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Abstract— In this paper, we study a connected submodular
function maximization problem, which arises from many appli-
cations including deploying UAV networks to serve users and
placing sensors to cover Points of Interest (PoIs). Specifically,
given a budget K, the problem is to find a subset S with K
nodes from a graph G, so that a given submodular function
f(S) on S is maximized and the induced subgraph G[S] by
the nodes in S is connected, where the submodular function
f can be used to model many practical application problems,
such as the number of users within different service areas of the
deployed UAVs in S, the sum of data rates of users served by the
UAVs, the number of covered PoIs by placed sensors, etc. We then
propose a novel 1−1/e

2h+2
-approximation algorithm for the problem,
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improving the best approximation ratio 1−1/e
2h+3

for the problem
so far, through estimating a novel upper bound on the problem
and designing a smart graph decomposition technique, where
e is the base of the natural logarithm, h is a parameter that
depends on the problem and its typical value is 2. In addition,
when h = 2, the algorithm approximation ratio is at least
1−1/e

5
and may be as large as 1 in some special cases when

K ≤ 23, and is no less than 1−1/e
6

when K ≥ 24, compared
with the current best approximation ratio 1−1/e

7
(= 1−1/e

2h+3
) for

the problem. Finally, experimental results in the application of
deploying a UAV network demonstrate that, the number of users
within the service area of the deployed UAV network by the
proposed algorithm is up to 7.5% larger than those by existing
algorithms, and the throughput of the deployed UAV network by
the proposed algorithm is up to 9.7% larger than those by the
algorithms. Furthermore, the empirical approximation ratio of
the proposed algorithm is between 0.7 and 0.99, which is close
to the theoretical maximum value one.

Index Terms— UAV deployment, sensor placement, submodu-
lar function maximization, approximation algorithms.

I. INTRODUCTION

IN THIS paper, we study a connected submodular function
maximization problem, which arises from many applica-

tions. Before defining the problem, we introduce one of its
potential applications: the deployment of a UAV (Unmanned
Aerial Vehicle) network in a disaster zone [1], [2], [3], [4], [5],
[6], [7], [8], [9]. When a natural disaster (e.g., an earthquake,
a flooding, or a mudslide) occurs, communication infrastruc-
tures may have been damaged and thus may not work. It is
important to provision emergent communication services to
rescue teams and people trapped in the disaster area. Multiple
UAVs with each equipped with an LTE base station can
quickly fly to the disaster area and act as aerial base stations
in the air [10], [11], [12], see Fig. 1. Assume that there are
only K available UAVs immediately after the disaster, e.g.,
K = 10. Since the disaster area may be very large and there
are many people trapped in the area, the limited number K
of UAVs may not be able to serve all people. An important
problem is how to deploy a connected UAV network that
consists of the K UAVs in the air of the disaster area, so as
to maximize an important objective function of the deployed
UAVs, e.g., the number of users within the service areas of
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Fig. 1. A UAV network with four UAVs provisions emergent communication
services to people trapped in a disaster zone, where the network is connected
to the Internet via a satellite.

the UAVs [1], [2], [3], [7], [9] or the sum of data rates of the
users served by the UAVs [8].

There are many other important applications of the con-
nected submodular function maximization problem, such as
the placement of sensors to monitor PoIs [13], [14], the
scheduling of sensors to cover targets in a duty-cycled sensor
network [15], the identification of users to influence others in
social networks [15], [16], [17], the deployment of wireless
power chargers to charge sensors [18], [19], etc.

Motivated by many important applications of the connected
submodular function maximization problem in different fields,
in this paper we design a performance-guaranteed approx-
imation algorithm for it. We briefly define the problem as
follows. Consider a given undirected graph G(V,E) and a
given positive integer K with K ≤ |V |. For example, in the
application of the deployment of a UAV network in a disaster
zone, V is the set of potential aerial deployment locations of
UAVs, and there is an edge (vi, vj) between two locations
vi and vj in E if their Euclidean distance is no greater
than the communication range between the two UAVs in the
air. The problem is to find a subset S of V with K nodes
so that the value of a given objective function f(S), e.g., the
number of users within the service areas of the deployed UAVs
in S, is maximized while the induced subgraph G[S] by the
nodes in S is connected.

We note that the objective functions f in many applications
of the problem usually can be cast as monotone submodular
functions [14] that satisfy two important properties: (i) f is
monotone. For example, more PoIs will be covered if more
sensors are deployed. (ii) f is submodular, which means that
the marginal gain of f is decreasing. For example, consider the
placement application of sensors to detect water contamination
in a drinking water distribution network [14], where each
sensor can monitor water contamination within its coverage
area. Fig. 2(a) shows the coverage areas of three sensors
s1, s2 and s′, respectively. Fig. 2 illustrates the submodular
property, that is, the additional coverage area by placing sensor
s′ when sensors s1, s2, s3, and s4 have been deployed (see
Fig. 2(b)) is no more than its additional coverage area when
only sensors s1 and s2 have been deployed (see Fig. 2(a)).

Fig. 2. An illustration of the submodular property in the application of
placing sensors to detect water contaminations.

Monotone submodular functions are very powerful tools,
because they can be used to model many real problems,
even if there are many restrictions in real applications. For
example, in the application of deploying a UAV network
in a disaster zone, a user may have his/her minimum data
rates requirement [8], different users have different extents of
importance [2], each UAV has a limited service capacity (i.e.,
the maximum number of users served by the UAV) [8], [9], etc.
On the other hand, in the application of placing sensors [20],
[21], the sensing range of a sensor may be directional, the
sensing area may be irregular, the quality of sensing decreases
with increasing distance away from the sensor, etc.

Submodular functions usually do not have the additivity
property, i.e., f(S) ̸=

∑
v∈S f(v). For example, consider

the application of deploying a UAV network. If a user is
within the service areas of two UAVs v1 and v2 simulta-
neously, assume that f(S) represents the number of users
served by the deployed UAVs in a set S. It can be seen that
f({v1, v2}) < f({v1}) + f({v2}). However, if the two UAVs
are far away from each other, no users will be within their
service areas at the same time. Under this scenario, we have
f({v1, v2}) = f({v1})+f({v2}). Then, submodular functions
have a partial additivity property in many applications of the
problem studied in this paper. Specifically, we assume that
f(A∪B) = f(A)+f(B) for any two subsets A and B of V ,
if the minimum hops between nodes in sets A and B of graph
G is no less than a given positive integer h. The typical value
of h is 2, 3, or 4, and h = 2 in most cases [2], [3], [13], [22],
which will be introduced in Section II. Note that the case with
h ≥ 2 indicates that the Euclidean distance between any UAV
in A and any UAV in B is larger than the communication
range of the two UAVs.

A. Novelty

The novelty of this paper is that a novel 1−1/e
2h+2 -

approximation algorithm for the connected submodular func-
tion maximization problem is devised, which improves its best
approximation ratio 1−1/e

2h+3 [23], [24] so far, where e is the
base of the natural logarithm, and h = 2, 3, or 4. In addition,
when h = 2 (h = 2 in most cases [2], [3], [13], [22]), the
algorithm approximation ratio is at least 1−1/e

5 and may be as
large as 1 in some special cases when K ≤ 23, and is no less
than 1−1/e

6 when K ≥ 24, compared with the current best
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approximation ratio 1−1/e
7 (= 1−1/e

2h+3 ) for the problem [23],
[24]. For example, when K ≤ 8, the approximation ratio of
the proposed algorithm is at least 1−1/e

2 , which is much larger
than the approximation ratio 1−1/e

7 in [23] and [24].
The techniques used in the proposed approximation

algorithm are very different from the one in [23] and [24].
On one hand, if the diameter D of the spanning tree T ∗

induced by the optimal solution is small (i.e., D ≤ 4h + 4),
we estimate a new upper bound on the optimal solution in
Section III, which helps us find a 1−1/e

2h+2 -approximate solution
when D ≤ 4h + 4. On the other hand, when the diameter D
is large with D > 4h + 4, we design a novel graph decompo-
sition technique in Section IV. Specifically, the existing graph
decomposition technique in [23] and [24] considered a tree T
that consists of the optimal tree T ∗ and K−1 paths connected
to tree T ∗ (the number of edges in each of the K−1 paths is no
more than h−1), and decomposed tree T into 2h+3 subtrees
by a DFS (Depth-First-Search), such that the number of edges
in each subtree is no greater than ⌊K

2 ⌋, where there are some
overlapped edges in two of the 2h + 3 subtrees, and the sum
of overlapped edges is no greater than K−1. In contrast, the
novel graph decomposition technique proposed in this paper
considers a tree T ′ that consists of the optimal tree T ∗ and
K paths, rather than K − 1 paths in [23] and [24], that are
connected to tree T ∗ (the number of edges in each of the K
paths is still no more than h−1), and decomposes tree T ′ into
only 2h+2 (< 2h+3) subtrees while ensuring that the number
of edges in each decomposed subtree is no greater than ⌊K

2 ⌋,
by first obtaining a graph G′ from T ′ by duplicating edges
in the optimal tree T ∗ but not in the longest path P ′ in T ∗,
then finding a path P ∗ that visits the edges in tree T ∗ and
the duplicated edges, and finally decomposing graph G′ along
path P ∗, where the number of edges in the path P ∗ is no
greater than 2(K − 1) − D ≤ 2(K − 1) − (2h + 5), as the
diameter D is larger than 4h + 4.

B. Contributions

The main contributions of this paper are summarized
as follows. We propose an improved 1−1/e

2h+2 -approximation
algorithm for the connected submodular function maximiza-
tion problem, which is larger than its best approximation
ratio 1−1/e

2h+3 [23], [24] so far. We evaluate the performance
of the proposed algorithm in the application of deploying
a UAV network. Experimental results demonstrate that the
number of served users in the solution delivered by the
proposed algorithm is up to 7.5% larger than those by existing
algorithms, and the network throughput by the proposed
algorithm is up to 9.7% larger than those by the algorithms.
In addition, its empirical approximation ratio is between
0.7 and 0.99, which is close to the theoretical maximum value
one.

Since there are many potential applications of the problem,
we think the improvement of the approximation ratio from
1−1/e
2h+3 to 1−1/e

2h+2 may have a significant impact in the different
applications, e.g., more trapped people are served by the
deployed UAV network in a disaster area, and thus more
people may be rescued in the end.

The rest of the paper is organized as follows. We introduce
preliminaries in Section II. We propose two algorithms for the
problem in two distinct cases in Sections III and IV, respec-
tively. We provide a better approximation ratio analysis when
h = 2 in Section V. We evaluate the algorithm performance
in Section VI. We review related studies in Section VII, and
conclude the paper in Section VIII.

II. PRELIMINARIES

A. System Model

Consider an undirected graph G(V,E) with node set V and
edge set E. G may represent a UAV network, an IoT network,
a social network, etc. Assume that G is connected.

Consider a monotone submodular function f : 2V 7→ Z≥0

defined on the subsets of V that satisfies three properties [25]:
(i) f(∅) = 0; (ii) f(A) ≤ f(B) for all A ⊆ B ⊆ V ; and (iii)
submodularity: f(A) + f(B) ≥ f(A ∪ B) + f(A ∩ B) for
all A, B ⊆ V . Note that function f may represent the sum
of data rates of users served by deployed UAVs [2], [8], the
number of covered PoIs in IoT networks [1], the number of
influenced users in social networks [16], etc.

Denote by L(u, v) the minimum number of hops (i.e., the
number of edges) in a shortest path between any two nodes u
and v in G. Also, denote by L(A, B) the minimum number
of hops in the shortest path between nodes in a set A and
nodes in another set B with ∅ ̸= A, B ⊆ V , i.e., L(A, B) =
minu∈A,v∈B{L(u, v)}. It can be seen that L(A, B) ≥ 0.

B. Partial Additivity Property of Function f

For any two disjoint subsets A and B of V (i.e., A∩B = ∅),
it can be seen that f(A ∩ B) = 0 since f(∅) = 0. Then,
L(A, B) ≥ 1. Also, following the submodularity property of
function f , we have f(A)+ f(B) ≥ f(A∪B). On one hand,
the sum of f(A) and f(B) usually is strictly larger than f(A∪
B), i.e., f(A)+f(B) > f(A∪B), if the minimum number of
hops between nodes in sets A and B is small, e.g., L(A, B) =
1. For example, a ground user may be within the coverage
areas of two UAVs u and v simultaneously if the two UAVs
can communicate with each other (i.e., L(u, v) = 1), where u
and v are contained in sets A and B, respectively.

On the other hand, the sum of f(A) and f(B) is equal to
f(A ∪ B), i.e., f(A) + f(B) = f(A ∪ B), if the minimum
number of hops between nodes in sets A and B is large.
For example, no ground users will be within the coverage
areas of UAVs in set A and UAVs in set B at the same
time, if the UAVs in A and B are far away from each other,
due to the limited coverage range of each UAV. Under this
scenario, the number of users served by the UAVs in A∪B is
equal to the sum of the numbers of users served by the UAVs
in sets A and B, respectively, i.e., f(A∪B) = f(A) + f(B).
Without loss of generality, assume that f(A ∪ B) = f(A) +
f(B) for any two subsets A and B of V with the minimum
hops between sets A and B being no less than a given positive
integer h (e.g., h = 2), i.e., L(A, B) ≥ h. Note that the case
with h ≥ 2 indicates that the Euclidean distance between any
UAV in A and any UAV in B is larger than the communication
range of the two UAVs.
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Fig. 3. The basic idea of the approximation algorithm with a small diameter in the optimal solution.

C. The Value of h

We briefly discuss the choice of the value h in the appli-
cation of deploying a UAV network, and the choices of the
value of h in other applications were introduced in [23]
and [24]. Note that the typical value of h in the various
applications is 2, 3, or 4 [23], [24]. Denote by Ruav the
communication range between two UAVs in the air, and by
Ruser the communication range between a UAV in the air and
a ground user. The value of Ruser usually is no greater than the
value of Ruav , i.e., Ruser ≤ Ruav , as there are usually much
less obstacles between two UAVs in the air, compared with the
communication between a UAV in the air and a ground user.
Then, the horizontal communication range R′user between the
UAV and the ground user is R′user =

√
R2

user −H2
uav , where

Huav is the height of the UAV and Huav ≤ Ruser. It can be
seen that 0 ≤ R′user ≤ Ruser ≤ Ruav . Following the work
in [23] and [24], the value of h is defined as:

h =


2, if 0 < R′user ≤

Ruav

2
,

3, if
Ruav

2
< R′user ≤

√
2

2
Ruav,

4, if
√

2
2

Ruav < R′user ≤ Ruav.

(1)

Note that the value of R′user in many applications usually is
no more than half of Ruav , i.e., R′user ≤ Ruav

2 [2], [3], [13],
[22]. Then, by Eq. (1), h usually is equal to 2.

D. Problem Definition

We formally define the connected submodular function max-
imization problem as follows. Specifically, given an undirected
graph G(V,E), a monotone submodular function f : 2V 7→
Z≥0 with f(A) + f(B) = f(A ∪ B) if the minimum hops
between any two subsets A and B of V are no less than a
given positive integer h (i.e., L(A, B) ≥ h), and a positive
integer K (i.e., the budget), the problem is to find a subset S
of V with K nodes so that the value of f(S) is maximized,
while ensuring that the induced subgraph G[S] is connected,
where the value of h may be 2, 3, or 4.

E. A Related Problem

We introduce a related problem – Quota Steiner Tree (QST)
problem [27]. Given an undirected graph G(V,E) and a
positive integer q (i.e., the quota), each node v in V is
associated with a profit p(v), the QST problem is to find a

subtree T in graph G such that the sum of profits of nodes
in T , i.e.,

∑
v∈T p(v), is no less than the quota q, and the

number of edges in T is minimized, where p(v) is a non-
negative integer.

Note that there is an approximation algorithm for the QST
problem and its approximation ratio is strictly less than 2 [26],
[27], which will be used as a subroutine of the proposed
algorithm for the problem studied in this paper.

III. APPROXIMATION ALGORITHM WITH A SMALL
DIAMETER IN THE OPTIMAL SOLUTION

Consider an optimal solution S∗ to the connected sub-
modular function maximization problem with |S∗| = K.
Following the definition of the problem, the induced sub-
graph G[S∗] is connected. Since the cost of each edge in
G is one, consider any spanning tree T ∗ of G[S∗], e.g.,
Fig. 3(a). Denote by D the diameter of tree T ∗, which is
the number of edges in the longest shortest path in tree T ∗

between any two nodes. For example, Fig. 3(a) shows that the
diameter D is 8.

In this section, we assume that the diameter D is no more
than 4h+4, i.e., D ≤ 4h+4, where h = 2, 3, or 4. Under this
assumption, we propose an approximation algorithm for the
problem and its approximation ratio is at least 1−1/e

⌈D/2⌉ ≥
1−1/e
2h+2 ,

where e is the base of the natural logarithm. On the other hand,
if the diameter D is larger than 4h + 4 (i.e., D > 4h + 4),
in the next section we will devise a 1−1/e

2h+2 -approximation
algorithm for the problem. However, we do not know whether
the diameter D is smaller or larger than 4h + 4. But we
do know that the better solution between the two solutions
delivered by the algorithms proposed in this and next sections
enjoys a performance guarantee of 1−1/e

2h+2 .

A. Basic Idea of the Algorithm

The intuition behind the proposed algorithm is as follows.
When the diameter D is small (i.e., D ≤ 4h + 4), we can
partition the K nodes in the optimal spanning tree T ∗ into
D/2 groups, and each group has roughly K

D/2 nodes. Then,
the value of one group, say g∗j , is no less than 1

D/2 of the

optimal solution T ∗, i.e., f(g∗j ) ≥ f(T∗)
D/2 = OPT

D/2 ≥
OPT
2h+2 .

In addition, we are able to find a set V ′ with no more than
K

D/2 nodes, such that the value of V ′ is no less than 1−1/e the
value of group g∗j , by using a greedy strategy, i.e., f(V ′) ≥
(1− 1/e)f(g∗j ) ≥ 1−1/e

2h+2 OPT . Finally, since each node in V ′

Authorized licensed use limited to: CITY UNIV OF HONG KONG. Downloaded on February 20,2025 at 02:52:53 UTC from IEEE Xplore.  Restrictions apply. 



WANG et al.: APPROXIMATION ALGORITHM AND APPLICATIONS FOR CONNECTED MAXIMIZATION PROBLEMS 245

is no more than D/2 hops from the middle node u0 in the
longest path of tree T ∗, we can obtain a spanning tree T with
no more than K nodes, by connecting each node in V ′ to u0.
Therefore, f(T ) ≥ f(V ′) ≥ 1−1/e

2h+2 OPT , since nodes in V ′

are contained in T and function f is monotone.
Specifically, denote by P ∗ the longest path in tree T ∗, e.g.,

the path from nodes u4 to v4 in Fig. 3(a). It can be seen
that the number of edges in P ∗ is D, which is the diameter
of tree T ∗. For the sake of convenience, we assume that D
is an even number. Otherwise (D is odd), the discussion is
similar by simply replacing D/2 with ⌈D/2⌉ in the following
discussion for the case that D is even, omitted. Let u0 be the
middle node in path P ∗, see Fig. 3(a). We partition the nodes
in tree T ∗ into D/2 groups as follows.

We first partition the nodes in path P ∗ except its one
end node into D/2 groups g∗1 , g∗2 , . . . , g∗D/2, such that there
are exactly two nodes in each of the D/2 groups and the
sum of their shortest distances to node u0 is no greater
than D/2, i.e., |g∗j | = 2 and

∑
v∈g∗j

L(v, u0) ≤ D/2 with
1 ≤ j ≤ D/2. For example, Fig. 3(b) shows that the 8 nodes
u4, u3, u2, u1, u0, v1, v2, v3 are partitioned into 4(= D/2)
groups, and for nodes in each group, the sum of their shortest
distances to node u0 is no greater than D/2 = 4. Notice that
we can find the nodes in any group g∗j by enumerating all
combinations, and there are no more than

(
n
3

)
such combina-

tions, where
(
n
3

)
is the number of different ways of choosing

3 nodes from set V with n nodes.
Consider the rest K −D nodes in T ∗. We can see that the

shortest distance L(v, u0) between any of the rest K−D nodes
and node u0 is no more than D/2, i.e., L(v, u0) ≤ D/2, where
v is in T \ ∪D/2

j=1 g∗j . We partition the K −D rest nodes into
D/2 groups g′1, g

′
2, . . . , g

′
D/2 such that the number of nodes in

each of the D/2 groups is roughly equal, i.e., |g′j | ≤ ⌈K−D
D/2 ⌉

with 1 ≤ j ≤ D/2, see Fig. 3(c). We finally add the nodes in
group g′j to group g∗j , i.e., g∗j ← g∗j ∪g′j , where 1 ≤ j ≤ D/2,
see Fig. 3(d).

We now estimate a novel upper bound on the optimal solu-
tion to the problem. That is, there is one of the D/2 groups,
e.g., g∗2 in Fig. 3(d), such that the value of f(g∗2) is no less than

1
D/2 the value f(S∗) of tree T ∗, i.e., f(g∗2) ≥ f(S∗)

D/2 = OPT
D/2 ,

where S∗ is the set of nodes in tree T ∗. Notice that the number
of nodes in group g∗2 may be as large as ⌈ K

D/2⌉ < K
D/2 + 1,

and each node in g∗2 may be D/2 hops away from the middle
node u0.

There is an important property in group g∗2 . That is, there are
two nodes in g∗2 such that the sum of their shortest distances
to the middle node u0 is no more than D/2, and the shortest
distance between each of the rest nodes in g∗2 and node u0 is no
greater than D/2. Then, we can find a (1− 1/e)-approximate
solution V ′ for group g∗2 by partial enumerations and greedy
searches, while ensuring that set V ′ still satisfy the property.
Then, f(V ′) ≥ (1 − 1/e)f(g∗2) ≥ 1−1/e

D/2 OPT . On the other
hand, we can construct a connected subgraph such that the
nodes in V ′ are contained in the subgraph and the number of
nodes in the subgraph is no more than the budget K. In the
next subsection, we show how to find the set V ′ and the
connected subgraph.

B. Approximation Algorithm With a Small Diameter

The algorithm proceeds as follows. Recall that the diameter
D of tree T ∗ is no more than 4h + 4, where h = 2, 3, or 4.
Consider each fixed value of D = 2, 4, 6, . . . , or 4h + 4.
Assume that node vi is the middle node in path P ∗, which can
be found by enumerations. Let Vi be the set of nodes within
D/2 hops from vi. Note that node vi itself is contained in Vi.
For any two nodes vj and vk in Vi with vj ̸= vk, if the sum
of their shortest distances to node vi is no more than D/2
(i.e., L(vi, vj) + L(vi, vk) ≤ D/2), we find a subset Sijk of
Vi as follows. Initially, let Sijk = {vi, vj , vk}. We add nodes
to Sijk in a greedy way. Specifically, in each iteration, we add
a node vl ∈ Vi \ Sijk such that the value of f(Sijk ∪ {vl})
is maximized. Notice that the iterations continue if the sum
of shortest distances of nodes in Sijk to vi is no larger than
K − 1, i.e.,

∑
vl∈Sijk

L(vi, vl) ≤ K − 1. It can be seen that

the number of added nodes is at least ⌊K−1−D/2
D/2 ⌋, as each

added node may be as far as D/2 hops away from vi. Let
V ′ be the best solution among the O(n3) solutions Sijks, i.e.,
V ′ = arg maxSijk,1≤i,j,k≤n,j ̸=k{f(Sijk)}.

Note that the induced subgraph G[V ′] may not connected.
We construct a connected subgraph such that nodes in V ′ are
contained in the subgraph and the number of nodes in the
subgraph is no greater than K as follows.

First, we construct a weighted complete graph G′ =
(V ′, E′; w′ : E′ 7→ Z≥0), where the weight w′(u, v) of each
edge (u, v) is the shortest distance between nodes u and v
in graph G. We then find a minimum spanning tree T ′ in
G′. For each edge (u, v) in tree T ′, denote by P (u, v) the
corresponding shortest path in G between nodes u and v.
We finally construct a graph GS = (S, ES) from tree T ′ and
graph G, which is the union of the shortest paths P (u, v)s.
It can be seen that the number of nodes in GS is no greater
than K, as the sum of shortest distances of nodes in Sijk

to vi is no larger than K − 1. The algorithm is described in
Algorithm 1.

C. Algorithm Analysis

We first show that Algorithm 1 delivers a feasible solu-
tion. We then analyze its approximation ratio.

Lemma 1: Algorithm 1 delivers a feasible solution to the
connected submodular function maximization problem.

Proof: The proof is contained in Section I of the supple-
mentary file.

We analyze the approximation ratio of Algorithm 1.
Theorem 1: Given an undirected graph G(V,E), a positive

integer K, a positive integer h(=2, 3, or 4), and a monotone
submodular function f : 2V 7→ Z≥0 such that f(A) +
f(B) = f(A ∪ B) for all subsets A and B of V with
L(A, B) ≥ h, assume that the diameter D of the spanning tree
T ∗ induced by the optimal solution is no more than 4h + 4.
There is an approximation algorithm, i.e., Algorithm 1,
for the connected submodular function maximization problem.
Its approximation ratio is 1−1/e

⌈D/2⌉ ≥
1−1/e
2h+2 , and its time

complexity is O(Kn4TC(f(V ))), where e is the base of the
natural logarithm, and TC(f(V )) is the time complexity of the
calculation of f(V ).
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Algorithm 1 Algorithm ApproAlgSmall for the Problem
With a Small Diameter
Input: An undirected graph G(V, E), a positive integer K, a positive

integer h(=2, 3, or 4), and a monotone submodular function f :
2V 7→ Z≥0 such that f(A) + f(B) = f(A ∪B) for all subsets
A and B of V with L(A, B) ≥ h.

Output: A subset S of V with K nodes so that f(S) is maximized,
while ensuring that G[S] is connected.

1: V ′ ← ∅;
2: for D = 2, 4, 6, . . . , 4h + 4 do
3: for each node vi in V do
4: // Assume that vi is the middle node in path P ∗;
5: Let Vi be the set of nodes within D/2 hops from vi;
6: for any two nodes vj and vk in Vi with vj ̸= vk do
7: if L(vi, vj) + L(vi, vk) ≤ D/2 then
8: // Ensure that the sum of their shortest distances to vi

is no more than D/2;
9: Let Sijk ← {vi, vj , vk};

10: Let dsum ← L(vi, vj) + L(vi, vk);
11: for dsum ≤ K − 1 do
12: Find a node vl ∈ Vi\Sijk such that f(Sijk∪{vl})

is maximized;
13: if dsum + L(vi, vl) > K − 1 then
14: Break the inner for loop;
15: end if
16: Let Sijk ← Sijk ∪ {vl};
17: Let dsum ← dsum + L(vi, vl);
18: end for
19: if f(Sijk) > f(V ′) then
20: Let V ′ ← Sijk; // Find a better solution
21: end if
22: end if
23: end for
24: end for
25: end for
26: Construct a weighted complete graph G′ = (V ′, E′; w′), where

the weight w′(u, v) of each edge (u, v) is the shortest distance
between nodes u and v in graph G;

27: Find a minimum spanning tree (MST) T ′ in G′;
28: Construct a graph GS = (S, ES) from tree T ′ and graph G,

which is the union of shortest paths P (u, v)s, where P (u, v) is
the corresponding shortest path in G between nodes u and v for
each edge (u, v) in tree T ′;

29: return the set S.

Proof: Recall that S∗ is the optimal solution to the
problem. Denote by OPT the value of S∗, i.e., OPT =
f(S∗). Consider a spanning tree T ∗ in the induced connected
subgraph G[S]. Following the discussion in Section III-A,
we can partition the nodes in tree T ∗ into D/2 groups
g∗1 , g∗2 , . . . , g∗D/2, see Fig. 3(c). Then, the value of one group,
e.g., g∗2 in Fig. 3(c), is at least 1

D/2 the value of S∗, i.e.,

f(g∗2) ≥ f(S∗)
D/2 = OPT

D/2 .
Let vi be the middle node of the longest path in tree T ∗.

Following the construction of group g∗2 , there are two nodes in
g∗2 , say vj and vk, such that the sum of their shortest distances
to vi is no greater than D/2. Note that node vi may or may
not be contained in g∗2 . Let g′2 = g∗2 ∪ {vi}. Then, f(g′2) ≥
f(g∗2) ≥ OPT

D/2 , as f is monotone.
Notice that the number of nodes in g′2 is no more than

⌈K−D
D/2 ⌉+3 as |g∗2 | ≤ ⌈K−D

D/2 ⌉+2. Since ⌈ K
D/2⌉ = ⌊K−1

D/2 ⌋+1
(D/2 is a positive integer), we have |g′2| ≤ ⌈K−D

D/2 ⌉ + 3 =

⌈ K
D/2⌉+1 = ⌊K−1

D/2 ⌋+2 = ⌊K−1−D/2
D/2 ⌋+3. In addition, each

node vl in g′2 \ {vi, vj , vk} is no more than D/2 hops away
from vi.

On the other hand, consider the subset Sijk found by
Algorithm 1, where nodes vi, vj , vk are contained in
Sijk and the other nodes in Sijk are found in a greedy
way. We define function ϕ(S) = f(S ∪ {vi, vj , vk}) −
f({vi, vj , vk}), for any subset S of V . It can be seen that
ϕ(∅) = 0 and function ϕ(S) is monotone and submodular,
since function f is. Let S1 = Sijk \ {vi, vj , vk} and S2 =
g′2 \ {vi, vj , vk}. Since the number of nodes Sijk is at least
⌊K−1−D/2

D/2 ⌋ + 3 and each node vl in Sijk \ {vi, vj , vk} is
no greater than D/2 hops away from vi, following the study
in [25], S1 is a (1− 1/e)-approximate solution to S2 in terms
of function ϕ(.), i.e., ϕ(S1) ≥ (1− 1/e)ϕ(S2). Then,

f(Sijk)− f({vi, vj , vk}) = f(S1 ∪ {vi, vj , vk})
−f({vi, vj , vk})

= ϕ(S1)
≥ (1− 1/e)ϕ(S2)
= (1− 1/e)(f(S2 ∪ {vi, vj , vk})
−f({vi, vj , vk}))

= (1− 1/e)(f(g′2)
−f({vi, vj , vk})). (2)

We thus have

f(S) ≥ f(V ′), as V ′ ⊆ S and f is monotone
≥ f(Sijk), as V ′ = arg max

Sijk

{f(Sijk)}

= f(Sijk)− f({vi, vj , vk}) + f({vi, vj , vk})
≥ (1− 1/e)(f(g′2)− f({vi, vj , vk}))

+ f({vi, vj , vk})
≥ (1− 1/e) · f(g′2), as 1− 1/e ≤ 1
≥ (1− 1/e) · f(g∗2), as f(g′2) ≥ f(g∗2)

≥ 1− 1/e

D/2
OPT, as f(g∗2) ≥ OPT

D/2
. (3)

The analysis of the time complexity is trivial, omitted. The
theorem then follows.

IV. APPROXIMATION ALGORITHM WITH A
LARGE DIAMETER

In the previous section, we assumed that the diameter D of
the spanning tree T ∗ of the induced subgraph by the optimal
solution is no more than 4h + 4, i.e., D ≤ 4h + 4, and we
proposed a 1−1/e

⌈D/2⌉ -approximation algorithm for the connected
submodular function maximization problem. In the following,
we deal with the case where D > 4h + 4, by devising a
1−1/e
2h+2 -approximation algorithm for the case.

A. Algorithm With a Large Diameter

The intuition of the algorithm is as follows. When the
diameter is large (i.e., D > 4h + 4), an existing study [15]
showed that, there is a tree T in G that consists of the optimal
spanning tree T ∗ and K paths that are connected to tree T ∗

(the number of edges in each of the K paths is no more than
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h − 1), such that the value of T is no less than 1 − 1/e
of the optimal tree T ∗, i.e., f(T ) ≥ (1 − 1/e)f(T ∗) =
(1 − 1/e)OPT . The best algorithm for the problem so far
in [23], [24] decomposed tree T into 2h + 3 subtrees such
that the number of edges in each subtree is no greater than
⌊K

2 ⌋. In this paper, we propose a novel tree decomposition
technique, which is able to decompose tree T into only
2h+2 subtrees when D > 4h+4, while ensuring that number
of edges in each subtree is still no more than ⌊K

2 ⌋. Then, the
value of one of the 2h + 2 subtrees, say T ′, is no less than

1
2h+2 the value of tree T , i.e., f(T ′) ≥ f(T )

2h+2 ≥
1−1/e
2h+2 OPT .

In addition, we can find a tree T ′′ such that the number of
edges in T ′′ is less than twice the number of edges in T ′,
while ensuring that the value of T ′′ is no less than the value of
T ′, by invoking the 2-approximation algorithm for the Quota
Steiner Tree problem [26], [27].

The algorithm proceeds as follows. It first assigns a profit
p(vi) to each node vi ∈ V in a greedy way. Specifically, let
U be the set of nodes that have been assigned profits and
U = ∅ initially. In the ith iteration, it finds a node vi in
V \ U such that the value f(U ∪ {vi}) is maximized, i.e.,
vi = arg maxvj∈V \U{f(U ∪ {vi})}. The profit p(vi) of vi

is assigned as f(U ∪ {vi}) − f(U), i.e., p(vi) = f(U ∪
{vi}) − f(U). Since function f is monotone, we know that
f(U ∪ {vi}) ≥ f(U) and p(vi) ≥ 0. The iteration continues
until each node in V is assigned a profit. Let v1, v2, . . . , vn

be the order of the nodes in V that are assigned profits by the
algorithm. Due to the submodularity of function f , we know
that p(v1) ≥ p(v2) ≥ · · · ≥ p(vn).

We will show an important property (see Lemma 1 in
Section II of the supplementary file). That is, there is a subtree
T ′ in G such that the sum of profits of nodes in T ′ is at least
⌈ 1−1/e

2h+2 OPT ⌉, and there are no more than ⌈K−1
2 ⌉ edges in

T ′, where OPT is the value of the optimal solution. Let Q =
⌈ 1−1/e

2h+2 OPT ⌉. Following the definition of the QST problem
(see Section II-E for its definition), if the quota q in the QST
problem is set as Q, the approximation algorithm for the QST
problem [26], [27] will find a tree T in G such that the sum
of profits of nodes in T is at least Q(≥ 1−1/e

2h+2 OPT ), and the
number of edges in tree T is strictly less than 2|E(T ′)| ≤
2⌈K−1

2 ⌉, i.e., |E(T )| < 2⌈K−1
2 ⌉. Then, |E(T )| ≤ 2K−1

2 =
K − 1. The number of nodes in T thus is no more than the
budget K. Therefore, tree T is a 1−1/e

2h+2 -approximate solution.
We however do not know the value of Q. We can find the

value of Q by a binary search as follows. Denote by Qlb and
Qub the lower and upper bounds on Q, respectively. Initially,
let Qlb = 0 and Qub =

∑
vi∈V p(vi). Let q = ⌊Qlb+Qub

2 ⌋.
Denote by T ∗q the optimal tree for the QST problem with
quota q. On one hand, if q ≤ Q, it can be seen that tree T ′ is
a feasible solution to the QST problem with quota q, since the
sum of profits in tree T ′ is no less than the quota q. Then, the
number of edges in T ′ is no less than the number of edges in
tree T ∗q , i.e., |E(T ′)| ≥ |E(T ∗q )|, as T ∗q is the optimal solution.
If we invoke the approximation algorithm [26], [27] for the
QST problem with quota q, the algorithm will find a tree Tq

in G such that the sum of profits of nodes in T is no less
than q, and the number of edges in tree Tq is strictly less than
2|E(T ∗q )| ≤ 2|E(T ′)| ≤ 2⌈K−1

2 ⌉. Then, the number of edges

in Tq is no more than K − 1, i.e., |E(Tq)| ≤ K − 1, and the
number of nodes in Tq thus is no more than K. Then, we set
the updated lower bound Qlb on Q as q, i.e., Qlb = q.

On the other hand, if q > Q, consider the tree Tq found by
the approximation algorithm [26], [27] for the QST problem
with quota q. The number of nodes in Tq may or may not
less than K. If the number of nodes in Tq is no more than K,
i.e., |V (Tq)| ≤ K, this indicates that we find a better solution
with its value q larger than Q(≥ 1−1/e

2h+2 OPT ). In contrast
(|V (Tq)| > K), we conclude that q > Q. Otherwise (q ≤ Q),
the approximation algorithm [26], [27] for the QST problem
with quota q will find a tree with no more than K nodes, while
ensuring that the sum of node profits in the tree be at least q.
Therefore, when the number of nodes in tree Tq is larger than
K (i.e., |V (Tq)| > K), we know that q is larger than Q and
we set the updated upper bound Qub on Q as Qub = q.

In summary, in the binary search, if the approximation
algorithm [26], [27] for the QST problem with quota q finds
a tree Tq with no more than K nodes (i.e., |V (Tq)| ≤ K),
we set Qlb = q. Otherwise (|V (Tq)| > K), we set Qub = q.
The binary search continues until Qlb+1 = Qub. It can be seen
that when the binary search stops, the value of Qlb is no less
than Q, since Qub(= Qlb + 1) is strictly larger than Q. That
is, Qlb ≥ Q ≥ 1−1/e

2h+2 OPT . In addition, the approximation
algorithm [26], [27] for the QST problem with quota Qlb finds
a tree with no more than K nodes and the sum of node profits
in the tree is at least Qlb ≥ 1−1/e

2h+2 OPT , which indicates that
the set of nodes in the tree is a 1−1/e

2h+2 -approximate solution.
The algorithm is described in Algorithm 2.

B. Algorithm Analysis

We analyze the performance of Algorithm 2.
Theorem 2: Given an undirected graph G(V,E), positive

integers K and h(=2, 3, or 4), and a monotone submodular
function f : 2V 7→ Z≥0 such that f(A) + f(B) = f(A ∪ B)
for all subsets A and B of V with L(A, B) ≥ h, assume
that the diameter D of the spanning tree T ∗ induced by
the optimal solution S∗ is larger than 4h + 4. There is
an approximation algorithm, i.e., Algorithm 2, for the
connected submodular function maximization problem, its
approximation ratio is 1−1/e

2h+2 , and its time complexity is
O(n2TC(f(V )) + n3 log n log f(V )), where e is the base of
the natural logarithm, and TC(f(V )) is the time complexity
of the calculation of f(V ).

Proof: The proof is contained in Section II of the
supplementary file.

V. BETTER APPROXIMATION RATIO
ANALYSIS WHEN h = 2

Notice that the value of h is equal to 2 in most cases [2], [3],
[13], [22], which indicates that the horizontal communication
range R′user between a ground user and an aerial UAV is no
more than half the communication range Ruav between two
UAVs in the air in the application of the deployment of UAV
networks, the sensing range of a sensor is no more than half the
communication range of two sensors in the application of the
placement of sensor networks, etc. In this section, we show
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Algorithm 2 Algorithm ApproAlgLarge for the Connected
Submodular Function Maximization Problem With a Large
Diameter
Input: An undirected graph G(V,E), a positive integer K,

a positive integer h(=2, 3, or 4), and a monotone submod-
ular function f : 2V 7→ Z≥0 such that f(A) + f(B) =
f(A∪B) for all subsets A and B of V with L(A, B) ≥ h.

Output: A subset S of V with K nodes so that f(S) is
maximized, while ensuring that G[S] be connected.

1: /* Assign profits to nodes in V */
2: U ← ∅;
3: for 1 ≤ i ≤ n do
4: Find a node vi ∈ V \ U such that f(U ∪ {vi}) is

maximized;
5: p(vi)← f(U ∪ {vi})− f(U);
6: U ← U ∪ {vi};
7: end for
8: S ← ∅;
9: Qlb ← 0, Qub ←

∑n
i=1 p(vi); /* Qlb and Qub are the

lower and upper bounds on Q, respectively */
10: while Qlb + 1 < Qub do
11: q ← ⌊Qlb+Qub

2 ⌋;
12: Find a tree Tq for the QST problem with quota

q by invoking the approximation algorithm in [26]
and [27];

13: if the number of nodes in Tq is no more than K then
14: Qlb ← q; // update the lower bound
15: S ← V (Tq); // V (Tq) is the set of nodes in Tq

16: else
17: Qub ← q; // update the upper bound
18: end if
19: end while
20: return the set S.

that the better solution between the two solutions delivered
by the algorithms in Sections III and IV, respectively, has an
approximation ratio better than 1−1/e

2h+2 = 1−1/e
6 in some special

cases.
Lemma 2: When h = 2, the approximation ratio of the

better solution between the two solutions delivered by the
algorithms in Sections III and IV, respectively, is shown in
Eq. (4).

Approximation ratio =



1, 1 ≤ K ≤ 3
1
2
, 4 ≤ K ≤ 6

1− 1/e

2
, 7 ≤ K ≤ 8

1− 1/e

3
, 9 ≤ K ≤ 11

1− 1/e

4
, 12 ≤ K ≤ 19

1− 1/e

5
, 20 ≤ K ≤ 23

1− 1/e

6
, K ≥ 24.

(4)

Fig. 4. The two different topologies of tree T ∗ with K = 4.

Proof: The intuition behind algorithm analysis is that, for
the special case that h = 2 and K ≤ 23, since the number
of nodes K in the optimal tree T ∗ is not too much, we can
consider possible topologies of T ∗ and decompose T ∗ into
less than 2h + 2 subtrees.

When K ≤ 3, Algorithm 1 finds the optimal solution by
an enumeration, and its approximation ratio thus is one.

When K = 4, we show that the spanning tree T ∗ induced
by an optimal solution can be decomposed into 2 subtrees
T1 and T2, and there are no more than 3 nodes in each of the
two subtrees. Then, the value of one subtree, e.g., the value
f(T1) of subtree T1, is no less than 1

2 the value f(T ∗) of
tree T ∗. In addition, Algorithm 1 finds the subtree T1 by
an enumeration. Therefore, the approximation ratio with K =
4 is 1

2 . Since K = 4, the diameter D of tree T ∗ may be
2 or 3. Fig. 4 shows the two different topologies of T ∗ and the
decomposed subtrees T1 and T2 for each of the two topologies.

When K = 5 or 6, we show that the tree T ∗ can also be
decomposed into 2 subtrees T1 and T2, and there are no more
than 4 nodes in each of the two subtrees, e.g., Fig. 5 shows the
three different topologies of T ∗ and the decomposed subtrees
T1 and T2 for each of the three topologies when K = 5. Then,
the value of one subtree, e.g., the value f(T1) of subtree T1,
is no less than 1

2 the value f(T ∗) of tree T ∗, i.e., f(T1) ≥
f(T∗)

2 = OPT
2 . Since there are only four nodes vi, vj , vk, vl

in T1, assume that the sum of shortest distances L(vi, vj) and
L(vi, vk) is no more than 2, and the shortest distance L(vi, vl)
is no more than ⌈D/2⌉. In addition, Algorithm 1 finds a
subset Sijk by first enumerating the three nodes vi, vj , vk, i.e.,
Sijk = {vi, vj , vk} initially. The algorithm then finds a node
v in V \ Sijk and v is no more than ⌈D/2⌉ hops away from
vi, such that the value of f(Sijk ∪ {v}) is maximized. Since
node vl in tree T1 is also no more than ⌈D/2⌉ hops from vi,
f(T1) = f({vi, vj , vk, vl}) = f(Sijk∪{vl}) ≤ f(Sijk∪{v}).
For example, in Fig. 5(b), node v4 in tree T1 is no more than
⌈D/2⌉ = 2 hops away from v2(= vi). Finally, the algorithm
adds node v to Sijk, i.e., Sijk = Sijk ∪ {v}. Then, f(T1) ≤
f(Sijk). In addition, the number of nodes in the spanning
tree of nodes in Sijk is no greater than 2 + ⌈D/2⌉ + 1 ≤
2+⌈(K−1)/2⌉+1, which is no more than K when K = 5 or
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Fig. 5. The three different topologies of tree T ∗ with K = 5.

6. On the other hand, the tree decomposition when K = 6 is
similar, omitted, and there are 6 different topologies of T ∗.

The proof for the approximation ratio with 7 ≤ K ≤ 23 is
contained in Section III of the supplementary file.

Finally, the approximation ratio is 1−1/e
6 when K ≥ 24,

by Theorems 1 and 2.

VI. PERFORMANCE EVALUATION

A. Experimental Environment

We consider an important application of the connected sub-
modular function maximization problem, which is to deploy
a connected UAV network with K UAVs above an area to
serve as many ground users as possible [9]. We consider two
different shapes of the area: square and strip. A square area
may be a disaster area, e.g., an earthquake occurred in the
area, and the UAV network is deployed for providing emergent
communication to trapped people and rescue teams. The length
of the square is 3 km [9]. On the other hand, a strip area may
be the boundary of a country and a UAV network is used for
military communications. The length and width of the strip
area are 10 km and 1 km, respectively. The number of users
in the area varies from 1,000 to 5,000, and the user density in
the area subjects to the fat-tailed distribution, which implies
that most users are clustered at a few places whereas a few
users are scattered at other places [28], [29].

There are from 20 to 50 UAVs deployed in the area.
The UAV communication range Ruav is 600 m, while the
communication range Ruser between a ground user and a UAV
in the air is 500 m [9], assuming that the UAV hovering height
Huav is 300 m [10]. The number of served users by each UAV
is no more than 100 users, due to the constraints on the size,
weight, and power supply of the UAV [8], [11], [12].

We adopt real wireless channel models and parameters in
the models are similar to the ones in [8], [9], and [10], which
are omitted here due to space limitation.

Recall that the proposed algorithms ApproAlgSmall and
ApproAlgLarge solve the problem in the two cases where
the diameter D in the optimal solution is no more than 4h +
4 or larger than 4h + 4, respectively. Denote by ApproAlg
the better solution between the two solutions delivered by the
two algorithms, respectively.

We consider two widely used monotone submodular func-
tions f . The first is the number of served ground users
by deployed UAVs [5], [6], and the other is the network
throughput, i.e., the sum of user data rates, in the UAV
network [8].

In addition to the proposed algorithm ApproAlg, we
also consider the following four benchmark algorithms.
(i) Algorithm AlgGreedy [1] delivers a greedy heuris-
tic solution. (ii) Algorithm AlgKnapsack [8] finds a
1−1/e√

K
-approximate solution, by reducing the problem to the

submodular maximization problem with a knapsack constraint.
(iii) Algorithm AlgTreeDecomp [2], [15] finds a 1−1/e

4h -
approximate solution, by decomposing a tree with 2hK nodes
so that the profit sum of nodes in the tree is no less than
(1− 1/e)OPT , into 4h subtrees with the number of nodes in
each subtree no greater than K, and choosing the best subtree
among the 4h subtrees. (iv) Algorithm AlgAssign finds a
1−1/e
2h+3 -approximate solution [23], [24].

All experiments were performed on a server with an Intel(R)
Core(TM) i9-9900K CPU (3.6 GHz) and 32 GB RAM.

B. Algorithm Performance

We first study the algorithm performance, by varying the
number m of to-be-served ground users from 1,000 to 5,000,
when there are K = 30 UAVs. Fig. 6(a) shows that the
numbers of served users by the fours algorithms ApproAlg,
AlgGreedy, AlgKnapsack and AlgAssign are close
to the number of to-be-served users when m = 1, 000,
while the number of served users by the proposed algorithm
ApproAlg is from 2.7% to 6.5% larger than those by the
other four algorithms. For example, the average numbers of
served users by the five algorithms ApproAlg, AlgGreedy,
AlgKnapsack, AlgTreeDecomp and AlgAssign are
2,646, 2,479, 2,438, 1,573, 2,484, respectively, when there are
m = 3, 000 to-be-served users in the network. Notice that the
maximum number of served users by any algorithm is no more
than OPTub = min{m, 100K}, where m is the number of to-
be-served users, K is the number of UAVs, and each UAV can
serve no more than 100 users. The empirical approximation
ratio of an algorithm then is the ratio of the number of users
served by the algorithm to the upper bound OPTub. Fig. 6(a)
demonstrates that the empirical approximation ratio of the
proposed algorithm ApproAlg is between 0.88 and 0.99,
which is close to the theoretical maximum value one. Fig. 6(b)
plots the algorithm performance in the strip area, which
demonstrates similar curves as those in Fig. 6(a). However,
it can be seen from Fig. 6(a) and Fig. 6(b) that the number
of served users by each of the five algorithms in the strip
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Fig. 6. The algorithm performance by varying the number of to-be-served users from 1,000 to 5,000, when there are K = 30 UAVs.

area is less than the number in the square area. For example,
the number of served users by algorithm ApproAlg in the
strip area is 2,867, while the number in the square area is
2,990, when there are 5,000 to-be-served users in the network.
The rationale behind the phenomenon is the average distance
between different users in the strip area is larger than that in
the square area. For example, the largest distance between
users in the strip area is

√
102 + 12 = 10.04 km, while

the largest distance between users in the square area is only√
32 + 32 = 4.24 km. Then, more UAVs need to act as relays

in the strip area, and less UAVs thus can be used to serve
users. Similarly, Fig. 6(c) shows that the network throughput
in the solution delivered by algorithm ApproAlg is up to
9.7% larger than those by the other four algorithms in the
square area, while Fig. 6(d) demonstrates that the throughput
by algorithm ApproAlg is from 2.8% to 7% larger than those
by the other four algorithms in the strip area.

We then evaluate the performance of different algorithms
by varying the number K of UAVs from 20 to 50, when there
are m = 5, 000 to-be-served users. Fig. 7(a) shows that the
number of users served in the solution delivered by algorithm
ApproAlg is from 2% to 3.7% larger than those by the
other four algorithms in the square area, while the number
by algorithm ApproAlg is up to 7.2% larger than those
by the other four algorithms in the strip area. In addition,
Fig. 7(c) and (d) plot that the network throughput of the
solution delivered by algorithm ApproAlg is up to 7.3%

larger than those by the other four algorithms in the square
area, whereas the throughput by algorithm ApproAlg is up
to 6.9% larger than those by the other four algorithms in the
strip area.

We also investigate the algorithm performance by varying
the communication range Ruser between a ground user and
an aerial UAV from 400 m to 800 m, when there are K = 30
UAVs, m = 3, 000 to-be-served users in the network, and
Ruav =800 m. Notice that when the user communication
range Ruser increases from 400 m to 800 m, the horizontal
communication range R′user between a ground user and a
UAV increases from 264.5 m to 741.6 m, where R′user =√

R2
user −H2

uav and Huav = 300 m. Following Eq. (1),
the value of h increases from 2 to 4, when R′user increases
from 264.5 m to 741.6 m. Specifically, h = 2 if R′user is
between 264.5 m and Ruav

2 = 400 m, h = 3 if R′user is
larger than 400 m but no more than

√
2

2 Ruav = 565.7 m,
and h = 4 if R′user is larger than 565.7 m but no more
than 741.6 m. Fig. 8(a) demonstrates that the number of
served users by each of the five algorithms increases with the
growth of the user communication range Ruser, as a UAV is
able to serve more users with a larger communication range
Ruser. Fig. 8(a) and (b) show that the number of served users
by algorithm ApproAlg is from 2% to 7.5% larger than
those by the other four algorithms. In addition, Fig. 8 (a)
and (b) demonstrate that the empirical approximation ratio
of the proposed algorithm ApproAlg is between 0.7 and
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Fig. 7. The algorithm performance by varying the number of UAVs from 20 to 50, when there are m = 5, 000 to-be-served users.

Fig. 8. The algorithm performance by varying the communication range Ruser between a ground user and an aerial UAV from 400 m to 800 m, when
there are K = 30 UAVs and m = 3, 000 to-be-served users.

0.99. Furthermore, Fig. 8(c) and (d) show that the network
throughput by algorithm ApproAlg is from 4.7% to 8%
larger than those by the other four algorithms.

We finally evaluate the running time of different algorithms
by varying the number m of to-be-served ground users from
1,000 to 5,000, when there are K = 30 UAVs and the Ruser
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Fig. 9. The algorithm running time by varying the number m of to-be-served ground users from 1,000 to 5,000, when there are K = 30 UAVs and Ruser

is 500 m.

is 500 m. Fig. 9 (a) and (b) shows that the running time of the
proposed algorithm ApproAlg is no greater than 20 seconds
when the objective function f is to maximize the number of
served users, and the running time is no more than 2 min
when the objective function f is to maximize the network size.
Such a computation delay is acceptable in real applications of
deploying UAV networks.

VII. RELATED WORK

The connected submodular function maximization problem
studied in this paper has drawn many attentions recently [13],
[15], [18], [23], [24], [30], [31]. For example, Khuller et al.
[15], [30] conducted pioneering studies on the problem by
proposing a 1−1/e

12 -approximation algorithm when h = 3.
Specifically, they investigated a problem of finding a set S
with K nodes in a graph to maximize the number of nodes
dominated by the node set S, while ensuring that G[S] is
a connected subgraph, where a node v is dominated by S
if it is contained in S or one of its neighbors is contained
in S. Lamprou et al. [31] improved the approximation ratio
1−1/e

12 (≈ 0.0527) in [15] and [30] to 1−(1/e)
7
8

11 (≈ 0.053).
Huang et al. [13] studied a problem of choosing K sensors in
a sensor network to cover the maximum number of targets by
the chosen sensors and the communication graph of the chosen
sensors is connected. Yu et al. [18] considered a problem of
placing K wireless chargers to maximize the overall charging
utility, under the connectivity constraint for wireless chargers.
Notice that both the approximation ratios of the algorithms
proposed in [13] and [18] decrease from 1−1/e

32 to 1−1/e
128 when

the value of h increases from 2 to 4. Xu et al. [23], [24]
recently proposed a 1−1/e

2h+3 -approximation algorithm, and it can
be seen that the approximation ratio 1−1/e

2h+3 decreases from
1−1/e

7 to 1−1/e
11 when h increases from 2 to 4. In contrast,

the approximation ratio 1−1/e
2h+2 of the algorithm proposed in

this paper is larger than the ratio 1−1/e
2h+3 in [23] and [24], by

finding a novel upper bound on the optimal solution of the
problem and devising a new graph decomposition technique.

Other researchers paid attentions to the case where the value
of h may be very large as well. For example, Kuo et al.
[32] proposed a 1−1/e

5(
√

K+1)
-approximation algorithm for the

problem, under the application scenario of the deployment
of K wireless routers in a wireless network. Xu et al. [8]
recently studied the similar problem [32], and improved the
approximation ratio to 1−1/e√

K
, by reducing the problem to

a submodular function maximization problem (without the
connectivity constraint) subject to a knapsack constraint [33].
However, the time complexity of the algorithm in [8] is very
high, which indicates that the algorithm is applicable to only
small- or medium-scale graphs. In addition, the approximation
ratio 1−1/e√

K
is small when K is large.

UAV network deployments have gained lots of atten-
tions [1], [2], [3], [4], [7], [9]. Coletta et al. [1] proposed
a greedy heuristic for deploying UAVs to cover the maximum
number of targets. Danilchenko et al. [2], [3] adopted the
algorithm in [15] to deploy a connected UAV network in
the air to cover the maximum number of ground users,
where each user has his/her minimum SNR requirement.
Huang et al. [4] studied a problem of minimizing the average
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UAV-user distance under LoS scenario, while maintaining the
connectivity of the deployed UAV network. Zhao et al. [9]
devised a motion control algorithm for deploying UAVs to
serve as many as users under the network connectivity con-
straint. Liu et al. [7] studied the similar problem and devised
an algorithm based on deep reinforcement learning.

VIII. CONCLUSION

In this paper, we studied the connected submodular function
maximization problem, which has many applications, such as
deploying a UAV network to serve users and placing sensors
to monitor PoIs. We proposed a novel 1−1/e

2h+2 -approximation
algorithm for the problem, improving its best approximation
ratio 1−1/e

2h+3 so far, through estimating a novel upper bound
on the problem and designing a smart graph decomposition
technique, where h is a parameter that depends on the problem
and its typical value is 2. We finally evaluated the algorithm
performance in the application of deploying a UAV network,
and experimental results demonstrate that the number of
users within the service area of the deployed UAV network
by the proposed algorithm is up to 7.5% larger than those
by existing algorithms, and the network throughput by the
proposed algorithm is up to 9.7% larger than those by the
algorithms.
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