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The influence maximization problem in a large-scale social network is to identify a few
influential users such that their influence on the other users in the network is maximized,
under a given influence propagation model. One common assumption adopted by two pop-
ular influence propagation models is that a user is more likely to be influenced if more
his/her friends have already been influenced. This assumption recently however was chal-
lenged to be over simplified and inaccurate, as influence propagation process typically is
much more complex than that, and the social decision of a user depends more subtly on
the network structure, rather than how many his/her influenced friends. Instead, it has
been shown that a user is very likely to be influenced by structural diversities of his/her
friends. In this paper, we first formulate a novel influence maximization problem under
this new structural diversity model. We then propose a constant approximation algorithm
for the problem. We finally evaluate the effectiveness of the proposed algorithm by exten-
sive experimental simulations, using different real datasets. Experimental results show that
the users identified from a social network by the proposed algorithm have much larger in-
fluence than that found by existing algorithms.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

The last decade experienced the exponential growth of a variety of online social networks such as Facebook, Twitter,
LinkedIn, etc [20]. A recent snapshot of the friendship network Facebook showed that there are over 1 billion users in
it [14]. Not only are these social networks effective tools for people to connect their friends and share interests and back-
grounds, but also they now become powerful information dissemination and marketing platforms to allow information,
ideas, fads, and political opinions to spread to a large population economically via the so called “word-of-mouth” exchanges
[1,2,15,23,25,31,32,34,35]. For example, suppose that one company would like to market a new product and hopes the prod-
uct will be adopted by a large fraction of users in a social network. To market the product economically, the company
initially targets a few “influential” users in the network by giving them free product samples. These users then recommend
the product to their friends, and some of their friends will accept the product and recommend the product to their friends,
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and so on. As a result, this triggers a cascade of influence propagation and many users in the network will accept the
product ultimately [21]. This marketing strategy usually is referred to as viral marketing. One well-known real story of viral
marketing is the commercial success of the Hotmail company in the early 1990s, which made the company become the
number-one e-mail provider within only 18 months [19]. Thus, a fundamental research topic in social network sciences is to
effectively and efficiently identify a very few influential individuals in a large-scale social network for information diffusion.

In their seminal paper, Kempe et al. [21] formalized information diffusion in a large social network as the influence max-
imization problem, which is defined as follows. Given an integer k (as the budget), the problem is to find k “seeds” (i.e.,
source nodes) in the network such that the expected number of activated nodes eventually by these k seeds is maximized,
assuming that an influence propagation model is given, where the activation of a node means that the node accepts the rec-
ommendation. Following their work, several studies have been conducted in the past several years [3-10,16-18,21,22,30,33].
Most of these studies adopt the two popular influence propagation models: the independent cascade model and the linear
threshold model [8,21]. One common property of these two models is that for a given user, the more his/her friends rec-
ommend a product to the user, the more likely the user will accept the product and recommend the product to his/her
friends. This influence propagation is similar to the epidemic diseases spread, i.e., the probability of a user being influenced
monotonically grows with the number of his/her friends whom have already been affected. However, these two models have
recently been challenged by Ugander et al. [28] to be over simplified and thus inaccurate, as influence propagation process
typically is more complex, and the social decision of a user depends more subtly on the network structure, rather than
how many his/her influenced friends. Instead, they studied two influence propagation processes in Facebook: the process
whereby a person joins Facebook in response to an invitation email from an existing Facebook user; and the process that
a user becomes an engaged user after joining Facebook. They found through empirical analysis that the chance of a user
accepting a recommendation is positively correlated with the number of connected components in the induced graph by
the neighbors, rather than the number of neighbors, of the user, where each connected component represents a distinct
social context of the user in the network and the multiplicity of social contexts is referred to as the structural diversity.
They showed that a person is more likely to join Facebook if he/she receives more invitation emails from his/her friends
with distinct social contexts, e.g., families, workmates, classmates, etc. On the other hand, surprisingly, they also demon-
strated that once the number of connected components is controlled (or fixed), a person is less likely, rather than more
likely, to join Facebook if more friends invite him/her. They concluded neither the number of friends inviting the user nor
the number of connections among his/her friends will determine his/her acceptance probability. Instead, it is the number of
connected components (structural diversity) derived by his/her neighbors that captures his/her acceptance probability. We
term this model as the structural diversity model, which has been empirically demonstrated to be able to accurately capture
the propagation progress of influence.

Motivated by the seminal work of Ugander et al. [28], in this paper we study the influence maximization problem under
the structural diversity model, where the decision of a user depends on different groups of neighbors, rather than the num-
ber of neighbors. It thus poses a challenging problem, that is, how to incorporate the structural diversity of each user into
the influence maximization problem. Existing algorithms for the problem under the two widely adopted influence propa-
gation models thus are not applicable, and new algorithm is desperately needed. In this paper, we propose a probabilistic
approximation algorithm for the problem under the structural diversity model. Interestingly, we show that the problem
is equivalent to a slightly different influence maximization problem in an auxiliary graph under the independent cascade
model. The contributions of the paper can be summarized as follows.

» We first formulate a novel influence maximization problem under the structural diversity model, in which a user is more
likely to accept a recommendation if more his/her friends with distinct social contexts make the recommendation to the
user.

We then devise a (1-— % — €)-approximation algorithm with probability 1 -« for the problem, which takes
0(e2a~'n?(m +n)k>logk) time, improving the time complexity O(e~2n*(m +n)k?log ) of the state-of-the-art ap-
proximation algorithm by a factor of an [8] (pp.43), where e is the base of the natural logarithm, both ¢ and « are
given constants with 0 < € <1 and 0 < @ < 1, and n and m are the number of nodes and links in the social network,
respectively.

We finally evaluate the effectiveness of the proposed algorithm by extensive experimental simulations, using different
real datasets. Experimental results show that the proposed algorithm outperforms existing algorithms.

The rest of the paper is organized as follows. Section 2 reviews related work. Section 3 introduces preliminaries and
formulates the influence maximization problem under the structural diversity model. Section 4 devises a probabilistic ap-
proximation algorithm for the problem, and analyzes its time complexity, approximation ratio, and success probability.
Section 5 empirically evaluates the proposed algorithm, and Section 6 concludes the paper and points out potential future
work.

2. Related work
In this section, we review related work on the influence maximization problem under different influence propagation

models. Domingos et al. [13,26] were the first to study the influence maximization problem as an algorithmic problem,
and proposed an influence propagation model which specifies a joint distribution over all nodes’ behavior globally. Kempe
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et al. [21] proposed two popular stochastic influence propagation models that can explicitly model the step-by-step dynam-
ics of influence propagation progress: the Independent Cascade Model and the Linear Threshold Model. For a given social
network, under the independent cascade model, each user v is activated by one of his/her friends u with an activation prob-
ability p(u,v). Given k chosen users in the social network, the influence propagation process proceeds as follows. Initially,
each of the k users accepts a product at time 0. Once user u accepts the product but his/her friend v has not yet accepted
the product at time ¢, then user u has a chance to recommend the product to user v, and user v will accept the product
with a certain probability p(u,v) at time t + 1. Thus, the more friends of user v recommend the product to the user, the
more likely he/she will accept the product. On the other hand, under the linear threshold model, each user v is activated
by one of his/her friends u with an influence weight w(u, v) € [0, 1] so that 3. rrjenqofy W(u, V) < 1. Furthermore, each user
v chooses a threshold 6, uniformly from the interval [0, 1]. If a user v has not accepted the product at time t, and the
sum of the influence weights of his/her friends who have accepted the product so far is greater than the threshold 6,, then
user v accepts the product at time t + 1. Again, we can see that the more friends of user v have accepted the product, the
more likely that the sum of the influence weights of these friends is greater than the threshold 6, of user v, and therefore
the more likely user v accepts the product. Chen et al. [9] extended the independent cascade model by taking the prop-
agation deadline constraint into consideration, that is, a user will not recommend the product to his/her friends when t
> T, where T is a given deadline constraint. Wang et al. [33] investigated the problem of selecting seeds to maximize their
influence within a given budget, assuming that the costs of persuading different users to accept a product are different. Borg
et al. [3] recently proposed a near-optimal time algorithm for the influence maximization problem under the independent
cascade model, and Tang et al. [27] further incorporated heuristics to improve the time complexity without compromis-
ing the performance guarantee. On the other hand, there is a consensus among social scientists that a person who plays
a bridge role between different communities can acquire more potential resources from these communities and has more
control over the information that is being transmitted, and the person who develops relations with people from multiple
communities are referred to as a structural hole spanner [25]. Rezvani et al. recently studied the problem of identifying top-k
structural hole spanners in large-scale social networks [25]. Despite that much progress has been made to address the influ-
ence maximization problem under the independent cascade model or the linear threshold model, the proposed algorithms
in [3,27,33] are inapplicable to the problem under the structural diversity model, since under which the decision of a user
depends on the social structures of different groups of neighbors, rather than the number of neighbors.

The mentioned influence propagation models only consider the influence propagation progress of a single product, there
are other influence propagation models for multiple competitive products [5,18] (e.g., two brands of smartphones from two
companies), where the influence propagation of each product will interfere with the influence propagations of the other
products and each user will only accept at most one product at the end of their influence propagation processes. Budak
et al. [5] proposed a multi-campaign independent cascade model by extending the independent cascade model, while He
et al. [18] proposed a competitive linear threshold model by extending the linear threshold model.

3. Preliminaries

In this section, we first introduce the network model, we then propose an influence propagation structural diversity
model and define the influence maximization problem precisely, under the structural diversity model. We finally introduce
submodular functions, the independent cascade model, and the live-edge graph model, which will be used later.

3.1. Network model

We model a social network as an undirected graph G = (V,E), where V is the set of nodes representing users and E is
the set of edges representing the friendships between users in the network. For each node u < V, denote by N¢(u) the set
of its neighbors in G, i.e., N¢(u) = {v|v eV, (u,v) € E}. In the rest of the paper, we abbreviate N¢(u) to N(u) if no ambiguity
arises.

Following the study by Ugander et al. [28], the probability of accepting a recommendation by a user monotonically
grows with the number of connected components in the induced graph by his/her neighbors, rather than the number of
his/her neighbors, where each connected component represents a distinct social context of the user, e.g., families, work-
mates, classmates, etc. For each node u € V, let G[N(u)] be the induced subgraph of G by the neighbor set N(u) of u, i.e.,
G[N(u)] = (N(u), E,), where E, = {(v,w) |v,w € N(u), (v, w) € E}. Assume that graph G[N(u)] consists of n, connected com-
ponents. Denote by N;(u) the node set of the jth connected component in G[N(u)], 1 <j < ny. The neighbor set N(u) of node
u thus is partitioned into n, disjoint subsets Nq(u), No(u), ..., N, ().

3.2. The structural diversity model and problem definition

Consider the spread of an idea in a social network G, each node of G is in either one of two modes: active or inactive,
which corresponds whether the node adopts the idea or not. Similar to one of the two influence propagation models in the
seminal paper [21]: the Independent Cascade Model, we here consider a Structural Diversity Model with Independent Cascade
(abbreviated to the Structural Diversity Model) as follows. Denote by A; the set of active nodes in G at time ¢, t =0,1,2,....
Given an initial set of active nodes Ay € V at time 0, the influence propagates in discrete time, according to the following
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randomized rule. At time t + 1, let A;, 1 = A; initially, which means that all active nodes before time t + 1 still are active
at time ¢ + 1. For each inactive node u € V\A; and each connected component N;(u) in the induced graph G[N(u)], node u
is activated with probability p(N;(u), u), if there is a node in N;(u) that was activated at time ¢ (i.e., Nj(u) N (A \ Ac_1) # 9)
and no other nodes in Nj(u) became active before time ¢t (i.e, N;(u) N A,_; = ¢), where p is a given influence propagation
probability function p: 2V x Vi»[0, 1]. If node u is successfully activated, u is added into A, ;. Note that only the very first
activated nodes (multiple nodes can be activated at the same time) in N;(u) have a single chance to activate node u and the
other later activated nodes in Nj(u) do not have such a chance, since they are in the same connected component N;(u) with
these first activated nodes, thus have a similar social context. This influence propagation process continues until no inactive
nodes become active.

Having the structural diversity model, we now define an influence maximization problem as follows. Given a social
network G = (V,E), an integer k (as the budget), and an influence propagation probability function p: 2V x Vi-[0, 1], the
influence maximization problem in G under the structural diversity model is to identify k seed nodes such that the expected
number of activated nodes eventually by the k nodes is maximized. The problem is NP-hard as it can be reduced from the
well-known NP-hard set cover problem in polynomial time [21].

3.3. Submodular functions

In this subsection, we here introduce the notion of submodular functions, since the influence maximization problem can
be cast as a submodular function maximization problem. Let U be a finite set and z be a real-valued function: z : 2V - R=0,
function z is a non-decreasing submodular function if and only if it has the following three properties.

(1) z(¥) = 0;

(2) Non-decreasement: z(S) < z(T) for any two sets S, T € U with S C T;

(3) Diminishing return property (submodularity): z(SU {v}) — z(S) > z(T U {v}) — z(T) for any two sets S and T with S €
TcUandveU\T.

3.4. The independent cascade model and the live-edge graph model

We first describe the independent cascade model [21]. Given a directed graph G’ = (V/, E’), an activation probability func-
tion: p’: E'~[0, 1], and a seed set Sc V/, the influence of set S propagates as follows. Let Ay = S. At time t + 1, let A;;1 = A;
initially. Then, for each inactive node v € V’ \ A; and each node u e Ny, (v) N (A \ A;—1), node u will activate node v with a
probability p’(u,v), where N;,(v) is the incoming neighbor set of node v and (A; \ A;_1) is the set of nodes activated at
time t. If v is activated by node u, it is added into A;, . This process continues until A;,; = A¢ for some time t.

We then describe the live-edge graph model [8] (pp.11-13). Given a directed graph G’ = (V’,E’), an activation probability
function: p’: F'—[0, 1], and an initial seed set ScV’, a subgraph H = (V/, E”) of G’ is randomly constructed. Specifically,
for each edge e’ € F/, edge ¢’ is in E'/ with a probability p’(e’). Note that none of the edges in H is assigned an activation
probability. Denote by dy (u, v) the distance of the shortest path in H from node u to node v, assuming that the length of
each edge in H is one. If there is no any paths in H from node u to node v, set dy (u, v) = oo. Let dy (S, v) be shortest distance
from nodes in S to node v in graph H, i.e., dy (S, v) = min,s{dy (u, v)}. Obviously, dy (S, v) = 0 if a node v € S. Denote by Ry(S,
t) the set of reachable nodes from nodes in S in graph H within t hops, i.e,, Ry(S,t) = {v e V' | dy(S,v) < t}. Given an initial
seed set Sc V/, the active node set under the live-edge graph model at time ¢ is defined as Ry(S, t), where t =0, 1, .. ..

Chen et al. [8] (pp.13-14) showed the two influence propagation models introduced are equivalent through the following
lemma.

Lemma 1 ([8]). Given a directed social network G' = (V',E’; p’), the independent cascade model is equivalent to the live-edge
graph model. Specifically, given a seed set S, for each time t witht =0,1,2,..., if Ao = R4(5,0),A; =Ry (S5, 1), ..., Ar =Ry (S, t),
then for each inactive node u € V'\A;, the probability of node u being activated at time t + 1 under the independent cascade
model is equal to the probability of node u reached at the (t + 1)th hop under the live-edge graph model, i.e., P{u € A1} =
P{ueRy(S,t+1)},YueV'\ A.

4. Approximation algorithm

In this section, we first propose a probabilistic approximation algorithm for the influence maximization problem under
the proposed structural diversity model. We then analyze the time complexity, approximation ratio, and success probability
of the proposed algorithm.

4.1. Algorithm

Our basic strategy is to first reduce the influence maximization problem in an undirected social network G under the
structural diversity model to a slightly different influence maximization problem in another directed graph G’ under the in-
dependent cascade model. We then show that an approximate solution to the latter in turn returns an approximate solution
to the former.
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Fig. 1. The conversion of a node u and its neighbors in N(u) in graph G.

Given a social network G = (V,E) that is an undirected graph, the influence propagation probability function p: 2" x
Vi—[0, 1], and the structural diversity model, we construct an auxiliary directed graph G’ = (V UC, E’; p’) as follows. For each
node u € V of G, recall that N(u) is the neighbor set of node u in G and the induced graph G[N(u)] by N(u) consists of n
connected components Ny (u), Ny(u), ..., Np, (1), where connected component N;(u) can activate node u with a probability
p(Nj(u), u), 1 < j < ny, illustrated in Fig. 1 (a). We add ny component nodes ¢y, ¢y, . .., Cn, to the node set C in graph G/, where
node ¢; represents the connected component N;(u). There is a directed edge in E’ from node ¢; to node u with activation
probability p’(cj,u) = p(Nj(u),u), 1 < j < ny. For a node v; € N(u) contained in N;(u), we add a directed edge from node
v; to component node ¢; to E' with activation probability one. Fig. 1 (b) illustrates such a construction. Thus, the node set
VUC of G’ consists of two types of nodes: individual nodes in V representing individual users and component nodes in C
representing the connected components induced by the neighbor sets of the nodes in G. Given a seed set ScV, denote by
A; the set of active nodes in G under the structural diversity model at time t, and denote by A; the set of active nodes in ¢/
under the independent cascade model at time t, where t =0,1,2,....

There is an interesting phenomenon about the influence propagation progress in G’ under the independent cascade
model. That is, individual nodes in G’ can be activated only by component nodes, not by individual nodes, since there
are no edges in G’ between individual nodes, and vice versa. Given an initial seed set ScV, recall that A/ is the set of active
nodes in G’ under the independent cascade model at time t, where t =0,1,2,.... Initially, Aj =S. We observe that only
individual nodes are activated at time t =0, 2,4, ..., while only component nodes are activated at time t =1,3,5,..., ie,
(A{\A[_;) cV if tis an even number, and (A; \ A{ ;) < C otherwise.

Having graphs G= (V,E; p:2¥ xV + [0,1]) and G = (VUC,E’; p’ : E' — [0,1]), we show that the structural diversity
model in G is equivalent to the independent cascade model in G’ by the following theorem.

Theorem 1. The structural diversity model in G is equivalent to the independent cascade model in G'. Specifically, given a seed
set SCV, for each time t =0,1,2,..., ifAj = A’2j NV, where A’Zj NV is the set of active individual nodes in G’ at time 2j and 0
< j < t, then for each inactive node u € V\A, the probability of node u in G being activated under the structural diversity model
at time t + 1 is equal to the probability of node u in G' being activated under the independent cascade model at time 2(t + 1),
ie, PlueA 1} =Plue A’Z(HU},Vu eV\A.

Proof. Consider any inactive node u € V\A;, we calculate P{u € A;,1} as follows. Recall that the induced graph G[N(u)] by
the neighbor set N°(u) of node u consists of n, connected components N{ (u), NS (u), ..., N (u). Let NC be the set of these
ny connected components. We partition the n, connected components into three groups Ng,NFG,N,G (letters ‘O’, ‘F, and
‘I represent words ‘Outdated’, ‘Fresh’, and ‘Inactive’, respectively), where a connected component NjG(u) is in group /\/g if

some nodes in N].G(u) were activated before time t (i.e., N§ = {N].G(u) |N](.;(u) NAi_1 #0}), N].G(u) is in group A¢ if none nodes
in N](.;(u) were activated before time t and some nodes in NJ.G(u) are activated at time t (i.e., N = {Nf(u) | NjG(u) NA_q1 =
@, Nj.G(u) NA; # ¢}), and Njc(u) is in group M/C if every node in N].G(u) is inactive at time t (i.e., N = {N].G(u) |NjG(u) NA; = 0}).
Following the structural diversity model, for each connected component N].G(u), only the first activated nodes in it have a
chance to activate node u with a probability p(NJ(?(u), u). Thus, only the connected components in /\/FG can activate node u at
time t + 1. Therefore, the probability of node u being activated at time t +1is P{u e A; .1} =1— HN]G(u)eNE (1- p(NjG(u), u)).

The rest is to calculate the probability of node u in G’ being activated under the independent cascade model at time
2(t+1). Let Ng (u) be the incoming neighbor set of node u in G'. Following the construction of G/, each node in Nl.(f; (u) in
G’ is a component node and each component node ¢; corresponds to a connected component NjG(u) in G, see Fig. 1 (b). It is
obvious that |Ng(u)| = ny. For each component node ¢; € Ng(u), let Nicn/ (¢;) be the incoming neighbor set of node ¢; in G.
Then, each node in Nﬁl’ (cj) is an individual node. Similarly, we further partition the set Ng(u) into three subsets N§', N¢',
and NIG/, where a component node ¢; e Nﬁ (u) is in set Ng/ if some nodes in Nif{ (cj) were activated before time 2t (ie.,
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NS ={cjINS (c;) NAy, | #%}), ¢ is in set NS’ if none nodes in N (c;) were activated before time 2t and some nodes in
NS (cj) are activated at time 2t (ie., N&' = {c,j INS (c;) ?A/Zt—l =0,NS (c;) NA,, #¢}), and ¢; is in set N if every individual
node in Nl.(f1 (cj) is inactive at time 2t (i.e,, NIC ={¢;| Nﬁl (cj) NAl, = }). Following the construction of G’ and the assumption
that A; = Ay; NV for every j with 0 < j < t, we can see that each connected component Nf(u) in N§ (or NF, or NF) in G

corresponds to a component node ¢; in Ng’ (or N¢, or N,G/) in G’, and vice versa. In the following we consider the influence
propagation process in G’ under the independent cascade model at time 2t + 1 and time 2(t + 1), respectively.
We first consider the process at time 2t + 1 as follows. We observe that at time 2t, each component node in Ng' is

active while each component node in N,G/ or NE/ is inactive, by following the definitions of Ng/,N,G/ and NFU. Note that at
time 2t + 1, only component nodes are activated by some individual nodes in G'. Following the independent cascade model,

each component node ¢; in Ng is still active at time 2t + 1 since ¢; is active at time 2t, each component node ¢; in NFG

will become active at time 2t + 1 since Ni(r;]/ (cj) N A}, # ¢ and each individual node in N,.f?’ (cj) N AL, will activate node ¢; with
probability one at time 2¢ + 1, and each component node ¢; in N,G’ is still inactive at time 2t + 1 since Ng/ (cjp)nA,, =¢. In

G / el ’ ’ G ’ _
other words, Ng € A5, Ny C A, \A),, and NP nA), | =0.

We then study the process at time 2(t + 1) and calculate P{u GA/Z(H—I)} as follows. Following the independent cas-
cade model, only nodes in A/zm \ A}, can activate node u at time 2(t+1). Since each node in Ng(u) is a com-
ponent node in G/, the probability of node u being activated under the independent cascade model at time 2(t +

i — . — . — G
1) 1S P{u GA/Z([Jr])} =1- HCjGNg,/(U)ijEA/ZH1\A/Zt(l — p/(C], u)) =1- HCJ'ENE, (] — p/(CJ, u)) =1- HNJG(U)E/\/—FG(l - p(N] (U), u)),

since p’(cj, u) = p(N;(u), u). The theorem then follows. O

Since the structural diversity model in G is equivalent to the independent cascade model in G/, for each given seed set
ScV, S has the same influence in both G and G/, i.e., the expected number of nodes activated eventually by S in graph G
under the structural diversity model is equal to the expected number of individual nodes activated eventually by S in G’
under the independent cascade model.

In graph G’ = (VUC, E’; p'), denote by f(S) the expected number of individual nodes that are activated eventually by a
seed set ScV in G’ under the independent cascade model. We now consider the problem of finding a seed set ScV in
G’ with |S| < k such that f{S) is maximized. It must be mentioned that the considered problem in G’ is different from the
traditional influence maximization problem in a graph G’ under the independent cascade model in [21], since the problem
in [21] is to identify a k-seed set S in G, such that the expected number of nodes in G’ activated eventually by the
seed set S/ is maximized, while in our case the graph G’ contains two types of different nodes (i.e., individual nodes and
component nodes) and our problem is to find a k-seed set S that contains only individual nodes so that the expected
number of individual nodes in G" activated eventually by the seed set S is maximized and the expected number of activated
component nodes will not be counted in terms of the influence.

Assume that function f(S) is a non-decreasing submodular function. To identify a k-seed set S in G’ such that f(S) is
maximized, Nemhauser et al. [24] proposed a greedy algorithm with an approximation ratio of (1 — 1/e) as follows, where e
is the base of the natural logarithm. The algorithm starts with an empty set (S = ), and iteratively adds an individual node
Umgy in G into S that leads to the maximum marginal gain at each iteration, ie, f(SU {umax}) — f(S) = max,cp\s{f(SU
{u}) — f(S)}. The procedure continues until a seed set with k nodes is found.

Notice that the value computation of function f{ - ) is very difficult, as the computation of the influence f(S) of S is #P-
hard for a set S. This implies that the computing of f(S) is at least hard as NP-hardness [29]. By adopting the strategy in [21],
we use Monte Carlo simulations of the influence propagation process to estimate the influence f(S). Specifically, given a seed
set S, we simulate the influence propagation process in G’ for L times. Each time we count the number of active individual
nodes after the propagation process, and then take the average of these counts over the L times. With a sufficiently large L,
the obtained average count will be an approximation to f{S) with high probability. For a given threshold y > 0, we say that
an estimate f(S) is a y-error estimate of f(S), if |f(S) — f(S)| <y - f(S).

Given an error ratio € with 0 < € < 1 and a probability 1 — « with 0 < o < 1, we devise an approximation algorithm for
finding a k-seed set S, and the algorithm achieves an approximation ratio of (1 — 1/e — €) with probability 1 — «. we refer
to this algorithm as Algorithm 1, which proceeds as follows. Initially, S = @. It then performs k iterations to find a k-seed set.
Within iteration i, it invokes a subroutine Algorithm 2 to compute the approximate influence f (Su{u}) for each individual

node u € V\S, by performing Monte Carlo simulations L; = (Wl times. It then selects a node upmgy with the
maximum approximate influence f(S U {u}) among nodes in V\S, and add node upqy to S.

4.2. Identifying the next seed

Let S be the selected seed set so far with |S| < k, we show how to efficiently calculate the approximate influence f(Su
{u}) for each individual node u ¢ V\S, using Monte Carlo simulations L times, and then add a node upmq € V\S with the
maximum approximate influence f (SU{umax}) to set S. In the following, we start with a simple strategy for the computation
of f(Su{u}) for each node u € V\S, and we then present a novel algorithm for the calculation.
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Algorithm 1 Greedy algorithm under the SD model.

Input: G = (V, E), influence propagation probability p : 2V x V — [0, 1], an integer k > 0,an error ratio € with 0 < ¢ < 1, and
a probability 1 — o with 0 < < 1.

Output: A k-seed set S c V such that Sis a (1 —1/e — €) approximate solution with probability 1 — «.

1: Obtain a directed graph G’ = (VUC, E’; p') from G;

2: S <@

3: fori < 1 to k do

4: Ly < [e2a1k(2k + €)%n/(2i)]; [* the times of Monte Carlo simulations */

5:  Select the node umqy with the maximum approximate influence maxugv\s{f(SU {u})} by performing L; Monte Carlo

simulations, by calling Algorithm2;

S« Su {umax};

7: end for

8: return S.

@

Algorithm 2 Identify the next seed.

Input: ¢’ = (VUC, E’; p'), a seed set S c V, and times of Monte Carlo Simulations L
Output: Choose a node u € V' \ S with the maximum approximate influence fesufuh
1: Let ry, = 0 for each u € V' \ S; [*expected number of reachable individual nodes*|

2: for j <~ 1to L do

3:  Construct graph H; = (V. UC, E;/) from G';

4:  Find the set RHJ. (S) of reachable nodes from the nodes in S in H;, let ij S) = RHJ, S)nv;
5. Obtain a graph H} by removing the nodes in RH]. (S) and their incident edges from Hj;
6:  Find all SCCs in graph H};
7. Construct a DAG H;/ = (Vj*, E%: p) from H]/. by collapsing each SCC into a node in H;/;
8:  For each node u* ¢ Vj* with weight o (u*) > 0, calculate 1, = ZV*ERH{,(U*) p(U*);
J

9:  For each node u e RIHj (S)\'S, let ry <1y + |R§4j o®|;

10: For each node ueV'\ R;,_(S), assume u* is the collapsed node in H;.’ of u, let ry < ry + |R§,_(S)| +1h;
J J

11: end for
12: return node Umax Such that ru,,, = max,ey\s{ru}-

We present the simple strategy first. For each Monte Carlo simulation among the L times, we simulate the influence
propagation process in G’ under the live-edge graph model, rather than the independent cascade model, due to their equiv-
alence by Lemma 1. Given a graph G’ = (VUC, E’; p’), and a seed set Su{u}cV, Kempe et al. [21] showed that we can
simulate the influence propagation process in G’ under the live-edge graph model as follows. We first construct a directed
graph H= (VUC,E”). For each edge ¢ e E’ with an activation probability p’(e’), we add edge ¢’ in E” with probabil-
ity p/(¢’). Having the constructed graph H, we obtain a sample value of f{Su{u}) by calculating the number of reachable
individual nodes in H from nodes in SuU{u}. Denote by Ry(SuU{u}) and R;{(SU {u}) the set of reachable nodes (includ-
ing individual nodes and component nodes) and reachable individual nodes in H from the nodes in SuU{u}, respectively.
ie, Ry(Sufu}) ={v|veVuC there is a directed path in H from a node we Su{u} to v} and RL(SU{u}) ={v|veV,
there is a directed path in H from a node we SU{u} to v}. The calculation of Ry(SuU{u}) can be done by performing
a Depth-First Search (DFS) in H. Then, R (Su{u}) = Ry(Su{u}) nV. To estimate the value of f{Su{u}), we independently
construct L auxiliary graphs Hq, Hy, ..., H; like constructing the graph H, and compute R;_,j (Su{u}) in each graph. We ap-
. I S IRy Sutu))] _— o . .
proximate f{SU{u}) with f(SU{u}) = ——————. The total running time of calculating f(SU {u})s for nodes in V\S is
[V\S|-L-(ng +mg) =0(nL(ng +mg)), where [V\S| < |V|=n.

We then show how to improve the computational efficiency of the simple strategy, by adopting a batch estimation
technique. We consider the L graphs Hy, Hy, ..., H; one by one. For each graph H; = (VUC, E;/), we compute the number

of reachable nodes |R§~,j Sufuh)l, |R’HJ_ Sufwdl, ..., |R;_Ij (SU {un—s})| from the sets SU {u1},SuU{uy}, ..., SU {us_s}, respec-

tively, in a batch way, where u; € V\S, 1 <l <n-s, and n—s= |V \ §|. For graph H; = (VUC, E;/), we first perform a DFS

traversal on H; to find the set of reachable nodes RHj (S) from seed set S. Then, RL'(S) = RH]. (S) nV. We remove the nodes
J

in RHJ, (5) and their incident edges from graph H; and obtain a residual graph H}. We note that

R (5. Vu e Rl (5)
IR, (SUub)] = {|ij($)| FIR, )], YueV\Rl (S) M
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We thus only need to calculate |R (u)| for each node u e V'\ R’ (S) in graph H’ as follows.

We first find all strongly connected components (SCCs) in H’ We then collapse each SCC into a supernode with a
node weight p(u*) being the number of individual nodes in it. As a result, we obtain a directed acyclic graph (DAG)
H]’/ = (Vj*, E%: p). Notice that the size of the collapsed graph H}’ usually is much smaller than that of the original graph H;..
Chen et al. [10] showed one important property relating to graphs H]’. and H]’.’ that, if each node u e H; has been collapsed
to a node u* H;/, then

R, @l= 3 p@). ()

veeRyy (u*)
i

Note that we only need to calculate ZU*ERH// @+ P () for each node u* in H]// with a positive weight, since each individual
j
node u in H} must be collapsed into a node u* in H}’ with weight p(u*) > 0. We finally calculate the value Z,,*ERH,, ) PW)

J
for each node u* in H]’.’ by performing a DFS starting from node u*. We refer to this algorithm as Algorithm 2 whose
description is in the following.

4.3. Algorithm Analysis

In the following we analyze the performance of Algorithm 1, including its time complexity, approximation ratio, and
success probability.

4.3.1. Analysis of the time complexity
Given a social network G = (V,E) with n = |V| and m = |E|, recall that G’ = (V UC, E’) is the directed graph derived from
G. Let ng = [VUC| and m¢ = |E’|. We start by the following lemma.

Lemma 2. The number of nodes and the number of edges in graph G’ are no more than n+ 2m and 4m, respectively. Moreover,
graph G’ can be constructed in time O(dmax - m), where dpay is the maximum node degree among the nodes in G.

Proof. Let d, be the node degree of a node u in G. It is obvious that )", ., dy = 2m. For each node u € V, recall that the
induced subgraph G[N(u)] by the neighbor set N(u) of node u contains n, connected components. Clearly, n, < d,. Since we
add n, component nodes into C, the number of nodes in VUC is [VUC| = [V|+|Cl=n+Y oy My <N+ Y oy du =N+ 2m.
The number of edges in E' is |[E'| = Y,y (u +du) <2,y dy = 4m.

The time complexity of the construction of graph G’ is as follows. Let dpmgx = max,.y{dy}. For each node u € V of G, the
induced subgraph G[N(u)] by the neighbor set N(u) of node u can be constructed in time O(d,, - dmax) While the n, connected
components can be found in time O(dy - dmax), by performing DFS traversals on G[N(u)]. Therefore, G’ can be constructed in
time Y,y O(dy - dmax) = O(dmax - m). Note that dnex <« n in most real-world social networks. O

We then show the time complexity of Algorithm 1 by the following lemma.

Lemma 3. Given a social network G = (V,E), an activation probability function p: 2¥ x Vi»[0, 1], an integer k, and two con-
stants € and o with 0 < € < 1 and 0 < o < 1, the time complexity of Algorithm 1 for the influence maximization problem in
G is 0(e 20~ 'n%(m + n)k3 log k), which improves by a factor of an of the time complexity O(e—2n3(m + n)k3log(nk/a)) of the
state-of-the-art approximation algorithm[8] (pp.43), where n = |V| and m = |E|.

Proof. We first show that the time complexity of Algorithm 2 is O(Ln(ng + mg)). Since Algorithm 2 performs L times
of Monte Carlo simulations, we only analyze the running time of one Monte Carlo simulation. Within iteration j, the to-
tal running time of constructing graph H; = (V UC, E” ), finding the set RH (S), constructing graph H’ from H;, finding all
SCCs in H; and constructing graphing H” (V* E%: ) from H’ is O(ng + mG,) Then, for each node u* in vy with weight
p(uy) >0, we perform a DFS traversal, startmg from node uj. Smce p(uy) > 0 means that as least one individual node in
H; has been collapsed to node u; in H]’.’, the number of nodes in H with weight o (u;) > 0 is no more than the number of
individual nodes in V. We thus perform no more than |V| =n DFS traversals on graph H}’ . In summary, the time complexity
of Algorithm 2 is L(O(ng +mg ) + n(0(ng +me))) = O(Ln(ng + mc’))

The time complexity of Algorithm 1 thus is O(dmaex - m) + Yk, O(Lin(ng +mG/)) =n(ng +mg)O(XX , e 20 1k(2k +
€)2n/(2i)) = 0(e2a~'n2(m + n)k3 logk), since O(ng +mg) = O(n+m) and YK ; 1/i = O(logk) by [11]. O

4.3.2. Analysis of the approximation ratio

We now show that the approximation ratio of Algorithm 1 is (1 — 1/e — €) with probability 1 —«, where 0 < @ < 1.
Given graph G’ = (VUC, E’; p’), we first show that the influence function f(S) is a non-decreasing submodular function, we
then show the approximation ratio.
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Lemma 4. Given a directed graph G' = (VUC,E’; p’), define the value of function f(S) as the expected number of activated
individual nodes eventually in G’ at the end of influence propagation process by a seed set S € V under the independent cascade
model. Then, function f(S) is a non-decreasing submodular function.

Proof. It is obvious that f(#) =0 and f{S) < f(T) for any two seed sets S, T € V with S € T. We only need to show that
fsufu}) — f(S) = f(Tu{u}) — f(T) for any two seed sets S, T € V with S C T and each node u € V\T.

We first calculate the influence f(S) of a seed set S € V as follows. Let ¢’ = {G], G}, ..., Gy} be the set of different sub-
graphs of G’ with the same node set VUC, where 1 < j < q, g =2"¢ and mg = |E’|. Following the live-edge graph model,
we construct an auxiliary directed graph H = (V UC,E”) from G’ = (VUC, E’; p') as follows. For each edge ¢’ € E' with an
activation probability p’(e’), we add an edge e’ in E”/ with probability p’(e’). Note that H must be a graph in G’. Define
P{H = G/} as the probability of H = G/ where 1 < j < gq. Denote by RG/ (S) and R (S) the set of reachable nodes and

reachable individual nodes from the nodes in S in graph G’ respectively. Let f(S) be the expected number of active nodes
(including component nodes and individual nodes) eventually in G/ by seed set S under the independent cascade model.

Due to the equivalence of the independent cascade model and the live-edge graph model, Kempe et al. [21] showed that
(S = Zc}eg' P{H = G}} . |RG§ (S)|. Similarly, we have f(S) = ZGFQ’ P{H = G}} . |RIG’. S)].

J
We then show that |R16, (S)| is a submodular function in each subgraph G}. For any two seed sets S, TcV with S € T
j
and each node u € V\T, consider any node v R’a (Tu{u}) \ R ,(T), ie, node v is reachable from node u but not reachable

J I
from the nodes in T. Since S is a subset of T, then node v is reachable from node u but not reachable from the nodes
in S. We thus have v e R’U Su{u)) \R’(;, (S). Therefore, |R’G, (Tu{u}) \Rlc, M| < |R’6, Sufup\ R’U (S|, i.e., |RL (TU{u}| -
g g g g g / |

) J J J J
|R16, M < |R’6, Sufup| - |R’c’ (S)|, and the function |Rlc’ (S)| thus is a submodular function. Since f{S) is a non-negative
J J J J
linear combination of submodular functions, f(S) is a submodular function, too. O

The analysis of the approximation ratio of Algorithm 1 proceeds as follows. Let S = {uq,uy, ..., u,} be the solution de-
livered by Algorithm 1 and individual node u; is chosen at iteration i by the algorithm. Let So = ¢ and S; = {uq, uy, ..., u;},
1 =i < k. Following Algorithm 1, we have u; = argmaxyey\s,_, {f(SH u{v})}. Let u; = arg MaXyey\s, {fSiu{vh} 1 <i
< k. Note that nodes u; and i; may be the same node. Given an error ratio € with 0 < € < 1, let § = €/(2k + €). Assume
that both values f(SH U {u;}) and fA(SH U {i;}) are §-error estimates of the values f(S;_; U{u;}) and f(S;_; U {ii;}), respec-
tively, ie, |f(Sio1 U{w) = fFSi-U{ubl < 8- f(Siq U{w}) and [f(Sio u{m}) — FSi- u{uh| < 8- f(Si-q U {i}) for every
i with 1 < i < k. Under this assumption, Chen et al. [8] (pp.41-43) showed that the approximation ratio of Algorithm 1 is
(1 —-1/e —€), by the following lemma.

Lemma 5 [8]. Given the graph G’ = (VUC, E; p) derived from G, an integer k, and an error ratio € with 0 < € < 1, let
8 = €/(2k + €). If both approximate influences f(S;_; U {u;}) and f(S;_; U {il;}) of f(S;_1 U{u;}) and f(S;_; U{d;}) are 8-error
estimates for each i with 1 < i < k, then Algorithm 1 for the influence maximization problem in G’ delivers an approximate
solution with an approximation ratio of (1 — 1/e — €) under the independent cascade model.

4.3.3. Analysis of the success probability

Following Lemma 5, the claim that Algorithm 1 is a (1 —1/e —¢€) approximation algorithm is based on the assumption
of that the values f(S;_; U{u;}) and f(S;_; U {i;}) are S-error estimates of the values f(S;_; U{y;}) and f(S;_; u{i;}) for
every i with 1 < i < k. In the following we derive a probabilistic algorithm with the same approximation ratio by removing
this assumption.

Let Z (or Z;) be a random variable with Z; =1 (or Z; = 1) if and only if the value f(SH U {y;}) (or f(SH u{i;})) is a
8(= €/(2k + €))-error estimate of the value f(S;_; U {u;}) (or f(S;_; U{ii;})); otherwise Z; = 0 (or Z; = 0) for every i with 1
< i < k. We show that the probability P{Z; =1,Z; =1,...,Z, =1,Z,=1} is no less than 1 — a. Then, Algorithm 1 achieves
an approximation ratio of (1 — 1/e — €) with probability 1 —« by Lemma 5.

We show that P{Z; =1} = 1 — B and P{Z; = 1} = 1 — B for every i with 1 < i < k, where 8 = ar/2k. Following Algorithm 1,
within iteration i, it computes the approximate influence f(S,—,l U {u}) for every node u eV \S;_;, including the nodes u;
and ii;, by performing L; = [e 2o~ 1k(2k + €)2n/(2i)] Monte Carlo simulations. Recall that § = €/(2k + ¢) and B = o/2k. We
thus have L; > e 2o~ 'k(2k + €)?n/(2i) = n/(4i8%B). Note that |S;_; U {u;}| = |S;_1 U {#;}| = i. We show that P{Z; =1} >1 -
and P{Z; =1} = 1 — B by the following lemma.

Lemma 6. Given graph G' = (VUC,E’; p'), a seed set SCV with S # ¢ and |S| =s, an error ratio § with 0 < § < 1, and a
probability 1— B with 0 < B < 1, we conduct L times of independent Monte Carlo simulations in G’ to simulate the influence
propagation process under the independent cascade model with the same seed set S. Let Y; be the number of active individual
nodes in G’ in the jth Monte Carlo simulation, where 1 <j < L. Let ¥, = (Z?Z1 Y;)/L. Assume that pu = E[Y1] = E[Y;] = --- = E[Y{]
is the expected value of the L random variables. If L > n/(4s82B), then the probability of the absolute difference between Y; and
[ being no more than §u is no less than 1 — B, ie,

P{Y, — | <du}=1-p. 3)
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Proof. In the following, we first calculate the expectation and variance of random variable Y;, we then show that P{|Y; —
| <du} >1— B. We observe that

. YiaY ] TiLEY] Lou
E[YL]=E|: JL ]: J =

L T TH )

Assume that the variance of random variable Y; is 02, i.e, 02 =Var[Y;]. It is obvious that o2 = Var[V;] =Var[¥s] = --- =
Var[Y;]. The variance of random variable Y; is

5 Z?:l Y; Z?:l VarlY;] L.02? o2
Var[Y;] = Var[ 7 = B =z =T (5)

since random variables Y1,Y,, ..., Y] are independently and identically distributed.
To show that P{|Y; — | <8} > 1— B, it is sufficient to show that P{|Y; — | > S} < B. We show that the latter in-
equality holds by the Chebyshev inequality. According to the Chebyshev inequality, we have

P{WL_— wl = 8u} = P{|Y, — E[Yi]| = S}
< Var[Y,]/(8p)* = (1/L8?) - (0 /u*)
< (1/L8%) - (n/4s) (6)

< (1/8%) - (4s8%B/n) - (n/4s) (asL > n/4s8%B)
=p. (7)
where the inequality (6) holds by Lemma 7 (see Appendix), which shows that 2/u? < n/4s. The lemma then follows. [

By Lemmas 3, 5, and 6, we have the following theorem.

Theorem 2. Given a social network G = (V, E), a positive integer k, an activation probability function p: 2V x Vi~[0, 1], an error
ratio € with 0 < € < 1, and a success probability 1 — o with 0 < « < 1, there is a (1 — 1/e — €)-approximation algorithm with
a probability no less than 1 — « for the influence maximization problem in G under the structural diversity model. The algorithm
takes O(e 2a~'n%(m + n)k3 logk) time, where both € and « are constants with 0 <€ <1and 0 <« < 1,n=|V|, and m = |E|.

Proof. We have shown the time complexity and approximation ratio of Algorithm 1 by Lemmas 3 and 5, respectively. We
now show its success probability as follows.

By Lemma 6, we know that P{Z; =1} >1— 8 and P{Z; =1} > 1 — B for every i with 1 < i < k. Then, P{Z; =0} < 8 and
P{Z; = 0} < B. The success probability of Algorithm 1 is

P(Zi=1,Zy=1,.... 2k =1,Z, =1}
1-P{Zy =00rZ; =0o0r --- orZ, = 00rZ, = 0}

k

>1-) (P{Zi=0}+P{Z;=0}) (8)
o1
k

>1-Y (B+B)=1-a, as B =a/2k (9)
i1

The theorem then follows. O
5. Algorithm evaluation

In this section, we evaluate the performance of the proposed algorithm using different real datasets. We also compare
the algorithm with other heuristics for finding highly influential users in social networks.

5.1. Experimental environment setting

We use the datasets of four real-world social networks, which are listed in Table 1, where the first network is an aca-
demic collaboration network NetHEPT obtained from the “High Energy Physics-Theory” section of the e-print arXiv, in which
each node represents an author of a paper and for a paper with two or more authors, an edge is added for each pair of
authors. The second network come from the full paper list of the “Physics” section, denoted by NetPHY. The datasets of the
first two networks are available on the web !. The third network is an online social network-Facebook 2, where each node

1 http:/[research.microsoft.com/en-us/people/weic/graphdata.zip.
2 http:/[socialnetworks.mpi-sws.org/data-wosn2009.html.
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Table 1
Statistics of four real-world networks.
Dataset NetHEPT NetPHY Facebook DBLP
# of nodes 15,233 37,154 63,731 654,628
# of edges 58,853 231,584 817,090 1,990,159
Avg. degree 3.86 6.23 12.82 3.04
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Fig. 2. Expected numbers of active users by different algorithms in the collaboration network NetHEPT.

represents a user and each edge represents the friendship between two users. The final network is a much larger collab-
oration network from the DBLP Computer Science Bibliography >. The datasets are widely adopted in existing works, such
as [10,12,21], and [29].

Following existing works [21,29], we consider two types of influence propagation probability settings: the uniform set-
ting and the weighted setting. Recall that the induced graph G[N(u)] of the neighbor set N(u) of node u consists of ny
connected components Ny (u), No(u), ..., Ny, (u). In the uniform setting, the influence propagation probability p(N;(u), u) of
each connected component N;(u) is assigned a uniform probability pc, i.e., p(Nj(u),u) = pc, where pc is a constant with 0
< pc < 1and 1 <j < ny. Intuitively, only a very few users will be eventually activated if p. is very small (e.g., 0.01) while
a large proportion of users will be influenced if p. is quite large (e.g, 0.8) [21]. For the former (i.e., p. is very small), it is
not worthwhile to consider the influence maximization problem since only a very few users will be influenced by the initial
seeds. For the latter (i.e., pc is very large), it is not realistic in a real social network that every social context of a user has
high influence probability to the user. We thus consider that p. is set with 0.1 and 0.2 in this paper so that the value of
pc is neither too small nor too large. In the weighted setting, p(N;(u), u) is assigned 1/ny so that the expected number of
connected components which would succeed in activating node u is one [21].

We compare the proposed algorithm Greedy (i.e., Algorithm 1) with other three heuristics: (1) Algorithm max degree.
The max degree heuristic chooses k seed nodes with the top-k degrees [21]; (2) Algorithm max structural diversities (max
SD). Similar to the max degree heuristic, the max structural diversities heuristic selects k seed nodes with the top-k struc-
tural diversities, where the structural diversity of a node u in G is the number of connected components in the induced
graph G[N(u)]; and (3) Algorithm distance centrality (central). The distance centrality heuristic finds k seed nodes with the
smallest average shortest-path distances to other nodes [10,21]. The distance between two unreachable nodes is set as n,
where n is the number of nodes in G. Note that there are some other heuristics, such as the ones in [10,29], which will not
be compared with since they are only applicable to the independent cascade model or the linear threshold model.

Following the similar setting as the works in [10,29], the number k of seed nodes is chosen between 1 and 50. The default
error ratio € setting is 0.03, and the error probability « is 5%. The proposed approximation algorithm has an approximation
ratio of 1 — 1/e — € ~ 0.6 with probability 1 — « = 95% following its theoretical analysis. All the experiments are performed
on a desktop with Intel(R) Core(TM) i7-4790 CPU (3.6 GHz), 4 GB RAM, and the operating system of Windows 8.1 enterprise.
All the mentioned algorithms are implemented in C++ in the integrated development environment (IDE) of Microsoft Visual
Studio 2013.

5.2. Performance on influence

In the following we evaluate the performance of the proposed algorithm in networks NetHEPT, NetPHY, Facebook, and
DBLP, respectively, in terms of influence (i.e., expected numbers of active users) of the found seeds. Fig. 2 shows the influ-
ence of the seeds found by different algorithms under the uniform setting with p. = 0.1 and p. = 0.2, and the weighted
setting in the collaboration network NetHEPT, by varying the seed set size k from 1 to 50. Fig. 2 (a) clearly shows that the
seed set delivered by the proposed algorithm Greedy has larger influence than that of the seed sets by other mentioned

3 http://snap.stanford.edu/data/index.html.
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Fig. 3. Expected numbers of active users by different algorithms in the collaboration network NetPHY.

algorithms, and the performance gap between them grows bigger and bigger with the growth of the value of k. Specifically,
the influence of the seed set found by algorithm Greedy is about 20%, 20%, and 30% larger than that of the seed sets
identified by algorithms Max_Degree, Max_SD, and Central, respectively, when k = 50. The rationale behind the outper-
formance of the proposed algorithm Greedy over the existing algorithms is as follows. Algorithm Greedy finds the top-k
most influential users by not only considering how users are accurately influenced (i.e., under the structural diversity model)
but also taking into account the influence among the users chosen (i.e., there is only a little influence among the selected
users). In contrast, algorithms Max_Degree and Central do not consider the influence propagation process of users and
only select the top-k influential users by their degrees and average distances to other users in the network, respectively,
while algorithm Max_SD may choose k seeds that have large influence to each other. Fig. 2 (b) and (c) also demonstrate
that the proposed algorithm Greedy can find much more influential seed sets than that by the other three mentioned algo-
rithms. For example, under the weighted setting with k = 50, the expected number of activated individuals by the 50 seeds
found by algorithm Greedy can reach up to 4400, which takes about 30% (~ 4400/15, 233) of the total number of individ-
uals in network NetHEPT, while the influences of the seed sets found by algorithms Max_Degree, Max_SD, and Central
are only about 3300, 3800, and 3250, respectively.

Fig. 2 shows an interesting phenomenon that although the influence of the seed set discovered by algorithm Max_SD is
no better even worse than that by algorithms Max_Degree and Central when the seed set size k is small, the influence
of the seed set found by it is larger than that by the two mentioned algorithms when k is large. For example, algorithm
Max_SD finds a seed set with an approximate influence of 3800 under the weighted setting when k = 50, which is about
14% and 17% larger than that by Max_Degree and Central, respectively. The rationale behind the phenomenon is that
algorithm Max_SD finds the top-k nodes by the number of connected components in the induced graph G[N(u)] of the
neighbor set N(u) of each node u, i.e., it considers that the neighbors in the same connected component have the similar
social context, while algorithms Max_Degree and Central fail to distinguish the the neighbors of a node from the same
connected component, and only find the top-k nodes by node degrees (Max_Degree) or average shortest-path distances to
other nodes (Central).

We then investigate the performance of different algorithms in network NetPHY whose size is larger than that of network
NetHEPT. Fig. 3 plots the influence of the seed sets found by the four mentioned algorithms. Similar to the performance
of the algorithms in network NetHEPT, the seed set identified by algorithm Greedy has much larger influence than that
found by the other three algorithms Max_Degree, Max_SD, and Central in network NetPHY. Moreover, the advantage of
algorithm Greedy in network NetPHY is even bigger than that in network NetHEPT. For example, Fig. 3 (a) demonstrates
that the influence of the seed set found by algorithm Greedy in network NetPHY is 50%, 32%, and 39% larger than that of
the seed sets found by the other three algorithms under the uniform setting with p. = 0.1 and k = 50, while its advantage
over the three algorithms is about 20%, 20%, and 30% in network NetHEPT (see Fig. 2 (a)).

We also study the performance of the algorithms in social network Facebook. Fig. 4 shows that the seed set found by
algorithm Greedy has larger influence than that by the other three algorithms. Furthermore, the influence of the seed set
identified by algorithm Max_SD is smaller than algorithms Max_Degree and Central under the uniform setting (Fig. 4
(a) and (b)) whereas the influence of the seed set found by it is as large as that of the seed set discovered by algorithm
Greedy under the weighted setting (Fig. 4 (c)).

We finally investigate the performance of the algorithms in network DBLP. Again, Fig. 5 shows that the performance
algorithm Greedy is the best among the four algorithms. Furthermore, the influence of the seed set identified by algorithm
Max_Degree is higher than algorithms Max_SD and Central under the uniform setting (Fig. 5 (a) and (b)) whereas the
influence of the seed set found by it is however worse than that by algorithm Max_SD under the weighted setting (Fig. 5
().

In summary, it can been seen that the seed set found by algorithm Greedy has the highest influence compared with
the seeds found by the other existing algorithms for all mentioned social networks with all different influence propagation
probability settings, while the performances of existing algorithms Max_Degree, Central, and Max_SD depend on not
only the structure of the social networks but also the influence probability settings.
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Fig. 5. Expected numbers of active users by different algorithms in the network DBLP.

5.3. Performance on running time

The rest is to investigate the running times of the four mentioned algorithms for different networks including NetHEPT,
NetPHY, Facebook, and DBLP, respectively. Fig. 6(a) plots the running times of algorithms Greedy, Max_Degree, Max_SD,
and Central in network NetHEPT which consists of 15,233 nodes and 58,853 edges (i.e., n = 15,233 and m = 58, 853),
under the uniform setting with p. = 0.1, by varying the seed set size k from 1 to 50. It can be seen from Fig. 6(a) that the
running times of algorithms Max_Degree and Max_SD are much shorter than those of algorithms Greedy and Central.
Specifically, the running times of algorithms Max_Degree, Max_SD, Central, and Greedy are 0.03 s, 0.62 s, 76 s, and
1.22 h, respectively, when k = 50. Fig. 6(a) also shows that the running time curves of algorithms Max_Degree, Max_SD,
and Central are almost flat with the increase of the seed set size k. This is due to the facts that the calculations of node
degrees in algorithm Max_Degree, the node structural diversities in algorithm Max_SD, and the average distance to other
nodes in algorithm Central, dominate their running times, respectively, while the running time of algorithm Greedy
grows with the increase of k by Lemma 3. Fig. 6 (b), (c), and (d) plot the running times of different algorithms for three
larger networks NetPHY, Facebook, and DBLP, from which it can be seen that the performance behaviors of these algorithms
are similar with each other. Also, it can be seen that each of the algorithms takes a much longer time to find the top-k
influential users in a larger social network. For example, the running times of algorithm Greedy for networks NetPHY,
Facebook, and DBLP, are 4.26 h, 18.45 h, and 64.7 h, respectively, when k = 50.

Fig. 7 plots the running time of algorithm Greedy for network DBLP with k = 50, under the uniform setting with p. =
0.1 and p=0.2, as well as the weighted setting. We here omit the running times of algorithms Max_Degree, Max_SD, and
Central since their running times are independent with the influence probability setting. Fig. 7 indicates that the running
time of algorithm Greedy under different influence probability settings does not vary too much. For example, its running
time grows from about 65 h under the uniform setting with p = 0.1 to approximately 70 h under the weighted setting.

Notice that although the experimental results demonstrate that the running time of the proposed algorithm Greedy
is longer than those of algorithms Max_Degree, Max_SD, and Central, it is acceptable in practice due to the following
three reasons. The first is that the size of activated users by the initial seed users usually is much more important than
the running time of the algorithm. For example, a company intends to market one of its new products, e.g., iPhone 6s, by
targeting a few “influential” users in a social network through giving the users the product samples. If the solution delivered
by the proposed algorithm can bring a 10% improvement of activated users, the improvement will bring enormous profits
to the company if the size of the social network is quite large. The company may not really care about the running time
of such an algorithm from a couple of hours to several days if it is acceptable (e.g., 64.7 h for the DBLP network), as such
an algorithm runs only once when there is any new product to be marketed. The second is that the proposed algorithm
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Greedy can always deliver a feasible solution with a guaranteed performance in comparison with the optimal solution of
the problem, no matter which social networks and what influence propagation probability settings are considered, while
the solutions delivered by the other mentioned algorithms do not have such performance guarantees, which means that
their solutions may be far from the optimal ones for some special networks. Although the empirical results of the other
mentioned algorithms for a given special network are not too bad, it does not imply that they can deliver solutions with
a performance guarantee for some other networks or influence probability settings. The final is that the running time of
algorithm Greedy, e.g., 64.7 h for network DBLP, can be considerably reduced (e.g., within a few hours), by exploring the
parallelism in its implementation in a multi-core cluster of servers.

We would like to mention that the focus of this paper is to identify influential users under the structural diversity model
that is totally different from the traditional independent cascade model or linear threshold model, under which the decision
of a user depends on the social structures of different groups of its neighbors, rather than the number of its neighbors,
the computational complexity of finding the structures is much higher, compared with the calculation of the number of
neighbors.

6. Conclusions and future work

Identifying a few influential users to maximize their influence to other users in a social network has attracted plenty of
attentions in the past decade. Most existing studies of the influence maximization problem adopt either the independent
cascade model or the linear threshold model. One common assumption of these two models is that a user is more likely to
be influenced if more his/her friends have already been influenced. This assumption however recently was challenged to be
over simplified and inaccurate, as the social decision of a user depends more subtly on the network structure, rather than
the number of his/her influenced neighbors. Instead, it is shown that a user is very likely to be influenced by his/her influ-
enced friends with higher “structural diversities”. In this paper we first formulated a novel influence maximization problem
under this new structural diversity model. We then proposed a (1 — 1/e — €)-approximation algorithm with a probability
1 — «, where e is the base of the natural logarithm, € and « are given constants with 0 < € <1 and 0 < o < 1. We finally
evaluated the effectiveness of the proposed algorithm by extensive experimental simulations, using different real datasets.
Experimental results show that the proposed algorithm outperforms existing ones, and the seed set found by it has much
larger influence than that delivered by existing algorithms. In our future work, we will focus on reducing the time com-
plexity of the proposed algorithm by exploring other optimization techniques such as execution parallelism, advanced data
structures, and so on.
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Appendix

Lemma 7. Given graph G' = (VUC,E’; p), a seed set SCV with S # ¢ and |S| =s, an error ratio § with 0 < § < 1, and a
probability 1 — B with 0 < B < 1, let random variable Y be the number of active individual nodes in G' at the end of the
influence propagation process under the independent cascade model with seed set S. Assume that p is the expected value of Y,
ie, w=E[Y], and o2 is the variance of Y, i.e, 0% = Var[Y]. Then, 62/u? < n/4s, where n = |V|.

Proof. For each node v; e V'\ S, let X; be a random variable with X; = 1 if and only if node v; is activated eventually by the
seed set S; otherwise, X; =0, where 1 <i<n—s=|V\S|. Assume that P{X; = 1} = p;, 0 < p; < 1. Then, P{X; =0} =1 - p;.

It is obvious that E[X;] = p;, 1 <i <n —s. Note that random variables Xy, X5, ..., Xn_s are not independent with each other.
We represent random variable Y by random variables X;, X5, ..., Xp_s as
n-s
Y=s5+) X
i=1

where s is the number of nodes in seed set S and these s nodes must be activated at the end of the influence propagation
process. Notice that

n-s n-s
w=E[Y]=s+) EX]=s+)>_ pi
i=1 i=1

and
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0% = VarlY] =Var ixi = iiCou(xi,xj)
i=1 i=1 j=1
=Y > (E[Xi- X;] - E[Xi] - E[X;])
i=1 j=1
<> Y (pi—pipp) = Y pi(1-p)), (A1)
i=1 j=1 i1 j=1

where Cov(X;, X;) is the covariance of random variables X; and X;, i.e. Cov(X;, X;) = E[X; - X;] — E[X;] - E[X;], and inequal-
ity (A1) holds as P{X; =1,X; =1} < P{X; = 1} = p;. It is obvious that 0?/u? < (17 1 Pi(1=p))/(s+ X5 pi)?. Let
function g(x1.Xz.....Xn—s) = (17 Z?;{ x;:(1 —xj))/(s+2}7:‘fxi)2, where 0 < x; < 1 and 1 <i<n—s. We show that the

maximum value of function g(x1,x;,...,Xn_s) is no more than n/4s as follows.
Assume that function g(xy,Xp,...,xn—s) achieves its maximum value at a point (xj,x5,...,x; ). From the sym-
metric form of variables x;,....xps in function g(x;.....xn_s), we know that xj =xj =...=x; ;. Let function h(x) =
2 . . .
gx,x,...,X) = (=9)"x(1%) "\yhere 0 < x < 1. It is obvious that functions g(xq,X2,...,Xn_s) and h(x) have the same max-

(s+(n—s)x)2 ’
imum value. To calculate the maximum value of function h(x), we compute the derivative of h(x) with respect to x.

= (=2 (s — (n+5s)x). Let 9h®) _ 0. Then, x = s/(n+s). Therefore, function h(x) reaches its maximum value when
8’6135:() (er(?n—ss))x)3 ax

x=s/(n+s), and its maximum value is: maxgy<1{h(X)} = h(s/(n+5)) = (n —5)?/4ns < n/4s.
By the above discussion, we then have

2
o
= &(p1, P2, - Pns) < Orggg{g(xl,h, o Xnos))
= max{h(x)} < n/4s. (A.2)
0<x<1
O
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