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Approximate Minimum-Energy Multicasting in
Wireless Ad Hoc Networks
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Abstract—A wireless ad hoc network consists of mobile nodes that are equipped with energy-limited batteries. As mobile nodes are
battery-operated, an important issue in such a network is to minimize the total power consumption for each operation. Multicast is one
of fundamental operations in any modern telecommunication network including wireless ad hoc networks. Given a multicast request
consisting of a source node and a set of destination nodes, the problem is to build a minimum-energy multicast tree for the request
such that the total transmission power consumption in the tree is minimized. Since the problem in a symmetric wireless ad hoc network
is NP-complete, we instead devise an approximation algorithm with provable approximation guarantee. The approximation of the

solution delivered by the proposed algorithm is within a constant factor of the best-possible approximation achievable unless P = NP.

Index Terms—Wireless communication network, approximation algorithm, power awareness, ad hoc networks, energy consumption
optimization, multicasting, broadcasting, minimum node-weighted Steiner tree problem.

1 INTRODUCTION

N recent years, multihop wireless ad hoc networks have

been receiving significant attention due to their potential
applications in civil and military domains. Some of the
applications include mobile computing in areas where other
infrastructure is unavailable, law enforcement operations,
disaster recovery situations, large sporting events or
congresses when it is not economical to build a fixed
infrastructure for a short temporary usage, and tactical
battlefield communications where the hostility of the
environment prevents the application of a fixed backbone
network.

A multihop wireless ad hoc network is dynamically
formed by a collection of mobile nodes. Each of these
mobile nodes is operated by a limited-energy battery and
usually it is impossible to recharge or replace the batteries
during a mission. The communication between two mobile
nodes can be either in a single hop transmission in which
case the two nodes are within the transmission ranges of
each other, or in a multihop transmission where the
message is relayed by intermediate mobile nodes. It is well
known that wireless communications consume significant
amounts of battery power [13]; therefore, the limited battery
lifetime imposes a severe constraint on the network
performance. Energy efficient operations are critical to
enhance the network lifetime. Extensive studies on energy
conservation in wireless ad hoc networks have been
conducted. For example, energy efficient routing has been
addressed in [2], [10], [22], [7], [24], [23], and maintaining
network connectivity with the minimization of energy
consumption has also been dealt with in [21], [26], [17],
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[24], [19], [15]. In particular, Ramanathan and Rosales-Hain
[21] studied the assigning different transmission power to
different nodes to meet a global topological property (e.g.,
k-connectivity) by proposing algorithms for maintaining the
k-connectivity of a network (k> 1) with an objective to
minimizing the total power consumption. Wattenhofer et al.
[26] provided a distributed topology control algorithm for
the maintenance of strong connectivity of a network. Li et al.
[17] proposed an MST-based topology control algorithm
that employs local information only (the information of
neighboring nodes of a node). Singh et al. [24] provided
several power-aware metrics and demonstrated how to use
these metrics to find energy-efficient routes in wireless ad
hoc networks.

Multicasting is a fundamental problem in any telecom-
munication network including wireless ad hoc networks. It
is an efficient mechanism for one to many communication,
and is typically implemented by creating a multicast tree.
Due to severe battery power and transmission bandwidth
limitations in wireless ad hoc networks, it is essential to
develop efficient multicast protocols that are optimized for
energy consumption, thereby significantly improving net-
work performance.

1.1 Related Work

In recent years, there has been tremendous research
interest on the design of energy-efficient broadcast/multi-
cast routing protocols for wireless ad hoc networks. The
minimum-energy broadcast tree problem is to find a
broadcast tree rooted at the source node and spanning all
the other nodes in a n-node network such that the sum of
transmission power at relaying nodes is minimized. Several
energy-aware algorithms for it have been proposed in the
literature [27], [5], [18], [4], [6], [9], [25], [1]. For example,
Wieselthier et al. [27] first considered this problem and
proposed greedy heuristics, based on Prim’s and Dijkstra’s
algorithms. Among the three heuristics that they sug-
gested, the most efficient heuristic is called the Broadcast
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Incremental Power (BIP). However, whether or not the
problem is NP-hard was open until Liang [18] and Cagalj
et al. [5] independently showed that it is NP-Complete. The
result in [5] implies that there is unlikely to have a
polynomial algorithm for the problem with an approxima-
tion ratio better than (logn) unless P = NP. Liang [18]
considered the problem in both symmetric and asymmetric
wireless ad hoc networks by proposing approximation
algorithms with deterministic approximation ratios of
O(log®n) and O(n¢), respectively, where ¢ is any constant
with 0 <e<1. Bian et al. [4] presented an improved
approximation algorithm for the symmetric wireless ad hoc
network with an approximation ratio of 2logn times of the
optimum. Recently, Das et al. [9] provided exact solutions
to the problem by modeling it into an integer programming
(IP) problem. The applicability of this modeling, however,
is very limited due to the fact that the approach based on
the IP technique can only find an exact solution for the
problem with small size. For a given instance of the
problem, although it may take much less time to find an
approximate solution with large problem size through
relaxation, whether or not the approximate solution has a
provable approximation guarantee is not clear. Cartigny
et al. [6] devised a distributed algorithm for the problem,
based only on the local information of participating nodes.
Banerjee et al. [3] proposed schemes for constructing
energy efficient broadcast and multicast trees for reliable
wireless communication. Recently, Agarwal et al. [1]
presented centralized and distributed heuristic algorithms
for the problem using a concept called hitch-hiking, which
takes advantage of the physical layer design that facilitates
the combining of partial information to obtain complete
information. For very special networks like Euclidean
planar networks, Wan et al. [25] showed that the
approximation ratio of minimum spanning tree is between
6 and 12 and that of BIP is between 13/3 and 12. However,
Liang [18] showed that the approximation ratio of BIP in a
general network is as bad as €(n). One closely related
problem to the minimum-energy broadcast tree problem
has also been addressed by Wieselthier et al. [28] and Kang
and Poovendran [14], which aims to optimize two
objectives simultaneously. One is to minimize the total
transmission power consumption of the broadcast tree, and
the other is to maximize the minimum residual battery
energy at nodes in the tree. For this latter problem, they
proposed heuristic algorithms as well.

The minimum-energy multicast tree problem is to find a
tree in the network rooted at the source node and spanning
the nodes in a destination set D. Clearly, the minimum-
energy broadcast tree problem is a special case of this
general setting. For the multicast problem, Wieselthier et al.
[27] provided a heuristic called the Multicast Incremental
Power (MIP), and Liang [18] gave an approximation
algorithm for asymmetric wireless ad hoc networks with
an approximation ratio of O(|D|°), where € is a given
constant with 0 < e < 1.

1.2 Contributions

Given a multicast request and a symmetric wireless ad hoc
network, in this paper, we devise an approximation
algorithm for finding an approximate, minimum-energy

multicast tree in the network for the request. The solution
delivered by the proposed algorithm is within 4In K times
of the optimum if the transmission power at each node is
finitely adjustable; otherwise, the solution is within either
81n K or 41n K times of the optimum, depending on whether
or not the amount of power at nodes is incorporated into the
running time, where K is the number of destination nodes in
the multicast request. To the best of our knowledge, this is
the first approximation algorithm for the problem in
symmetric wireless ad hoc networks. The approximation
of the solution is within a constant factor of the best-possible
approximation achievable in polynomial time unless P =
NP. The technique is to reduce the problem to a minimum
node-weighted Steiner tree problem in a node-weighted
auxiliary, undirected graph. The approximate, minimum
node-weighted Steiner tree in the auxiliary graph is then
transformed into a valid multicast tree in the original
network through a series of transformations.

The rest of the paper is organized as follows: Section 2
introduces the wireless communication model and the
problem definition. Section 3 proposes an approximation
algorithm for the problem with an assumption that the
transmission power at every node is finitely adjustable.
Section 4 extends the approach in Section 3 to solve the
problem by the removal of the assumption. The conclusion
is given in Section 5.

2 PRELIMINARIES

In this section, we first introduce the wireless communica-
tion model. We then define the problem precisely. We
finally outline a known algorithm for finding an approx-
imate, minimum node-weighted Steiner tree, which later
will serve as a subroutine in our proposed algorithm.

2.1 Wireless Communication Model

We consider source-initiated, circuit-switched multicast
requests (sessions). Each multicast request is a pair (s; D),
where s is the source node and D is the set of destination
nodes. The wireless ad hoc network is modeled by an
undirected graph M = (N, A), where N is the set of nodes
with |[N| =n and A is the set of edges. There is an edge
(u,v) € Aifnodes uand v are within the transmission ranges
of each other. For any edge (u,v) € 4, its two endpoints u
and v are called neighboring nodes. We assume that the
network topology is stable during the processing period of a
multicast request, where we say “processing a multicast
request,” means that the system either builds a multicast tree
for and realizes the request using the built tree, or rejects the
request if there are not enough network resources to
accommodate the request. After it has finished processing
the current multicast request and before its response to the
next multicast request, the system allows the nodes in the
network to move and a new network topology is then
formed. We also assume that each node in the network is
equipped with omnidirectional antenna and the transmis-
sion power at the node is finitely or infinitely adjustable.
Each node can choose one of its power levels to transmit
messages. In other words, we assume that there are /; power
levels at node v; € N. Let w;; be the power of v; at its power
level [ and W; j, < Wi j, 1f]1 < jg, 1< jl,jg < lz', and 1 << lL
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Among the [; power levels, one is the minimum operational
power level with power pui,(v;) and another is the
maximum operational power level with power ppay(vi),
1 <4 < n. One such example is the Cisco Aironet card [11],
which offers six power levels 1, 5, 20, 30, 50, and 100 mW.
Furthermore, given two neighboring nodes u and v, we
assume that there is always a corresponding power level
between v and v with the same amount of power, which we
refer to as the power level symmetry of neighboring nodes.
Obviously, the amount of power to maintain the power level
symmetry between u and v is the minimum power required
to keep them within the transmission range of each other.
For a transmission in the network from node u to node v,
separated by a distance d,,,, to guarantee that v is within the
transmission range of u, the transmission power at w is
modeled to be proportional to dj,, assuming that the
proportionality constant is 1 for notational simplicity, « is
a parameter that typically takes a value between 2 and 4,
depending on the characteristics of the communication
medium. In other words, to make v within the transmission
range of u, the power w,; at u must meet w,; > d; .

The reachability of a node in wireless ad hoc networks is
fully determined by the transmission power at the node. We
have assumed that the power level of a transmission node
can be chosen within a given range of values. Therefore,
there is a trade-off between reaching more nodes in a single
hop by using higher power and reaching fewer nodes in a
single hop by using lower power. Note that nodes in any
particular multicast tree do not necessarily have to use the
same power level, and a node may use different power
levels for various multicast trees in which it participates.

A wireless ad hoc network that meets the above
requirements is called the symmetric wireless ad hoc network.
A special case of the symmetric wireless ad hoc network is a
network in which every mobile node is equipped with the
same type of battery.

2.2 The Minimum-Energy Multicast Tree Problem
Given a wireless ad hoc network M = (N, A) and a multicast
request consisting of a source node s and a destination set D
(€ N — {s}), the minimum-energy multicast tree problem is to
construct a multicast tree rooted at the source node and
spanning the nodes in D such that the sum of transmission
power at nonleaf nodes is minimized. The problem involves
the choice of transmission nodes as well as the transmission
power level at every chosen transmission node. Note that
the leaf nodes do not contribute any transmission power
consumption because they do not transmit any messages,
where K = |D|. When D = N — {s}, the problem is referred
to as the minimum-energy broadcast tree problem.

2.3 Approximation Algorithm for Finding Minimum
Node-Weighted Steiner Trees

Given a node-weighted undirected graph G(V, E) and a set
D of destination nodes (D C V), the minimum node-weighted
Steiner tree problem is to find a tree in G spanning the nodes
in D such that the weighted sum of the nodes in the tree is
minimized. Klein and Ravi [16] provided the first approx-
imation algorithm for the problem, which is briefly
described in the following.

The algorithm maintains a node-disjoint set of trees
containing all the destination nodes. Initially, each destina-
tion node by itself is in a tree.

The algorithm uses a greedy strategy to iteratively merge
the trees into larger trees until there is only one tree left. In
each iteration, it selects a node and a subset of the current
trees of size at least two so as to minimize the ratio

The weight of the node plus sum of the distances to the trees
number of trees '

(1)

Here, the distance along a path does not include the weights
of the two endpoints of the path. Thus, the choice
minimizes the average node-to-tree distance. The algorithm
uses the shortest paths between the node and the selected
trees to merge the trees into one.

It is easy to implement each iteration. For each node v,
define the quotient cost of v to be the minimum value of (1),
taken over all subsets of the current trees. To find the
quotient cost of v, compute the distance d; from v to each of
the trees T;, assuming without loss of the generality that the
trees are numbered so that d; < dy < ... < dj. In computing
the quotient cost of v, it is sufficient to consider subsets of
the form {77, 75, ..., T;}. Thus, the quotient cost for a given
node can be computed in polynomial time by computing
the quotient costs of all the nodes. The minimum quotient
cost can then be determined. Thus, an iteration can be
carried out within polynomial time. The solution delivered
by the algorithm is 2In K times of the optimum, where K is
the number of the destination nodes. Note that the
approximation of the solution is within a constant factor
of the best possible approximation achievable in polynomial
time unless P D NP [20]. This result is stated in the
following lemma.

Lemma 1 [16]. Given a node-weighted undirected graph G(V, E)
and a destination set D with |V| = n, |E| = m, and |D| = K,
there is an approximation algorithm for finding a minimum
node-weighted Steiner tree in G including the nodes in D,
which delivers a solution within 21n K times of the optimum.
The algorithm takes O(K?(m + nlogn)) time.

Proof. The approximation ratio of the Klein and Ravi
algorithm has been shown in [16]. We here only analyze
the time complexity of their algorithm.

It is obvious that the number of iterations is K — 1 at
most. Within an iteration it takes O(m + nlogn) time to
compute single source shortest paths for each source
node v € D using Dijkstra’s algorithm, and there are
K nodes in D. Therefore, the total running time of the
computation within an iteration is O(Km + Knlogn).
While finding a node v € D that has the minimum
quotient cost takes O(K) time, the algorithm takes
O(K?*m + K*nlogn) time. O

Guha and Khuller [12] later provided an improved
algorithm for the minimum node-weighted Steiner tree
problem with a better approximation ratio at the expense of
a longer running time. Their improved algorithm delivers a
solution within 1.351In K times of the optimum.
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3 APPROXIMATION ALGORITHM WITH FINITELY
ADJUSTABLE POWER

It is known that the minimum-energy multicast tree
problem cannot be polynomially solvable with an approx-
imation ratio better than Q(log K) unless P = NP by
reducing the set cover problem to it. We therefore focus
on devising an approximation algorithm for it. For the
simplicity of discussion, in the following, we assume that
the transmission power at each node is finitely adjustable.
We then remove this assumption in Section 4.

3.1 An Overview of the Proposed Algorithm

We start with giving an overview of the proposed algorithm.
The algorithm first constructs a node-weighted, auxiliary
undirected graph G(V, E,w) using the original network M,
where w : Vi—R. It then reduces the problem in the original
network to a minimum node-weighted Steiner tree problem
in G such that the weighted sum of the vertices in the Steiner
tree is no greater than the minimum transmission power
consumption for the multicast request. However, it is well
known that finding such a Steiner tree is NP-hard. Instead,
an approximate, minimum node-weighted Steiner tree is
then found, which will be used as the base for constructing a
valid multicast tree. It finally transforms the approximate,
minimum node-weighted Steiner tree in the auxiliary graph
into a valid multicast tree in the original network through a
series of transformations.

The motivation for constructing such a minimum node-
weighted Steiner tree is that the weighted sum of the
vertices in the tree is a lower bound on the minimum
transmission power consumption for the multicast request.
The tree then is transformed into a valid multicast tree
through a series of transformations. Within each transfor-
mation, the total power inflation from the previous tree to
the resulting tree is guaranteed to be bounded. Thus, the
transmission power consumption of the valid multicast tree
is also bounded.

The algorithm is detailed in the following section.

3.2 Constructing an Auxiliary Graph

Given the wireless ad hoc network M (N, A), assume that
the power at each node is finitely adjustable. A node-
weighted, auxiliary undirected graph G = (V,E,w) is
constructed as follows:

To distinguish the nodes in the original network M from
those in the auxiliary graph G, the nodes in G are referred to
vertices. Recall that for given a node v; € N, w;; is the power
of v; at its power level [ and w;j, < w;j, if j1 < jo, 1 <1<,
and 1 <j; <j» <l;. A widget G; = (V;, E;) for v; is built
and illustrated in Fig. 1.

Vi = {si,ui1,uip, ..., uy }, and
E; = {(si;uig) | 1 < j <1},

where s; represents node v;, u; ; represents node v; working
at its transmission power level j, and the weight assigned to
u;;j is the power w; ;. An edge (s;,u; ;) between s; and wu; ;
represents v; working at its power level j, 1 < j <;. For the
sake of convenience, vertex s; is called the mobile vertex,
vertex u;; is called the power vertex, vertex w; ; is a power

O Mobile vertex
O Power vertex

Fig. 1. The widget G; = (V;, E;) for node v;.

vertex derived from s;, and an edge (s;, u; ;) is a derived edge
froms;, 1<j<[;and 1<¢<n.

Having a widget G; for every node v; € N, it is ready to
construct G(V,E,w). V=U"V; and E=U!" E;UEyy,
where Egjy is a set of edges in which the two endpoints
of an edge are in two different widgets, and Ey;; is defined
as follows: Given two nodes v; and v; in M with i # j, if v; is
working at its power level [ and v; is within the
transmission range of v; or vice versa, then there is an edge
(uig, 85) in Egig, 1 <i,j<n,and 1 <[ <. In addition, the
weight assignment to the nodes in G is as follows: w(u;;) =
w;; for each power vertex u;; € V; C V; and w(s;) =0 for
each mobile vertex s; € V,1 <[ <[;,,and 1 < i < n.Itcanbe
seen that G has the following properties:

1. @G contains

n n n
VI=YVil=>a+l)=n+> 1

i=1 i=1 i=1
nodes due to that there are /; power vertices and
one mobile vertex in G for each node wv; € N,
1 <i < n. If v; is within the transmission range of
v; when v; works at its maximum power level, then
there are [; edges between the power vertices in G;
and s;. In the worst case, there are n — 1 such s;s.
Thus, the total number of edges in G incident to s; is
at most k(n—1), 1 <j<n, where k=max!" {l;}.
So, |Euist| < k(n — 1)n = kn* — kn. Since E; N E; =),
E;N Egs =0, and |E;| = [;, G contains

|El = [ULi Bi U Baie| =

n
Z |Ej| + |Egist| < kn + kn? — kn = kn?

1=1

edges, i # j, 1 <i,j <n.

2. Given two vertices in G, if both of them are either
power vertices or mobile vertices, then there is no
edge between them. In other words, for a given
mobile vertex in G, only the power vertices are its
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neighboring vertices and, for a given power vertex in
G, only the mobile vertices are its neighboring
vertices.

3. Let N(u;;) be the set of neighboring vertices of a
power vertex u;; in G. Then, N(u;; ) C N(u;j) if
1< <je <l

3.3 An Approximation Algorithm

Having the auxiliary graph G, without loss of generality we
assume that vertex s; is the vertex in G that corresponds to
the source node in M, and vertices s, s3,...,Sk,1 are the
destination vertices in G that correspond to the nodes in D,
where |D| = K. The objective is to find a minimum node-
weighted Steiner tree in G rooted at s; and spanning the
vertices in S={s; |2<i<K+1}. We thus have the
following lemma:

Lemma 2. Given a multicast request (s; D) in a wireless ad hoc
network, the weighted sum of the vertices in a minimum node-
weighted Steiner tree in G(V, E,w) rooted at s, and spanning
the vertices in {s; | 2 <1i < K + 1} is a lower bound on the
exact solution of the minimum-energy multicast tree in M for
the request.

Proof. Assume that 7, is a minimum-energy multicast tree
in M rooted at the source node v; and spanning the
nodes in D. Following the construction of G, there is a
corresponding node-weighted Steiner tree 7" in G rooted
at s; and spanning the vertices in S for 7,,, and the
weighted sum of the vertices in 7" is equal to the sum of
transmission power at the nodes in T,,.

Let 77" be a minimum node-weighted Steiner tree in
G rooted at s; and spanning the vertices in S. Then,
W(TF) < W(T) because T7' is a minimum node-
weighted Steiner tree in G, where W(T") is the weighted
sum of the vertices in a tree T". The claim then follows.O

Lemma 3. Let T be a node-weighted Steiner tree in G
corresponding to a minimum-energy multicast tree T,y in
M and parent(v) the parent of v in T. Then, 1) no more than
one edge derived from a mobile vertex is included in T. In other
words, for a given node v; € N, either (s;, w; ) or (s;,u;y) but
not both of them is included in T, 1 <z,y <[, 1 <i<mn,
and x #y. 2) Let s1 be the source vertex and s; be a mobile
vertex in T. Then, the number of edges in the unique path in T
from sy to s; is even and, for every other nonleaf mobile vertex
sy, j # 1and j # jin the path, the degree of sy in T is 2. In
other words, assume that u, and w, are the two power vertices
in T adjacent to sy and u, = parent(sy), then w, must be the
child power vertex of s; derived from sy, 1 <j <mn and

j#L

Proof.

1. Let s; be a mobile vertex in T. If its both derived
edges (s;, 1) and (s;, u;,) are included in 7' with
z <y, then two power levels at node v; are
needed for realizing this multicast request,
following the construction of 7. This contradicts
the fact that there is only one power level at v;
chosen in Ty, for the realization of the multicast
request.

2. Let P be the unique path in T from s; to s;,
consisting of the edges ej,es,...,e. Consider
two adjacent edges ey;—; and ey; in P. The edge,

esi-1 = (s, uj,(7)) € By CE,

is an edge in the widget G; = (Vy, E;) that is
derived from the mobile vertex s;, where uy ;) is
a power vertex corresponding to a power level
r(7) at node vy in M, 1 <r(j) <ly, 1 <j <n.
The edge ey = (uji,(j),85) € Egise is an edge
between the power vertex u; ;) and the mobile
vertex sir, 1 <j" <mn, 7 #j', and 1 <14 < |l/2].
Since e; € By and ¢; € Ey, | must be even, i.e.,
the number of edges in P is even. The degree of
sy except the source vertex s; and leaf vertices is 2
because there are only two edges incident to it,
one is from a power vertex (its parent in the tree)
to it; and the other is from it to one of its power
vertices (its child in the tree). O

Given a node-weighted Steiner tree 7; in G rooted at s;
and spanning the vertices in S, if it meets 1) and 2) in
Lemma 3, then we say that the tree is a valid multicast tree in
the wireless ad hoc network. Once T3 is a valid multicast
tree, the power level setting of every mobile node in the tree
is straightforward, using the information provided by 7.
This can be done as follows: For a node v; in M, if there is a
corresponding edge (s;,u;;) in 7} in the path from s; to w;;,
then the power level at v; is adjusted to level [ with power
wip =w(uy), 1 <I<l,and 1 <i<n.

The rest is dedicated to finding a node-weighted Steiner
tree 7' in G such that the weighted sum of the vertices in T is
minimized. However, it is well known that there is unlikely
to have a polynomial algorithm for finding such a Steiner
tree in G unless P = NP. Instead, an approximate solution
is expected. Let 7}, be an approximate, minimum node-
weighted Steiner tree obtained using an algorithm in [16].
Without loss of generality, we assume that all the leaf
vertices in Ty, are in S. Otherwise, those that are not in §
can be pruned from the tree for any further consideration.
Now, Ti,, may not be a valid multicast tree if it does not
meet 1) and 2) of a valid multicast tree in Lemma 3. In other
words, T, may have the following violations:

1. For a given node v; € N, T, contains up to I; power
vertices that are derived from a single mobile vertex
s;, while in a valid multicast tree only one of such
power vertices derived from s; is included.

2. 1T,, contains a power vertex that is not derived from
any of its neighboring mobile vertices in the tree,
while in a valid multicast tree each power vertex
must be derived from one of its neighboring mobile
vertices.

3. 1T, may still not be a valid multicast tree, because,
for a given mobile vertex s, it may contain such tree
edges that each of them is from s to a power vertex u,
and 1) either u is derived from s, but none of the
mobile vertices derived from the other neighboring
power vertices of s is within the transmission range
of s when it works at the power level corresponding
to u; 2) or none of the neighboring power vertices of
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()

(@)

o(u; )= max{ o(u ), oW, ), o(uy) }

(b)

Fig. 2. (a) Power vertices u;, us, and ug are derived from a mobile vertex s;. (b) Merge the power vertices w;, uy, and uz derived from s; into a single

power vertex u; if s; € Np(uy).

s (not including the parent of s) is derived from it,
while in a valid multicast tree the child power vertex
must be derived from the mobile vertex for a given
edge from a mobile vertex to a power vertex.
In what follows, we show how to transform 77, into a
valid multicast tree by correcting these three violations one
by one, through a series of transformations.

3.3.1 Correction Violation 1

To correct violation 1, T,,, is modified as follows: Let
Ui, U, ..., u, be the power vertices in 7}, derived from a
mobile vertex s;, 1 <r <I;. For the sake of convenience,
Nr(u) will be used to represent the set of neighboring
vertices of vertex u in the current tree. Initially, the tree is
Topp itself, and subject to be updated dynamically.

Given two power vertices u; and u; in the current tree
with ¢ # j, we first assume that there is not any ancestor-
and-descendant relationship between them, we then re-
move this constraint later, 1 <1, <r. We proceed as
follows:

Case 1. If there is a power vertex u; such that s; € Ny (u;),
then, for each u; with j # 7, the edge (s(j'), u;) in the path
in the current tree from the root to u; is removed, and
vertices u; and u; are merged into a single vertex, where
s(j) is a mobile vertex, 1 <j, 7/ <r<l;, and 1 <j<r.
Now, the power vertex u; is replaced by another power
vertex derived from s; at a power level of power
max{w(u1),w(us), . ..,w(u,)}. Obviously, the resulting graph
is still a tree and the weighted sum of the vertices in the tree
is no greater than that of 7,

Fig. 2a illustrates this merging transformation, where
u, up and ug are the power vertices derived from a mobile
vertex s; and s; is a neighboring vertex of u; in the current
tree. The modification to the tree is to merge u, and u3 with
u; and to update the power level at u;. The resulting tree is
shown in Fig. 2b.

Case 2. If s; is not a neighboring vertex of any power
vertex derived from it, let u; be the power vertex with
weight w(u;) = max{w(w),w(ug),...,w(u,)}. Merge all the
other power vertices uy,us, ..., uj_1,uj41 and u, to u;. This
procedure continues until there is at most one power vertex
left in the resulting tree derived from every mobile vertex.

We now remove the restriction and assume that u; is an
ancestor of u; in the tree with ¢ # j. For this case, the tree is
modified as follows: The edge (parent(u;),u;) is removed
from the tree, vertices u; and u,; are merged into a single
power vertex, and the weight assigned to the single power
vertex power is max{w(u;),w(u;)}, where parent(u) is the
parent of vertex u in the tree.

It is obvious that the above merging is valid, which can
be seen as follows: Assume that s is the mobile node from
which both u; and u; are derived and w(u;) < w(u;). In the
tree, if s works at its power level corresponding to u; to
transmit a message, every mobile vertex in Ny (v;) is able to
receive the message, | = 4, j. Then, if s works at the power
level of u; to transmit a message, every mobile vertex in
Nrp(u;) U Np(u;) is able to receive the message. The merging
operation thus is valid.

Let 77 be the resulting tree derived from 7Ty,, after a
series of the above merging operations. The weighted sum
of the vertices in 7" is bounded as follows: Let W(T,,,) be
the weighted sum of the vertices in T,,, and U the set of
power vertices in Ty, then W () = >,cpy w(u) because
the weight w(s) assigned to each mobile vertex s in T, is
zero. Since T’ is obtained after a series of merging
operations on T,,,, W(T") < W(Ty,).

3.3.2 Correction Violation 2

Following the construction of 7", it is now known that for
every mobile vertex there is at most one power vertex in 7"
derived from it. However, 7" may still not be a valid
multicast tree because a power vertex may not be derived
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Fig. 3. Link a mobile vertex with its power vertex.

from any of its neighboring mobile vertices. To correct this
type of violation, 7" must be modified such that every power
vertex in the resulting tree is derived from one of its
neighboring mobile vertices in the following: Assume that u
is a power vertex in 7" derived from s;. 1) If 5; € Np(u), it is
done. 2) If both s; and u are in 7" but s; &€ Np(u), T" is
modified as follows: Let (s;,u) be an edge in the path in the
current tree from the root to u, delete edge (s;,u) from and
add an edge (s;,u) to the current tree. As a result, s; is a
neighboring vertex of u in the resulting tree. 3) Otherwise
(the power vertex u is derived from a mobile vertex s; but s;
is not in the tree), the mobile vertex s; and an edge (s;,u)
between u and s; are added to the current tree. The
validation of this modification is justified as follows: If s; &
Nrp(u) and s; is not in 77, then adding s; and the edge (s;, v)
to the tree is valid because u is derived from s;. If both s; and
ware in T’ but s; ¢ Np(u), adding the edge (s;, u) to the tree
is valid because u is one of the power vertices derived from
s;, and all the mobile vertices in Np(u) are within the
transmission range of s; if s; works at a power level
corresponding to vertex w.

Fig. 3 illustrates the above modification. If u is derived
from s;, a new edge between s; and u is added to and an
existing edge (s;,u) is removed from the tree. For a power
vertex uy derived from a mobile vertex s(uz) that is not in
the tree initially, the mobile vertex s(up) and an edge
(ug,s(ug)) are added to the tree. The weight w(s(u2))
assigned to s(ug) is zero.

Let T” be the resulting tree after a series of above
transformations to 7'. T” has the following properties:
1) Every power vertex is derived from one of its neighbor-
ing mobile vertices. 2) W(T") = W(T") < W(T,,,) since each
modification does not update the weights of the existing
vertices in 7" and the weight assigned to every newly added
mobile vertex is zero, so, W(T")=W(T’). Meanwhile,
W(T") < W(Typ). Therefore, W(T") = W(T") < W(T,)-

3.3.3 Correction Violation 3

T" may still not be a valid multicast tree because, for a given
mobile vertex s, 7" may contain such tree edges that each of
them is from s to a power vertex u, and 1) either u is derived
from s, but none of the mobile vertices derived from the
other neighboring power vertices of s is within the
transmission range of s when it works at the power level
corresponding to u; or 2) none of the neighboring power
vertices of s (not including the parent of s) is derived from

it. Thus, 7" needs to be further transformed in order to
become a valid multicast tree. Note that, compared with
previously introduced transformations, the weighted sum
of the vertices in the resulting tree after this transformation
may increase. However, we later show that the total extra
weighted sum of the vertices in the resulting tree is no more
than that in 7”. We perform the transformation to 7" as
follows: Associated with each mobile vertex in 7", there are
three stages, which are represented by three colors white,
gray, and black. Initially, all mobile vertices in 7" are
colored white. When a mobile vertex is visited for the first
time, it is colored gray. After finishing the visit to a mobile
vertex, the mobile vertex is colored black. In this case, the
relationship between either the mobile vertex and its parent
or the mobile vertex and its children in the resulting tree is
determined already. Let ) be a queue containing all gray
vertices, which is empty initially. ) contains only mobile
vertices clearly.

We traverse 7", starting from its root (a mobile vertex),
using the Breadth-First Search technique. Color the root
vertex with gray and add it to Q. If Q is empty, the
transformation terminates; otherwise, pick the head s of @
and proceed as follows:

1. If s is a leaf vertex, the gray vertex that colored s
initially becomes the parent of s in the resulting tree.
s is colored black and removed from @ for any
further consideration.
2. If s is the root vertex, it is its parent by itself in the
resulting tree, i.e., parent(s) = s.

3. Otherwise, the parent parent(s) of s already exists
and s can be dealt by two subcases: Case a and
Case b.

Case a. If a neighboring vertex u of s in the tree is derived
from s and u # parent(s), then s becomes the parent of u by
setting parent(u) = s, and the power of u is now set to be
MAX,y e Ny ()~ {parent(s)} 1w(1') }. It is already known that every
power vertex «’ in the tree is derived from a mobile vertex
s(u'), following the construction of T”. Color s(u') with gray
and add it to @, set u to be the parent of s(u’) for all
u' € Np(s) — {u,parent(s)}, and color s” with gray and add
it to @ for every s” € Ny(u) — {s}. In other words, add an
edge (u, s(u')) to and remove the edge (s, v’) from the tree for
every power vertex u' € Ny (s) — {u, parent(s)}. Color s with
black and remove it from (). Fig. 4 illustrates this modifica-
tion, where Np(s) — {parent(s)} = {u,u,us,us}. The exist-
ing edges (s,u1), (s,uz), and (s,us3) are removed from and
the new edges (u, s(u1)), (u, s(uz)), and (u, s(us)) are added
to the tree.

Since the power at the power vertex u derived from s is
updated, the resulting tree may take extra power consump-
tion for the updating. Denote by A(s) the extra power needed
for the update related to s, i.e., the extra cost associated with s
when its color changes from gray to black. Then, A(s) = 0 if
the power w(u) (= maxy e, (s)—{parent(s)} {w(u') }) is the max-
imum one among its neighboring vertices (except its parent);
otherwise, A(S) = maXu,/GNT(s)f{parent(S)}{w(u/)} - w(u)

We now justify that the above transformation is valid.
Assume that u is derived from s, and s is gray already. Let
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O parent(s)

s(u)
o@)=max{ 0@ ), oW,) o@,) @)}
Fig. 4. v is a power vertex derived from s.
Nr(s) — {parent(s)} = {u,u1,us,...,u,}, where wu; is de-
rived from s(u;), 1 <i <r. Let
w(ug) = max {w(u)}.

W €Np(s)—{parent(s)}

Then, s is within the transmission range of s(u;) for each
power vertex u;, 1<i <r. Following the power level
symmetry between s and s(uy) due to that they are within
the transmission ranges of each other, s has a power level
with power w(ug). When s works at the power level with
power w(uy), every s(u;) is within its transmission range for
alli, 1 <i<r.

Case b. None of its neighboring vertices except
parent(s) is derived from s. Then, a power vertex u(s)
for s is added to the tree and the power at u(s) is set to
be max, e, (s)— {parent(s)} {w(¥) }. An edge (s,u(s)) is added
to the tree as well. Thus, s becomes the parent of u(s). Note
that the vertex w(s) must not be in the tree previously.
Otherwise, it is a neighboring vertex of s already, following
the construction of 7". Delete the existing edge (s, ") from
and add a new edge (u(s),s(v')) to the tree for every
u' € Np(s) — {parent(s)}. The power vertex u(s) now is the
parent of s(u') for every u' € Ny (s) — {parent(s)}. Color s(u’)
with gray and add it to @ for every u' € Ny(s) — {parent(s)}.
Color s with black and remove it from . As a result,
A(s) = maxy e, (s)—{parent(s)} 1w(v’) }. The validation of this
transformation can be justified as we did for Case a omitted.

Fig. 5 illustrates Case b, where u(s) is a newly added
power vertex, u;, up and ug are the neighboring vertices of s,
and none of them is derived from it. The existing edges
(s,u1), (s,u2), and (s,u3) are removed from and the new
edges (u(s), s(w1)), (u(s), s(u2)), and (u(s), s(u3)) are added
to the tree.

Let 7" be the resulting tree. Clearly, 7" is a valid
multicast tree, which meets 1) and 2) in Lemma 3. It has the
following property:

Lemma 4. Let T" be the resulting tree after a series of
modifications to T". Then, W (T") < 2W(T") < 2W (Typ)-

O parent(s)

s(u)
s(uy)

o@(s)=max{ o, ), ou,), ow;)}
Fig. 5. The power vertex of s is not in the tree.

Proof. Let U and MJS be the sets of power vertices and
mobile vertices in 7", respectively. We already know that
the weight of each mobile vertex in either 7" or T” is
zero. Therefore, we only pay attention on the weight of
each power vertex in 7" or T". We aim to show that
sumgeensA(s) < 3 cpw(u). Recall that A(s) is the extra
cost associated with s for the transformation from 7" to
T". What we need is to show that the weight of a power
vertex in 7" is used as the extra cost for a mobile vertex
at most once in the construction of 7" as follows:

Given two mobile vertices s; and s; in 77, if
Nr(si) N Np(s;) =0, then A(s;) and A(s;) will not make
use of a weight from the same power vertex in U;
otherwise, it can be seen that Np(s;) N Np(s;) = {v'}
because 7" is a tree. The rest is to show that only A(s;) or
A(s;j) but not both of them uses the weight of «'. This is
illustrated in Fig. 6.

Among all neighboring vertices of v in 7" including
the vertex s;, assume that s; is colored with gray first,
which means that the parent parent(s;) of s; in 7" has
already been determined. Now, assume that the power
vertex u is derived from s; and s; is being visited. If v is
not in 77, a new power vertex u(s;) in T" for s; is
added. The power level of u (or u(s;)) is either its
current power level or set to be a power level with

O parent(s)

-

u(s;)

Fig. 6. An illustration of the proof.
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power w(ug) = Maxy, e Ny (s,)—{parent(s,)} 1@ (U ) }. If ug = u or
uy # u/, then, A(s;) does not use the weight of u'. It is
done. Otherwise, A(s;) = w(u'). Now, we need to show
that the weight w(u') of v’ will not be used again by any
other mobile vertex s; € Np(u') — {s;}. Following the
construction of T", there must be a mobile vertex s(u’)
in 7" for v’ and both (v/,s(¢')) and («/, s;) are the tree
edges. The tree edge (s;,v’) is no longer existent when s;
is colored with black, u(s;) is being visited, or s(u’) is
colored with gray and s; is still white. When s(u’') is
visited for the first time (colored with gray), the extra
power A(s(u')) associated with it is either A(s(u')) =0
or A(s(u')) = maxymen, (s(uw))—fuw} iw@”)} —w(s(u')), and
s(u') is the parent of s; in the resulting tree. Thus,
A(sj) does not use the weight w(u) of «/, which
means that the weight of each power vertex in U is
used as an extra amount of power for a mobile vertex
at most once, in the construction of 7"’. Therefore,
S s Als) < 3, wlu) = W) = W(T') < W(T,,,),

and the weighted sum of the vertices in T"W (1) =

Y sews AS) + 2 cpwlu) <2370 cpw(u) <2W(Thyy). O

In summary, the proposed algorithm is presented below:

Algorithm Mini_Multicast_Tree(NN, L, k)

begin

1. Construct a node-weighed auxiliary, undirected
graph G(V, E,w).

2. Find an approximate, minimum node-weighted
Steiner tree Ty, in G using the algorithm in [16].

3. Modify 1,,, by merging those power vertices derived
from a single mobile vertex into a power vertex.
Let 7" be the resulting tree.

4. Modify T" such that every power vertex is derived
from one of its neighboring vertices. Let 7" be
the resulting tree.

5. Modify T" to make it a valid multicast tree 7"

6. Set the power level for each node in 7", using the
information provided by 7.

end

We thus have the following theorem:

Theorem 1. Given a symmetric wireless ad hoc network
M(N,A) with the power at each node being finitely
adjustable, a source node, and a set D of destination nodes,
there is an approximation algorithm for finding a minimum-
energy multicast tree rooted at the source node and spanning
the nodes in D, which delivers a solution (the sum of
transmission power at nonleaf nodes in the tree) within 41n K
times of the optimum. The algorithm takes O(kK*n?) time,
where K = |D|, k = max]_ {l;}, and l; is the number of power
levels at node v; in N, 1 < i <n.

Proof. Following algorithm Mini_Multicast_Tree,
Step 1 takes O(kn?) time because G contains (k+ 1)n
vertices and kn’ edges at most. Step 2 is the dominant
step in terms of running time, which takes O(K?(kn® +
(k+ 1)nlog(k+1)n)) = O(kK?n?) time by Lemma 1
because G contains (k + 1)n vertices and kn? edges and
there are K destination vertices. From Step 3 to Step 5
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each takes O(n?) time by examining the set of neighbor-
ing vertices of each vertex in a tree, while the tree contains
O(n) vertices and each vertex has O(n) neighboring
vertices. Step 6 takes O(n) time by checking each tree
edge. Thus, the entire algorithm takes O(kK*n?) time.
Note that the dominant step of the proposed algorithm is
Step 2, which is to find an approximate, minimum node-
weighted Steiner tree in a node-weighted undirected
graph. Any improvement on the running time at this step
will improve the running time of the proposed algorithm.

The approximation ratio of the proposed algorithm is
analyzed as follows: It is already known that W (7") <
2W(T,,p) by Lemma 4, while W(T,,,) < 2In KW (T%") by
the approximation algorithm in [16]. Thus, W(T") <
4In KW(T") < 4In KW(T), where the weighted sum of
the vertices in 7" is equal to the sum of the transmission
power at the nodes in the minimum-energy multicast
tree in the symmetric wireless ad hoc network A and
K =|D|. 0

4 APPROXIMATION ALGORITHM WITH INFINITELY
ADJUSTABLE POWER

So far, we have assumed that the transmission power at
each node is finitely adjustable. In this section, we remove
this constraint by assuming that the transmission power at
each node is infinitely adjustable. Under this latter model,
we provide two approximation algorithms for the problem,
which trade-off the running time of the proposed algorithm
and accuracy of the solution obtained.

4.1 An Approximation Algorithm Depending on

Node Power

In this section, we devise an approximation algorithm
whose running time depends on the amount of power at
nodes. The idea behind the proposed algorithm follows:
For a node v; € N, the range of its battery power is
partitioned into a number of power intervals, and each of
these power intervals corresponds to a power level. Let z be
the minimum integer such that 2* > py,(v;) and y the
minimum integer such that pyax(v;) < 2Y. Then, the power
at node v; ranged from pyin(v;) t0 ppas(v;) is divided into
y — o+ 1Lintervals [pum (vi), 2%), [2%, 2" ), .00 (257 pras (01)]-
Therefore, there are y — x + 1 power levels at node v; and
each power level corresponds to a specific range of power.
The problem with the power at each node being infinitely
adjustable then becomes the problem with the power at
each node being finitely adjustable, and this latter case has
already been discussed in the previous section. Therefore,
we have the following theorem:

Theorem 2. Given a symmetric wireless ad hoc network M (N, A)
with the power at each node being infinitely adjustable, a
source node, and a set D of destination nodes, there is an
approximation algorithm for finding a minimum-energy
multicast tree rooted at the source node and spanning the
nodes in D, which delivers a solution (the sum of transmission
power at nonleaf nodes in the tree) within 81n K times of the
optimum. The algorithm takes O(K>n?10g(Pmax/Pmin)) time,
where prax and py, are the maximum and minimum power at
nodes in N and K = |D)|.
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Proof. It is obvious that the maximum number of power
levels at a node in M is k = [1og(Pmax/Pmin)]- Thus, the
analysis of the time complexity is straightforward,
omitted.

In what follows, we analyze the approximation ratio
of the proposed algorithm. Assume that in the optimal
solution of the problem, the power at node v; is pw;.
Let 27 < pw; < 2P*!, Then, the range of the battery
power at node w; is partitioned into a number of
power intervals and each of them corresponds to a
power level, the power interval (or the corresponding
power node) of pw; is either [271,2PT1) or [2°P 1 2Pi+2),
Assume that vertex wu;; is the corresponding power
vertex of v; in the minimum node-weighted Steiner
tree in G, i.e., the transmission power at v; is w(u;;,),
then w(u; ;) < 27! Thus, the approximate solution of
the minimum node-weighted Steiner tree problem is
4K jwluy) <4lmKY L 22t =8InK Y ! 27,
since > pw; > ", 2P, Therefore, the approximate
solution is 8In K times of the optimum. ]

4.2 An Approximation Algorithm Independent of
Node Power

In this section, we provide an approximation algorithm
whose running time is independent of the amount of power
at nodes. Associated with every node v € V, let N(v) be the
set of neighboring nodes of v in the network, i.e., the set of
the mobile nodes that are within the transmission range of v
when v works at its maximum power level. Clearly, there
are at most |N(v)| power levels at v, and the power at the
power level derived from its neighboring node u (u € N(v))
is at least d}, and |N(v)| <n—1. In other words, the
maximum number of power levels at a node is k =n — 1.
Thus, the problem with the power at each node being
infinitely adjustable now becomes the problem with the
power at each node being finitely adjustable. We thus have
the following theorem:

Theorem 3. Given a symmetric wireless ad hoc network M (N, A)
with the power at each node being infinitely adjustable, a source
node, and a set D of destination nodes, there is an
approximation algorithm for finding a minimum-energy
multicast tree rooted at the source node and spanning the
nodes in D, which delivers a solution (the sum of transmission
power at nonleaf nodes in the tree) within 41n K times of the
optimum. The algorithm takes O(K?n?) time, where K = |D|.

Proof. The analysis of the running time complexity and
approximation ratio of the proposed algorithm is similar
to the one given in the proof body of Theorem 2,
omitted. ]

5 CONCLUSIONS

In this paper, we have considered the minimum-energy
multicast tree problem in a symmetric wireless ad hoc
network by devising the first approximation algorithm with
an approximation ratio of 4In K, where K is the number of
destination nodes in a multicast session. The approximation
of the solution delivered by the proposed algorithm is
within a constant factor of the best-possible approximation
achievable in polynomial time unless P = NP.
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