementation

Assume that the edges in T have been numbered from 1 to n — 1. The parallelization
of the algorithm above is not difficult. We make O(n*) copies of T, the MST of G. This
can be implemented by applying a broadcasting technique in which a single value is
broadcasted into O(n*) places using prefix computation. Thus, this step needs
O(k log n) = O(log n) time and O(n**"') processors on an EREW PRAM because there
are n— 1 edges in T. Then for different r with 1 <r <k, there are a total of ("7')
subsets of r edges in T, and each such a subset is numbered. For a specific subset S
numbered i, there exists a corresponding copy of T, we delete these r edges in S from
this copy of 7. As a result, we obtain a spanning forest F. For every vertex in F,
compute its connected component identification. Here we label each vertex with the
root’s label of the tree to which it belongs. This can be implemented by applying the tree
contraction algorithm of Abrahamson et al. [1] to F which requires O(log n) time using
O(n/log n) processors on an EREW PRAM. Having done the above, it is easy to
construct Go(V,, E,). Obviously |Eyl<|El~(n—1)—|S|<m. Now we give the
details to construct the graph G,. Suppose that V={1, 2..., n}, and every undirected
edge (u, v) in E, is stored in the form (min{u, v}, max{u, v}). We label each endpoint
of the edges in E, by its connected component identification. Sort all edges in E; in
increasing order, using the labels of the endpoints of each edge as the primary key, and
the weight associated with this edge as the second key. Let the sorted sequence be R.
Define a subsequence R’ of R as an interval if the endpoints of all edges in R’ have the
same labels. Delete all other edges in R’ except the first k — r + 1 edges. This can be
implemented by compressing R using prefix computation. The remaining edges in the
compressed R is the edges of G,. Sorting and prefix computation can be done in
O(log n) time using O(m) processors on an EREW PRAM [4] because there are O(m)
edges to be sorted. Note that G, is a multigraph with k + 1 vertices and ck* edges at
most, and ck® < m, where c is a constant. Finally, find the sparse, weighted (k — r + 1)-
edge connected certificate G” of G, which requires O(k log k loglog k) time using
0(k?) processors on an EREW PRAM because G, contains O(k’) edges at most. It is
easy to derive that the depth of recursion of the algorithm is bounded by O(k). When &
is fixed, we have
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Lemma 11. Given the MST of G, the k most vital edge problem on G with fixed k can
be solved in O(log n) time using O(mn*) processors on an EREW PRAM.

Proof. For a fixed r, there are a total of ("~ ') different ways to select r edges from 7.
For a given specific r edges in T, constructing G, requires O(log n) time and O(m)
processors on an EREW PRAM, i =0, 1. The k — r most vital edge problem on G, can
be solved in constant time because G, contains O(k) vertices and O(k>) edges at most
and k is fixed. Since r is bounded by 1 <r <k, there are a total of mP(n, r)=
m r_, (") = O(mn*) processors required. The lemma follows. O

One direct application of Lemma 11 is to find the k most vital edges in a graph G
with bounded degree d. For this special case, the number of edges of G is m = O(n).
Thus, we have

Lemma 12. Given a weighted, undirected, simple graph G(V,E) with bounded degree
d and the MST of G, the k most vital edge problem on G can be solved in Olog n) time
using O(n**1) processors on an EREW PRAM.

Combining Lemmas 11 and 12, we have the following theorem immediately.

Theorem 5. Given a weighted, undirected, connected simple graph G(V, E), the MST
of G, and the sparse, weighted (k + 1)-edge connected certificate of G, the k most vital
edge problem on G with fixed k can be solved in O(log n) time using O(n**!) processors
on an EREW PRAM.

Proof. We use U,,, instead of G as the initial input of the algorithm. Note that
m=|E(U,, ) < (k+1)n~—1)= 0(n), since k is fixed. By Lemma 11, the theorem
follows. O

Note that Theorem 5 holds only when T and U,,, are given. If not so, the
preprocessing for the construction of U,,, requires O(log nloglog n) time using
O(m + n) processors on an EREW PRAM.

We now summarize all known results for solving the kX most vital edge problem by
given Table 1.

5. Generalization

Until now all our previous discussions are based on the following two assumptions:
(1) all the weights associated with the edges in E are distinct; and (2) G(V, E) is
(k 4 1)-edge connected at least. In this section we make some generalization regarding
the k most vital edge problem without these assumptions.

Firstly, consider the case in which the weights associated with the edges in E are not
distinct. This means that the MST of G may not be unique. In this case, to make our
previous algorithms work, it needs some rules to break the tie. Here we introduce such a
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rule, described as follows. Let V={1, 2, ..., n}. For arbitrary two edges e, =(u,
v) € E and e, = (x, y) EE, we say that the ‘weight’ of e, is smaller than that of e, if
and only if one of following conditions holds: (i) w(e,) < w(e,); (ii) w(e,) = w(e,) but
min{u, v} <min {x, y}; (iii) w(e,)=w(e,) and min{u, v} = min {x, y} but max{u,
v} < max{x, y}. Then for each edge e we use the ‘weight’ defined above rather than the
original w(e) to all our algorithms.

Secondly, consider that G is not (k + 1)-edge connected but k’-edge connected,
1 <k’ <k By Lemma 1, it is easy to derive that U, , is k-edge connected. Therefore
there exists a minimum cut S of k' edges in U, ,. When deleting all edges in S from
U, ., the remaining graph is disconnected, therefore no MST exists in this remaining
graph, i.e, the weight of the MST in the remaining graph is + . By this discussion, we
know that, any set S of k edges in U,,, with SCJS’ is a solution of the problem, and
our algorithms also work for this case.

6. Conclusions

In this paper we have developed a general exact algorithm for the £ most vital edge
problem by using the sparse, weighted (k£ + 1)-edge connected certificate of a weighted
undirected graph. When k is fixed, we present efficient sequential and parallel algo-
rithms for this special case. Because the & most vital edge problem is NP-complete,
developing efficient sequential and parallel approximation algorithms with better perfor-
mance ratios for this problem is our future work.
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