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Abstract—Both Byzantine resilience and communication effi-
ciency have attracted tremendous attention recently for their sig-
nificance in edge federated learning. However, most existing algo-
rithms may fail when dealing with real-world irregular data that
behaves in a heavy-tailed manner. To address this issue, we study
the stochastic convex and non-convex optimization problem for fed-
erated learning at edge and show how to handle heavy-tailed data
while retaining the Byzantine resilience, communication efficiency
and the optimal statistical error rates simultaneously. Specifically,
we first present a Byzantine-resilient distributed gradient descent
algorithm that can handle the heavy-tailed data and meanwhile
converge under the standard assumptions. To reduce the com-
munication overhead, we further propose another algorithm that
incorporates gradient compression techniques to save communica-
tion costs during the learning process. Theoretical analysis shows
that our algorithms achieve order-optimal statistical error rate
in presence of Byzantine devices. Finally, we conduct extensive
experiments on both synthetic and real-world datasets to verify
the efficacy of our algorithms.

Index Terms—Byzantine resilience, communication efficiency,
edge intelligent systems, federated learning.

I. INTRODUCTION

R ECENT years have witnessed the proliferation of smart
edge devices, which leads to an unprecedented amount of

data generated at the network edge. Thanks to the significant
increasing in computation power of edge devices and the ubiq-
uitous deployment of communication infrastructures, data can
be processed locally and aggregated across devices efficiently.
With these merits, it is natural to implement large-scale machine
learning algorithms at edge, which brings about the concept of
edge intelligence and has empowered many emerging applica-
tions that benefit human lives, such as smart city and autonomous
driving.

Due to the widespread concerns over data ownership and
privacy, federated learning (FL), proposed by Google [1], has
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emerged as a popular paradigm for distributed ML model train-
ing, see, e.g., [2], [3], [4]. In edge FL, the data is retained in edge
devices and processed in parallel, thus much more real-time
results can be provided for real-world applications. However,
there remain some practical issues that hinder the successful
implementation of edge FL.

One commonly encountered issue in such large-scale dis-
tributed systems arises from the potential unreliability of edge
devices. Distributing the computation over multiple devices
induces a higher risk of failures. In particular, some devices in
the system may not follow the predefined protocol and exhibit
abnormal behaviors, either actively or passively due to crashes,
malfunctioning hardware, unreliable communication channels
or attacks from adversaries. The inherently unpredictable be-
haviors of faulty devices are usually modeled as Byzantine
fault [5], [6], [7]. It has been shown in [8] that even when the
number of Byzantine devices is small (even only one) and the
value sent by them is moderate and even difficult to detect, the
performance can still be significantly degraded. Thus, Byzantine
resilience has always been a main consideration in the design of
FL frameworks, see, e.g., [9], [10], [11].

Communication overhead is also an important consideration
in edge FL. Typically, edge devices need to upload local results
(gradients or model parameters) to the server for global aggrega-
tion repeatedly. Due to inherently limited bandwidth of wireless
channels, exchanging data between edge devices and the server
will incur heavy communication load and might cause network
congestion, which is especially the case when the device number
is huge. Heavy communication overhead is the major bottleneck
that hinders the parallelism and scalability of FL at edge [12].

In addition, data is a key ingredient in machine learning.
Recent studies, e.g., [13], [14], [15], have shown that heavy-
tailed noises exist widely in practical multi-sensor systems.
Since most data stored in edge devices are collected via various
sensors, it is natural for the data used for training learning
models to be irregular and behave in a heavy-tailed manner.
Furthermore, in many real-world applications, data have been
observed to be heavy-tailed in themselves, especially those from
biomedicine [16], [17] and finance [18], [19]. In a nutshell,
heavy-tailed data can be widespread at edge. Heavy-tailed data
could degrade the performance of learning algorithms (see,
e.g., [20], [21]), and the presence of Byzantine devices could
make things worse for federated training at edge. Unfortu-
nately, existing works on Byzantine resilience in FL all make
strong assumptions on the distribution of loss gradients, for
example, sub-exponential gradients [22], [23], gradients with
bounded skewness [8], or gradients with norm-wise bounded
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variance [24] (see Section I-C for more details). Hence, how to
mitigate the impact of heavy-tailed data on edge FL is an urgent
requirement and still lack investigation.

With the perceptions above, in this paper, we consider Byzan-
tine resilience, communication efficiency and heavy-tailed data
robustness simultaneously for the first time. In particular, we
have the following natural question:

Is there any way to handle the heavy-tailed data for edge
federated learning while retaining the Byzantine resilience, com-
munication efficiency, and the optimal statistical error rates?

In this paper, we provide affirmative answer to the above
question. We design an edge FL framework that is robust
to heavy-tailed data as well as satisfies the requirement of
Byzantine resilience and communication efficiency. Our main
contributions and technical challenges are as follows.

A. Main Contributions

In the first part, we conduct a comprehensive study on
the Byzantine-tolerant distributed gradient descent with heavy-
tailed data under the standard assumptions. In particular, for
heavy-tailed data, we assume that the distribution of loss gra-
dients has only coordinate-wise bounded second-order raw mo-
ment. We establish the high-probability guarantees of statistical
error rate for strongly convex, general convex and non-convex
population risk functions respectively. Specifically, for all the
cases, we show that our algorithm achieves the following statis-
tical error rate1

Õ
(
d2
[
α2

n
+

1

mn

])
,

where α ∈ (0, 1
2 ) is the fraction of Byzantine devices, n is the

size of local dataset on each edge device and m is the number of
edge devices. The error rate above matches the error rate given
in [8] and it has been shown in [8] that, for strongly-convex
population risk functions and a fixed d, no Byzantine-resilient
algorithm can achieve an error lower than Ω̃(α

2

n + 1
mn ), which

implies that our algorithm still achieve order-wise optimality in
terms of (α, n,m), even in the presence of heavy-tailed data.

In the second part, we study how to further retain the optimal
statistical error rates under the requirement of both Byzan-
tine resilience and communication efficiency. To achieve the
communication efficiency, we adopt the technique of gradi-
ent compression and consider a generic class of compressors
called δ-approximate compressor. Based on this, we propose
a communication-efficient and Byzantine resilient distributed
gradient descent algorithm with heavy-tailed data. In this case,
our statistical error rates becomes

Õ
(
d2
[
α2

n
+

1− δ

n
+

1

mn

])
,

where δ is the compression factor, and when δ = 1 (which
implies no compression), the error rate becomes Õ(α2

n + 1
mn ),

which means that the compression term has no order-wise con-
tribution to the error rate.

1.Throughout this paper, the notations Õ(·) and Ω̃(·) hide logarithmic factors.

B. Technical Challenges

When only considering the Byzantine resilience, a natural and
direct idea to address the problem under the heavy-tailed data
setting is to replace the robust aggregator used by the server with
some state-of-art robust mean estimators that can deal with the
data with coordinate-wise bounded second moment, like [25],
[26], [27]. Unfortunately, as far as we know, these robust mean
estimators are not appropriate for the edge FL settings due to the
following reasons. First, they typically limit the corrupted data
to a small fraction, which is usually not the case at edge. Second,
to analyse the statistical error rate of the learning algorithm, it
requires the estimators to have certain continuity property so
that the uniform estimation error can be bounded. The reason
why the uniform error bound is needed is due to the fact that the
analysis of these robust mean estimators relies on the assumption
of i.i.d. data. In FL, this means the gradients computed using
the training dataset should be i.i.d., which is true for a given
model parameter. However, the model parameter is updated
iteratively based on the training dataset and thus the parameters
across the iterations are highly dependent on each other. As a
result, in any iteration t > 1, the gradients computed using the
training dataset are no longer i.i.d.. Hence, we have to establish
uniform concentration to bound the estimation error for all pos-
sible parameters simultaneously. It is still unclear whether these
existing estimators can achieve the uniform convergence. In this
paper, to solve the problem, we let the server and the devices
jointly estimate the expected loss gradient in each iteration. At
the device end, each device first performs a robust local mean
estimator based on soft truncation and noise smoothness, which
is motivated by [20]. Then the central machine aggregates the
gradient estimates by coordinate-wise trimmed mean to rule
out the outliers caused by Byzantine nodes. Based on this,
we propose an efficient and more robust distributed gradient
descent algorithm. The major challenge in analysis is to bound
the uniform error when the local gradient estimator is combined
with the coordinate-wise trimmed mean. We overcome this by
first analysing the point-wise error bound for each coordinate and
then using the coordinate-wise continuity of the local gradient
estimator to obtain the uniform error bound for each coordinate
via the covering arguments.

When further considering the gradient compression, we let
the server perform a norm-based trimmed mean to aggregate the
compressed local estimators. The key challenge here becomes
to analyse the uniform error bound for the combination of
the compressed local gradient estimator and the norm-based
trimmed mean. After introducing the gradient compression,
the trimming process becomes norm-based and our previous
”coordinate-wise” analysis no longer applies. Thus we have to
adopt a different analysis. To tackle this problem, we build up on
the techniques of [23] to directly bound the uniform error of the
local estimator and then consider the impact of the compression.

C. Related Work

To cope with Byzantine attacks in distributed learning setting,
most solutions rely on the outlier-robust estimators for aggre-
gation, such as coordinate-wise median [8], coordinate-wise
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mean [8], geometric median [22], [28] and majority voting [29],
[30], instead of vanilla averaging. Also, there are works devel-
oping robust aggregators by combining the ideas of these robust
estimators. For example, [31] proposed Krum based on the ideas
of majority voting and geometric median, and [32] proposed
Bulyan that ensures majority agreement on each coordinate of
the aggregated gradients by combining Krum and coordinated-
wise trimmed mean. A critical issue in these approaches is that
their convergence guarantees rely on strong assumptions on gra-
dient distributions. In particular, [24] provided some examples
to show that these approaches do not obtain the true optimum
especially when dealing with heavy-tailed distributions. To fix
it, [24] proposed to utilize worker momentum and just assumed
norm-wise bounded variance for loss gradients. Inspired by
this, recent work [9] further investigated distributed momentum
for Byzantine learning under the norm-wise bounded variance
assumption. However, this assumption still implies that data
are well-behaved to some extent. According to recent empirical
findings, e.g., [33], the gradient noise could be α-stable random
variable with extremely heavy tails. In this paper, we take the
first step for dealing with more extremely heavy-tailed data (or
gradients) under the assumption that the loss gradients have only
coordinate-wise bounded second raw moment.

To the best of our knowledge, there are quite limited works
focusing on Byzantine resilient learning and gradient compres-
sion simultaneously, except for a few notable exceptions of [11],
[23], [34]. [34] assumed that all devices have access to the same
data and their method can only tolerate blind multiplicative
adversaries (i.e., adversaries that must determine how to corrupt
the gradient before observing the true gradient and can only
multiply each coordinate of the true gradient by arbitrary scalar).
In contrast, we consider stronger adversaries and a more general
setting where different devices have different local datasets. [23]
proposed algorithms that combined the robust aggregators and
gradient compression together, and introduced error feedback
to further reduce the communication costs. However, their
convergence guarantees rely on the sub-exponential gradients
assumption, which makes their methods not applicable to our
setting. Lately, [11] considered the Byzantine resilience and
communication efficiency issues together in the heterogeneous
data setting. Unfortunately, their results also rely on the norm-
wise bounded variance assumption for loss gradients, while we
relax this assumption in this work.

D. Road Map

The remaining part of the paper is organized as follows.
The formal problem definition and system model are given in
Section II. In Section III, we propose a distributed gradient
descent algorithm that is robust to both Byzantine fault and
heavy-tailed training data. We show that our proposed algorithm
can achieve the optimal statistical error rates. In Section IV, we
consider how to further reduce the communication overheads,
and propose a modified algorithm by introducing the gradient
compression schemes. The optimal statistical error rates are
shown to be retained. In Section V, we report the experimental
results. Finally, we conclude the paper in Section VI.

II. PROBLEM SETUP AND PRELIMINARIES

A. Edge Federated Learning Problem

We consider the stochastic convex and non-convex optimiza-
tion problem. Formally, letW ⊆ Rd be the parameter space con-
taining all the possible model parameters andD be an unknown
distribution over the data universe Z . Given a loss function
� :W ×Z → R, where �(w, z) measures the risk induced by
data z under the model parameter choice w, and a dataset
D = {z1, z2, . . . , zN}, where zi’s are i.i.d. samples from the
distribution D over Z , the goal is to learn an optimal parameter
choice w∗ ∈ W that minimizes the population risk RD(w), i.e.,

w∗ ∈ arg min
w∈W

RD(w) � Ez∼D[�(w, z)]
2. (1)

2 Note that since the data distributed D is unknown, the
population risk function RD(·) is typically unknown in practice.
Hence, we cannot compute w∗ straightforwardly by solving the
minimization problem in (1) with gradient descent (GD).

We focus on solving the above stochastic optimization prob-
lem over an edge intelligent system via the federated learning
framework. The edge intelligent system consists of an edge
server and m edge devices. We assume that the total N training
data are evenly distributed across the m devices such that each
worker machine holds n = N

m data 3.
We consider a synchronous distributed system where the

server can communicate with devices in each round. Among the
m devices, at most α (α < 1

2 ) fraction of devices are Byzantine
and the rest 1− α fraction are normal/good. In each round,
the good devices will follow the predefined protocols faithfully.
While for Byzantine ones, we have the following assumptions.
First, we assume that the set of Byzantine devices can be dynamic
throughout the learning process. We denote the Byzantine de-
vices in round t as Bt and the remaining good devices as Gt.
Second, we assume the Byzantine devices to be omniscient, i.e.,
they have complete knowledge of the system and the learning
algorithm, and have access to the computations made by the rest
good devices. Third, the Byzantine devices need not obey any
predefined protocols and can send arbitrary message to the server
(maybe send nothing at all) in each round. Moreover, Byzantine
devices can even collude with each other. The only limit on
Byzantine devices is that these devices cannot contaminate the
local dataset.

B. Preliminaries

We first review some key concepts in optimization.
Definition 1 (Lipschitzness). A function f :W → R is L-

Lipschitz if for ∀w1, w2 ∈ W

|f(w1)− f(w2)| ≤ L‖w1 − w2‖2.

2.We assume that RD(w) � Ez∼D[�(w, z)] is well-defined for every w ∈
W .

3.Although this is a simplified assumption on data balance over devices, our
results can be easily extended to the heterogeneous data sizes setting provided
the data sizes are of the same order. The same assumption has been adopted by
many related works (e.g. [8], [22], [23]).
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Definition 2 (Strong Convexity). A function f is a-strongly
convex onW if for ∀w1, w2 ∈ W

f(w1) ≥ f(w2) + 〈∇f(w2), w1 − w2〉+
a

2
‖w1 − w2‖22.

Definition 3 (Smoothness). A function f is b-smooth onW if
for ∀w1, w2 ∈ W

f(w1) ≤ f(w2) + 〈∇f(w2), w1 − w2〉+
b

2
‖w1 − w2‖22.

Definition 4 (Projection). Given a convex set W ⊆ Rd, the
projection of any θ ∈ Rd toW is denoted by∏

W
θ = arg min

w∈W
‖θ − w‖.

We make use of the following assumptions in the paper.
Assumption 1. The parameter space W is closed, convex,

and bounded with diameter Δ, i.e., for ∀w1, w2 ∈ W , ‖w1 −
w2‖2 ≤ Δ.

Assumption 2. The population risk function RD(w) is LR-
smooth for ∀w ∈ W , where LR is a known constant.

Assumption 3. For any given data z ∈ Z , the loss gradient
∇�(w, z) satisfies that for each coordinate k ∈ [d],∇k�(w, z) is

Lk-Lipschitz. Let L̂ �
√∑d

k=1 L
2
k.

The above three assumptions are quite standard and has been
commonly adopted in the previous works, e.g., [8], [23]. Further-
more, we make the following assumption for heavy-tailed data.
Specifically, for any parameter w, we assume that loss gradients
have only coordinate-wise bounded second raw moments.

Assumption 4. For any given w ∈ W and each coordinate
k ∈ [d], Ez∼D[∇2

k�(w, x)] ≤ v, where v is a known constant.
We note that this assumption is reasonable and has been used

in some other learning problems with heavy-tailed data as well,
e.g., [20], [35], [36], [37]. We provide a concrete example of
classical linear regression to validate this.

Example. Consider a linear regression model y = 〈w∗, x〉+
ξ, where x ∈ Rd is the feature vector and y ∈ R is the label, and
ξ is the noise. For the noise, we assume that ξ is independent of
x, and satisfies: 1) E[ξ] = 0; 2) E[ξ2] ≤ c1 for some constant c1.
For the feature vector, we assume that the coordinates of x =
(x1 . . . , xd) are independent of each other, and x satisfies: 1)
E[x] = 0; 2) E[‖x‖22] ≤ c2 for some constant c2; 3) for∀k ∈ [d],
E[x4

k] ≤ c3 for some constant c3. We consider the quadratic loss
function �(w, (x, y)) = 1

2 (y − 〈w, x〉)2, then∇k�(w, (x, y)) =
(y − 〈w, x〉)xk. By some simple computation, we have for all
w ∈ W that

E[∇2
k�(w, (x, y))]

= E[(y − 〈w, x〉)2x2
k] = E[(〈w∗ − w, x〉+ ξ)2x2

k]

= E[〈w∗ − w, x〉2x2
k] + E[ξ2] · E[x2

k]

≤ ‖w∗ − w‖2E[x2
k · ‖x‖22] + E[ξ2] · E[x2

k]

≤ Δ2E[x2
k · ‖x‖22] + E[ξ2] · E[x2

k] < Δ2(c3 + c22) + c1 · c2
where the third equality is because ξ is independent of x and
E[ξ] = 0, and the second inequality is due to Assumption 1.
It can be seen from above that the loss gradient only has

coordinate-wise bounded second moment, which validates As-
sumption 4. Furthermore, denote the bound we got by C. Then
the norm-wise variance of the loss gradient in our example is
bounded as E[‖∇�(w, (x, y))‖22] ≤ d · C, which is proportional
to the dimension d. In contrast, bounded norm-wise variance
assumption used in previous works only assumed it to be a
universal constant, which indicates that our Assumption 4 is
weaker and thus more general.

III. BYZANTINE-RESILIENT HEAVY-TAILED GRADIENT

DESCENT

In this section, we study how to handle the heavy-tailed data
while retaining the Byzantine resilience and the statistical error
rate. We propose a Byzantine-resilient heavy-tailed gradient
descent algorithm called BHGD.

A. Algorithm Design

Since RD(·) is unknown, it is infeasible to apply gradient
descent algorithm directly due to the impossibility to compute
the exact population risk gradient ∇RD(·). A natural alterna-
tive way is to estimate ∇RD(·) using the data samples D =
{z1, z2, . . . , zN}. In our algorithm, the estimation is done jointly
by devices and the central server. Each device first calculates a
local estimate of ∇RD(·) (for simplicity, we denote the local
estimator of device i ∈ [m] by gi(·)) from its local dataset and
sends the local estimation to the server. The server aggregates
the received {g1, g2, . . . , gm} by coordinate-wise trimmed mean
and then updates the parameter vector (see Algorithm 1 for
details).

The local gradient estimator in our algorithm is inspired by
the robust mean estimator for heavy-tailed distribution given
in [20]. To be self-contained, we first review the estimator. For
simplicity, we consider a one-dimensional random variable x ∼
X and assume that x1, x2, . . . , xn are i.i.d. samples of x. The
robust estimator consists of three steps:

1) Scaling and Truncation For each sample xi, we re-scale it
by dividing s and apply a soft truncation function φ on the
re-scaled one. Then we calculate the empirical mean of
the altered samples and put the mean back to the original
scale. That is

s

n

n∑
i=1

φ
(xi

s

)
≈ E[x].

2) Noise Multiplication Let ε1, . . . , ε2 be independent ran-
dom noise generated from a common distribution ν with
E[εi] = 0 for each. We multiply each sample xi by (1 +
εi), and then perform the scaling and truncation step on
xi · (1 + εi). That is

x̃(ε) =
s

n

n∑
i=1

φ

(
xi + εixi

s

)
.

3) Noise Smoothing We smooth the multiplicative noise via
taking the expectation with respect to the noise distribution

Authorized licensed use limited to: CITY UNIV OF HONG KONG. Downloaded on August 31,2023 at 05:17:16 UTC from IEEE Xplore.  Restrictions apply. 



2604 IEEE TRANSACTIONS ON COMPUTERS, VOL. 72, NO. 9, SEPTEMBER 2023

Algorithm 1: Byzantine-Resilient Heavy-Tailed Gradient
Descent (BHGD).
Input: Initial parameter vector w0 ∈ W , step size η, time

horizon T .
Initialize: ζ ← 1

(Δn̂L)d(m+1)d(mn)d
, s←

√
nv

2 log(1/ζ) , τ ←√
2 log(1/ζ).

1: for t← 0, 1, . . . , T − 1 do
2: Server: Send wt to all the worker machines
3: Each good device i ∈ Gt do in parallel:

1) Computes local estimate of gradient gi(wt).
Specifically, for ∀k ∈ [d],

gi,k(wt)←
1

n

n∑
j=1

[
g

(
1− g2

2s2τ

)
− g3

6s2

]

+
s

n

n∑
j=1

C

(
g

s
,
|g|
s
√
τ

)
,

where g denotes ∇k�(wt, xj).
2) Sends gi(wt) to the central machine

4: Server:
1) For each k ∈ [d]:

• Sorts gi,k(wt)’s in a non-decreasing order.
• Removes the largest and smallest β fraction of

elements in {gi,k(wt)}mi=1 and denotes the
indices of the remaining elements as Uk,t

• Aggregates by

gk(wt) =
1

|Uk,t|
∑
i∈Uk,t

gi,k(wt)

and denotes g(wt) = (g1(wt), . . . , gd(wt)).
2) Updates the parameter by

wt+1 =
∏
W

(wt − η · g(wt))

5: end for

ν. That is

x̂ = E[x̃(ε)] =
s

n

n∑
i=1

∫
φ

(
xi + εixi

s

)
dν(εi). (2)

We note that the randomness in final estimator in (2) is only
dependent on the original samples. The explicit form of the
integral in (2) is related to the choice of the soft truncation
function φ(·) and the noise distribution ν. The results in [38]
shows that, if we set φ to be

φ(x) =

⎧⎪⎨⎪⎩
2
√
2

3 , x >
√
2

x− x3

6 , −
√
2 ≤ x ≤

√
2

− 2
√
2

3 , x < −
√
2

(3)

and set ν = N (0, 1
τ ), then the integral in (2) has an explicit form

such that it can be computed efficiently. Generally, for any a and

b, we have

Eν [φ(a+ b
√
τε)] = a

(
1− b2

2

)
− a3

6
+ C(a, |b|). (4)

The term C(a, |b|) in (4) is a correction term with a simple
form. To give its explicit form, We first define some preparatory
notations

V− �
√
2− a

|b| , V+ �
√
2 + a

|b| ,

F− � Φ(−V−), F+ � Φ(−V+),

E− � exp

(
−V 2

−
2

)
, E+ � exp

(
−V 2

+

2

)
,

where Φ denotes the CDF of the standard Gaussian distribution.
Then with these atomic elements, the explicit form of C(a, |b|)
can be described as follows:

C(a, |b|) = T1 + T2 + T3 + T4 + T5,

where

T1 � 2
√
2

3
(F− − F+)

T2 � −
(
a− a3

6

)
(F− + F+)

T3 � |b|√
2π

(
1− a2

2

)
(E+ − E−)

T4 � ab2

2

(
F+ + F− +

1√
2π

(V+E+ + V−E−)

)
T5 � |b|3

6
√
2π

((2 + V 2
− )E− − (2 + V 2

+)E+).

The main idea of Algorithm 1 is that, instead of using em-
pirical mean as the local estimator which may be subject to
the heavy-tailed outliers, we let each device apply the one-
dimensional robust mean estimator described above to each
coordinate of its local loss gradients so that a more accurate local
estimator gi(·) for∇RD(·) can be obtained. Specifically, in our
setting, the parameter a, b in (4) should be ∇k�(wt,xj)

s ,
∇k�(wt,xj)

s
√
τ

respectively, and the final estimator is described in step 3(1) in
Algorithm 1. The server then uses the coordinate-wise trimmed
mean to aggregate these local estimators and obtain a global
estimator g(·) for∇RD(·) (step 4(1)). Note that, since the trim-
ming threshold β is at least α, the trimming operation ensures
that the effect of Byzantine devices can be removed and hence
the global estimator g(·) is close to∇RD(·).

B. Theoretical Results

In this part, we analyse the performance of Algorithm 1.
Specifically, we study the statistical error rates for strongly con-
vex, general convex and non-convex population risk function re-
spectively. For strongly-convex and general-convex case, we fo-
cus on the excess population risk, i.e., RD(wT )−RD(w

∗). For
non-convex case, we focus on the rate of convergence to a critical
point of the population risk, i.e., mint=0,1,...,T ‖∇RD(wt)‖2.
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For all the cases, we provide the high probability upper bounds
on these error rates.

The analysis of the error rates relies on the gradient estimation
error in each iteration t ∈ [T ], i.e., ‖g(wt)−∇RD(wt)‖. Hence
the key step is to bound the uniform error of g(w) for allw ∈ W .
Specifically, we have the following high probability bound on
‖g(w)−∇RD(w)‖2 for all w ∈ W .

Lemma 1. For all w ∈ W , it holds with probability at least
1− 1

(mn)d
that

‖g(w)−∇RD(w)‖2 ∈ O
(
αd

√
log(mn)

n
+ d

√
log(mn)

mn

)
.

We now provide statistical error rates for our algorithm.
Strongly Convex Population Risks. We first consider the case

where the population risk function RD(·) is strongly convex.
Note that the loss function for each data �(·, z) need not be
strongly convex.

Theorem 1. Suppose Assumption 1, 2, 3 and 4 hold, and
RD(·) is λR-strongly convex. Choose step size η = 1

LR
and

run Algorithm 1 for T rounds, then with probability at least
1− 1

(mn)d
, we have the following bound on excess population

risk,

RD(wT )−RD(w
∗)

≤ LR

(
1− λR

LR + λR

)2T

‖w0 − w∗‖22 +
4LR

λ2
R

E2,

where E ∈ O
(
αd
√

log(mn)
n + d

√
log(mn)

mn

)
.

General Convex Population Risks. For the general convex
population risk case, we need a mild technical assumption on
the size of the parameter spaceW .

Assumption 5. The parameter spaceW contains the following
�2 ball centered at w∗:

{w ∈ Rd : ‖w − w∗‖2 ≤ 2‖w0 − w∗‖2}.

Then we have the following result on excess population risk
function.

Theorem 2. Suppose Assumption 1, 2, 3, 4 and 5 hold, and
RD(·) is convex. Choose step size η = 1

LR
and run Algorithm 1

for T = LR

E ‖w0 − w∗‖2 rounds, then with probability at least
1− 1

(mn)d
, we have the following bound on excess population

risk,

RD(wT )−RD(w
∗) ≤ 16ΔE + 1

2LR
E2,

where E ∈ O
(
αd
√

log(mn)
n + d

√
log(mn)

mn

)
.

Non-Convex Population Risks. For the non-convex population
risk case, we need a slightly distinct technical assumption on the
size ofW .

Assumption 6. Suppose that for all w ∈ W , ‖∇RD(w)‖2 ≤
G. We assume thatW contains the �2 ball centered at the initial
parameter w0

{w ∈ Rd : ‖w − w0‖2 ≤ 2
G+ E
E2 [RD(w0)−RD(w

∗)]}.

We have the following guarantee on the rate of convergence
to a critical point of the population risk RD(·).

Theorem 3. Suppose Assumption 1, 2, 3, 4 and 6 hold. Choose
step size η = 1

LR
and run Algorithm 1 for T = 2LR

E2 [RD(w0)−
RD(w

∗)] rounds, then with probability at least 1− 1
(mn)d

, we
have

min
t=0,...,T

‖∇RD(wt)‖2 ≤
√
2E ,

where E ∈ O
(
αd
√

log(mn)
n + d

√
log(mn)

mn

)
.

It can be seen from the results above that, for all the cases,
our algorithm achieves an error rate of Õ

(
d2
[
α2

n + 1
mn

])
.

The error rate we obtain matches the error rates given in [8].
It has been shown in [8] that, for strongly-convex population
risk functions and a fixed d, no algorithm can achieve an error

lower than Ω̃
(

α2

n + 1
mn

)
, which implies that our algorithm is

order-wise optimal in terms of (α, n,m) in this case, even when
considering the heavy-tailed data.

C. Analysis of Algorithm 1

Notation: Recall that we denote the Byzantine devices and
the good devices in round t as Bt and Gt respectively. Moreover,
we use Uk,t and Tk,t to denote the untrimmed devices and the
trimmed devices with respect to coordinate k in round t. For
notation simplicity, we will drop the subscript twhen the context
is clear.

1) Proof of Lemma 1: To prove Lemma 1, we require the
following two lemmas related to local estimators gi(·)’s. The
following two Lemmas show that gi,k(w) is concentrated around
∇kRD(w) for all good devices i ∈ G, any fixed coordinate k ∈
[d] and any fixed parameter w ∈ W .

Lemma 2. For any fixed w ∈ W and coordinate k ∈ [d], the
following holds with probability at least 1−m · ζ

max
i∈G
|gi,k(w)−∇kRD(w)| ≤

√
2v log(1/ζ)

n
+

√
v

n
. (5)

Lemma 3. For any fixed w ∈ W and coordinate k ∈ [d], the
following holds with probability at least 1− ζ∣∣∣∣∣ 1|G|∑

i∈G
gi,k(w)−∇kRD(w)

∣∣∣∣∣≤√ 2v log(1/ζ)
(1−α)mn +

√
v

(1−α)mn .

(6)
Proof of Lemma 2. The one-dimension estimator defined in

(2) has the following pointwise accuracy, which is given in [20]:
Lemma 4. [20, Lemma 2] Consider the dataset {xi}ni=1 where

xi are i.i.d. samples drawn from distribution X . Assume that
X has finite second-order moment and EX [|x|2] ≤ v. Then
with probability at least 1− ζ, the estimator x̂ defined in (2)
using truncation function defined in (3), noise distribution ν =

N
(
0, 1

τ

)
and scale s =

√
nv

2 log(1/ζ) satisfies

|x̂− EX [x]| ≤
√

2v log(1/ζ)

n
+

√
v

n
.
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According to Lemma 4, we have for any i ∈ G, k ∈ [d] and
w ∈ W that, with probability at least 1− ζ

|gi,k(w)−∇kRD(w)| ≤
√

2v log(1/ζ)

n
+

√
v

n
.

Then by taking union bound over all good devices i ∈ G, we
have with probability at least 1−m · ζ that

max
i∈G
|gi,k(w)−∇kRD(w)| ≤

√
2v log(1/ζ)

n
+

√
v

n
,

which concludes the proof. �
Proof of Lemma 3. By Lemma 4, we have with probability at

least 1− ζ that,∣∣∣∣∣ 1|G|∑
i∈G

gi,k(w)−∇kRD(w)

∣∣∣∣∣ ≤
√

2v log(1/ζ)

|G|n +

√
v

|G|n.

Since |G| ≥ (1− α)m, we obtain with probability at least 1− ζ
that∣∣∣∣∣ 1|G|∑

i∈G
gi,k(w)−∇kRD(w)

∣∣∣∣∣≤√ 2v log(1/ζ)
(1−α)mn +

√
v

(1−α)mn ,

which concludes the proof. �
With Lemmas 2 and 3, we are now ready to prove Lemma 1.
Due to Lemmas 2 and 3, we already have (5) and (6)

hold for any fixed w ∈ W and k ∈ [d]. Next, to extend the
pointwise accuracy to the uniform accuracy that holds for all
w ∈ W , we need to utilize the standard covering net argument.
Let Wε = {w1, w2, . . . , wNε} be a finite subset of W such
that for any w ∈ W , there exists some wp ∈ Wε satisfying
‖w − wp‖2 ≤ ε. According to the basic property of covering
numbers for compact subsets of euclidean space [39], we know

that Nε ≤
(
3Δ
2ε

)d
. Take the union bound, we have both (5) and

(6) hold for any k ∈ [d] and all w = wp ∈ Wε with probability
at least 1−Nε(m+ 1)ζ.

Then consider an arbitrary w ∈ W . Suppose that ‖w −
wp‖2 ≤ ε. Since in Assumption 3, we assume that for each
k ∈ [d], ∇k�(w, z) is Lk-Lipschitz for all data z, we know that

|∇kRD(w)−∇kRD(w
p)| ≤ Lkε. (7)

According to [20, Lemma 4], the one-dimension estimator
defined in (2) satisfies that |x̂(X)− x̂(X ′)| ≤ cν

n ‖X −X ′‖1
where X,X ′ denote two datasets and cν is a constant that equals

1− 2Φ(−√τ) +
√

2
τπ exp

(
− τ

2

)
. For each coordinate k ∈ [d]

we have

|gi,k(w)− gi,k(w
p)| ≤ cν

n

n∑
j=1

|∇k�(w, zj)−∇k�(w
p, zj)|

≤ cν
n
· n · Lk‖w − wp‖2 ≤ cνLkε, (8)

where the second inequality is due to Assumption 3. Based on
(7) and (8), we obtain for any k ∈ [d] and all w ∈ W that, with
probability at least 1−Nε(m+ 1)ζ

max
G
|gi,k(w)−∇kRD(w)|

≤
√

2v log(1/ζ)

n
+

√
v

n
+ (1 + cν)Lkε, (9)

and∣∣∣∣∣ 1|G|∑
i∈G

gi,k(w)−∇kRD(w)

∣∣∣∣∣
≤
√

2v log(1/ζ)

(1− α)mn
+

√
v

(1− α)mn
+ (1 + cν)Lkε. (10)

We next move on to g(·). We have the following for allw ∈ W
and any coordinate k ∈ [d]

|gk(w)−∇kRD(w)|

=

∣∣∣∣∣ 1

|Uk|
∑
i∈Uk

(gi,k(w)−∇kRD(w))

∣∣∣∣∣
≤ 1

|Uk|

∣∣∣∣∣∑
i∈G

(gi,k(w)−∇kRD(w))

∣∣∣∣∣
+

1

|Uk|

∣∣∣∣∣ ∑
i∈G∩T

(gi,k(w)−∇kRD(w))

∣∣∣∣∣
+

1

|Uk|

∣∣∣∣∣ ∑
i∈B∩Uk

(gi,k(w)−∇kRD(w))

∣∣∣∣∣. (11)

We bound each term in (11) respectively. By (10) we have

1

|Uk|

∣∣∣∣∣∑
i∈G

(gi,k(w)−∇kRD(w))

∣∣∣∣∣
=
|G|
|Uk|

∣∣∣∣∣ 1|G|∑
i∈G

(gi,k(w)−∇kRD(w))

∣∣∣∣∣
≤ 1− α

1− 2β

(√
2v log(1/ζ)

(1− α)mn
+

√
v

(1− α)mn
+(1 + cν)Lkε

)
.

(12)

By (9), we have

1

|Uk|

∣∣∣∣∣ ∑
i∈G∩T

(gi,k(w)−∇kRD(w))

∣∣∣∣∣
≤ 2β

1− 2β
max
i∈G
|gi,k(w)−∇kRD(w)|

≤ 2β

1− 2β

(√
2v log(1/ζ)

n
+

√
v

n
+ (1 + cν)Lkε

)
. (13)

Since β ≥ α, w.l.o.g., we assume that G ∩ Tk �= ∅. Then by (9)
again, we have

1

|Uk|

∣∣∣∣∣ ∑
i∈B∩Uk

(gi(w)−∇RD(w))
∣∣∣∣∣

≤ α

1− 2β
max
i∈G
|gi,k(w)−∇kRD(w)|
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≤ α

1− 2β

(√
2v log(1/ζ)

n
+

√
v

n
+ (1 + cν)Lkε

)
. (14)

It is worth noting that, all (12), (13) and (14) hold as long as both
(9) and (10) hold, which is with probability at least 1−Nε(m+
1)ζ. Hence, With the same probability, we have the following
for all w ∈ W and any k ∈ [d]:

|gk(w)−∇kRD(w)|

≤ α+ 2β

1− 2β

(√
2v log(1/ζ)

n
+

√
v

n
+ (1 + cν)Lkε

)

+
1− α

1− 2β

(√
2v log(1/ζ)
(1−α)mn +

√
v

(1−α)mn + (1 + cν)Lkε

)
.

Taking the union bound for all k ∈ [d] yields

‖g(w)−∇RD(w)‖2

≤
√
2 ·
(
α+ 2β

1− 2β

√
2vd log(1/ζ)

n
+

α+ 2β

1− 2β

√
vd

n

+
1− α

1− 2β

√
2vd log(1/ζ)

(1− α)mn
+

1− α

1− 2β

√
vd

(1− α)mn

+
1 + 2β

1− 2β
(1 + cν)L̂ε

)
, (15)

which holds for allw ∈ W with probability at least 1−Nε(m+

1)dζ. Setting ε = 3

2n̂L
and noting that Nε = (ΔnL̂)d, ζ =

1

(Δn̂L)d(m+1)d(mn)d
, we obtain for all w ∈ W that, with proba-

bility at least 1− 1
(mn)d

‖g(w)−∇RD(w)‖2 ∈ O
(
αd

√
log(mn)

n
+ d

√
log(mn)

mn

)
.

(16)
The proof of Theorems 1, 2 and 3 are mainly technical, hence

we omit them here and put them in the full version of the
paper [40].

IV. BYZANTINE-RESILIENT HEAVY-TAILED GRADIENT

DESCENT WITH COMPRESSION

In this section, we study how to further reduce the communi-
cation overhead in addition to retaining the Byzantine resilience
and the statistical error rate. Based on BHGD, we introduce gra-
dient compression and propose Byzantine-resilient heavy-tailed
gradient descent with compression, which is called BHGD-C.

A. Algorithm Design

To reduce the communication cost, we adopt the technique of
gradient compression. For the compression scheme, we consider
a generic class of compression operators called δ-approximate
compressors, just as the recent work [23] did. The formal defi-
nition for the compressors is given below.

Definition 5 (δ-Approximate Compressor). An operator
Q(·) : Rd → Rd is said to be an δ-approximate compressor on

Algorithm 2: Byzantine-Resilient Heavy-Tailed Gradient
Descent With Compression (BHGD-C).

Input: Initial parameter vector w0 ∈ W , compressor Q(.),
step size η, time horizon T .

Initialize: ζ ← 1
2(Δ
√
mn)dd(mn)d

,

s←
√

nv
2 log(1/ζ) , τ ←

√
2 log(1/ζ).

1: for t← 0, 1, . . . , T − 1 do
2: Server: Send wt to all the worker machines
3: Each good device i ∈ Gt do in parallel:

1) Computes local estimate of gradient gi(wt).
Specifically, for ∀k ∈ [d],

gi,k(wt)←
1

n

n∑
j=1

[
g

(
1− g2

2s2τ

)
− g3

6s2

]

+
s

n

n∑
j=1

C

(
g

s
,
|g|
s
√
τ

)
,

where g denotes ∇k�(wt, xj).
2) Sends Q(gi(wt)) to the central machine.

4: Server:
1) Sorts Q(gi(wt))’s in a non-decreasing order

according to ‖Q(gi(wt))‖2
2) Denotes the indices of the first 1− β fraction of

elements as Ut
3) Aggregates the gradients through the trimmed

mean: g(wt) =
1
|Ut|
∑

i∈Ut Q(gi(wt))
4) Updates the parameter by

wt+1 =
∏
W

(wt − η · g(wt))

5: end for

a set S ⊆ Rd if ∀x ∈ S

‖Q(x)− x‖22 ≤ (1− δ)‖x‖22,

where δ ∈ (0, 1] is the compression factor.
The compression factor δ measures the degree of compression

and δ = 1 implies Q(x) = x, which means no compression.
There are many compressors satisfying the definition, such as
Top-k Sparsification [41], k-PCA [42], Randomized Quantiza-
tion [43], 1-bit Quantization [29], �1-norm Quantization [44],
etc.

In Algorithm 2, we let each non-Byzantine device compress
its estimate for loss gradient by a δ-approximate compressor
Q(·) before sending it to the server (step 3(2)). No restriction
is placed on Byzantine devices. Note that, in Algorithm 2, the
aggregation rule used by the server is different from that of
Algorithm 1. Now the server performs a norm-based trimmed
mean (i.e., to trim the gradients according their norm values,
see step 4(1)–4(2)). By doing this, the server eliminates only β
(β ≥ α) fraction of local gradient estimators instead of 2β as
in Algorithm 1. And we believe this will bring a more accurate
estimation for the server.
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B. Theoretical Results

In this part, we analyse the influence of the gradient compres-
sion on the learning performance. Throughout the analysis, we
need an additional mild assumption on population risk function
RD(·).

Assumption 7. For all w ∈ W , ‖∇RD(w)‖2 ≤ G, where G
is a constant.

Note that, while the loss gradients are unbound, it is realistic
to assume that the expected gradient (i.e., the population risk
gradient) is inside a ball with some radius G.

Before presenting the statistical error rates, We first analyse
the uniform accuracy of g(w) for all w ∈ W .

Lemma 5. With Assumption 7, for all w ∈ W , it holds with
probability at least 1− 1

(mn)d
that

‖g(w)−∇RD(w)‖2

∈ O
(
(α+

√
1− δ)d

√
log(mn)

n
+ d

√
log(mn)

mn

)
. (17)

Next, we provide the main results on the error rates.
Strongly Convex Population Risks. Note that the loss function

for each data �(·, z) need not be strongly convex. The upper
bound on the excess population risk is as follows.

Theorem 4. Suppose Assumption 1, 2, 3, 4 and 7 hold, and
RD(·) is λR-strongly convex. Choose step size η = 1

LR
and run

Algorithm 2 for T rounds, then with probability at least 1−
1

(mn)d
, we have the following bound on excess population risk

RD(wT )−RD(w
∗)

≤ LR

(
1− λR

LR + λR

)2T

‖w0 − w∗‖22 +
4LR

λ2
R

Ẽ2,

where Ẽ ∈ O
(
(α+

√
1− δ)d

√
log(mn)

n + d
√

log(mn)
mn

)
.

General Convex Population Risks. We have the following
upper bound on excess population risk function.

Theorem 5. Suppose Assumption 1, 2, 3, 4, 5 and 7 hold, and
RD(·) is convex. Choose step size η = 1

LR
and run Algorithm 1

for T = LR

˜E ‖w0 − w∗‖2 rounds, then with probability at least

1− 1
(mn)d

, we have the following bound on excess population
risk,

RD(wT )−RD(w
∗) ≤ 16ΔẼ + 1

2LR
Ẽ2,

where Ẽ ∈ O
(
(α+

√
1− δ)d

√
log(mn)

n + d
√

log(mn)
mn

)
.

Non-Convex Population Risks. For the non-convex population
risk case, we need a slightly distinct technical assumption on the
size ofW .

Assumption 8. The parameter space W contains the �2-ball
centered at w0{

w ∈ Rd : ‖w − w0‖2 ≤ 2
G+ Ẽ
Ẽ2

(RD(w0)−RD(w
∗))

}
.

Theorem 6. Suppose Assumption 1, 2, 3, 4, 7 and 8 hold,
and RD(·) is non-convex. Choose step size η = 1

LR
and run

Algorithm 2 for T = 2LR

˜E2 (RD(w0)−RD(w
∗)) rounds, then

with probability at least 1− 1
(mn)d

, we have

min
t=0,1,...,T

‖∇RD(wt)‖22 ≤
√
2Ẽ ,

where Ẽ ∈ O
(
(α+

√
1− δ)d

√
log(mn)

n + d
√

log(mn)
mn

)
.

C. Analysis of Algorithm 2

Notation: We denote the Byzantine devices and the good
devices in round t as Bt and Gt respectively. Also, we use Ut
and Tt to denote the untrimmed devices and the trimmed devices
in round t.

The analysis of algorithm 2 takes Lemma 5 as the core. To
prove Lemma 5, we require the following two lemmas, which
show that the local estimators gi(·)’s are concentrated around
∇RD(w) for all w ∈ W .

Lemma 6. For all w ∈ W , the following holds with probabil-
ity at least 1−m · (Δ√n)ddζ

max
i∈G
‖gi(w)−∇RD(w)‖2

≤ 3(cvL̂+ LR)

2
√
n

+

√
2vd log(ζ−1)

n
+

√
v

n
� E1 (18)

Lemma 7. For all w ∈ W , the following holds with probabil-
lity at least 1− (Δ

√
mn)ddζ∥∥∥∥∥ 1

|G|
∑
i∈G

gi(w)− g(w)

∥∥∥∥∥
2

≤ 3(cvL̂+ LR)

2
√
mn

+

√
2vd log(ζ−1)

mn
+

√
v

mn
� E2 (19)

Proof of Lemma 6. According to [20, Lemma 5], we know
that for any fixed i ∈ G and all w ∈ W , the following holds with
probability at least 1−Nεdζ

‖gi(w)−∇RD(w)‖2≤(cvL̂+LR)ε+

√
2vd log(ζ−1)

n +

√
v

n
,

where Nε ≤
(
3Δ
2ε

)d
. By setting ε = 3

2
√
n

, we obtain that with

probability at least 1− (Δ
√
n)ddζ

‖gi(w)−∇R‖2 ≤
3(cvL̂+ LR)

2
√
n

+

√
2vd log(ζ−1)

n
+

√
v

n
.

Take the union bound, we know that with probability at least
1−m · (Δ√n)ddζ, the following holds for all w ∈ W

max
i∈G
‖gi(w)−∇RD(w)‖2

≤ 3(cvL̂+ LR)

2
√
n

+

√
2vd log(ζ−1)

n
+

√
v

n
.

�
Proof of Lemma 7. Following the same argument in the proof

of Lemma 6 (except for taking ε = 3
2
√
mn

), we have that, with

probability at least 1− (Δ
√
mn)ddζ, the following holds for
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all w ∈ W∥∥∥∥∥ 1

|G|
∑
i∈G

gi(w)−∇RD(w)
∥∥∥∥∥
2

≤ 3(cvL̂+ LR)

2
√
mn

+

√
2vd log(ζ−1)

mn
+

√
v

mn
.

�
With Lemmas 6 and 7, we are now ready to prove

Lemma 5. For notation simplicity, we denote ‖g(w)−
∇RD(w)‖2 by Ẽ(w). First, we take union bound, then with
probability at least 1−m · (Δ√n)ddζ − (Δ

√
mn)ddζ ≥ 1−

2(Δ
√
mn)ddζ, (18) and (19) hold simultaneously. Conditioned

on this, we next proceed to bound Ẽ(w). Specifically, we have
the following holds for all w ∈ W

Ẽ(w) =
∥∥∥∥∥ 1

|Ut|
∑
i∈Ut

Q[gi(w)]−∇RD(w)
∥∥∥∥∥
2

=
1

|Ut|

∥∥∥∥∥∑
i∈G

(Q[gi(w)]−∇RD(w))

−
∑

i∈G∩Tt

(Q[gi(wt)]−∇RD(w))

+
∑

i∈B∩Ut

(Q[gi(w)]−∇RD(w))
∥∥∥∥∥
2

≤ 1

|Ut|

∥∥∥∥∥∑
i∈G

(Q[gi(w)]−∇RD(w))
∥∥∥∥∥
2

+
1

|Ut|

∥∥∥∥∥ ∑
i∈G∩Tt

(Q[gi(w)]−∇RD(w))
∥∥∥∥∥
2

+
1

|Ut|

∥∥∥∥∥ ∑
i∈B∩Ut

(Q[gi(w)]−∇RD(w))
∥∥∥∥∥
2

. (20)

We control each term in (20) separately. For the first term in
(20), we have

1

|Ut|

∥∥∥∥∥∑
i∈G

(Q[gi(w)]−∇RD(w))
∥∥∥∥∥
2

≤ 1

|Ut|

∥∥∥∥∥∑
i∈G

(Q[gi(w)]− gi(w))

∥∥∥∥∥
2

+
1

|Ut|

∥∥∥∥∥∑
i∈G

(gi(w)−∇RD(w))
∥∥∥∥∥
2

≤ 1

|Ut|
∑
i∈G

(‖Q[gi(w)]− gi(w)‖2) +
1− α

1− β
E2

≤ 1

|Ut|
∑
i∈G

(
√
1− δ‖gi(w)‖2) +

1− α

1− β
E2

≤
√
1− δ

|Ut|
∑
i∈G

(‖∇RD(w)‖2

+ ‖gi(w)−∇RD(w)‖2) +
1− α

1− β
E2

≤
√
1− δ(1− α)

1− β
G+

√
1− δ(1− α)

1− β
E1 +

1− α

1− β
E2 (21)

Similarly, we bound the second term in (20) as follows:

1

|Ut|

∥∥∥∥∥ ∑
i∈G∩Tt

(Q[gi(w)]−∇RD(w))
∥∥∥∥∥
2

≤ |Tt||Ut|
max
i∈G
‖Q[gi(w)]−∇RD(w)‖2

≤ β

1− β
max
i∈G

(‖Q[gi(w)]− gi(w)‖2 + ‖gi(w)−∇RD(w)‖2)

≤ β

1− β
max
i∈G

(
√
1− δ‖gi(w)‖2 + ‖gi(w)−∇RD(w)‖2)

≤ β

1− β
(
√
1− δ‖∇RD(w)‖2

+ (1 +
√
1− δ)max

i∈G
‖gi(w)−∇RD(w)‖2)

≤ β
√
1− δ

1− β
G+

β(1 +
√
1− δ)

1− β
E1. (22)

Finally, we work on the third term in (20). Owing to the
trimming threshold β > α, we have at least one good device
machine in the set Tt for all t ∈ [T ]

1

|Ut|

∥∥∥∥∥ ∑
i∈B∩Ut

(Q[gi(w)]−∇RD(w))
∥∥∥∥∥
2

≤ |B||Ut|
max
i∈B∩Ut

‖Q[gi(w)]−∇RD(w)‖2

≤ α

1− β
max
i∈B∩Ut

(‖Q[gi(w)]‖2 + ‖∇RD(w)‖2)

≤ α

1−β max
i∈B∩Ut

(√
1− δ‖gi(w)‖2+‖gi(w)‖2+‖∇RD(w)‖2

)
≤ α

1− β
((1 +

√
1− δ)E1 + (2 +

√
1− δ)‖∇RD(w)‖2)

≤ α(2 +
√
1− δ)

1− β
G+

α(1 +
√
1− δ)

1− β
E1. (23)

Combining (21), (22), (21) and letting Ẽ be the uniform upper
bound on Ẽ(w) over w ∈ W , we obtain that with probability at
least 1− 2(Δ

√
mn)ddζ, we have the following holds for all

w ∈ W

Ẽ ≤ (1 + β)
√
1− δ + 2α

1− β
G

+
(1 + β)

√
1− δ + α+ β

1− β
E1 +

1− α

1− β
E2.

Note that ζ = 1
2(Δ
√
mn)dd(mn)d

, hence Lemma 5 follows.
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With Lemma 5, we can prove Theorem 4, 5 and 6 by replacing
E with Ẽ and then following almost the same arguments as in
the proof of Theorem 1, 2 and 3. Thus the details are omitted
here.

V. EXPERIMENTS

We now conduct experiments on both synthetic and real-world
data to validate the efficacy of our algorithms.

A. Experiment Setup

We will study tasks of linear regression and logistic regression
on both synthetic and real-world datasets. The synthetic data is
generated as follows. For linear model, we generate each data
point (x, y) by y = 〈x,w∗〉+ ξ, where ξ ∈ R is zero-mean noise
sampled from LogNormal(0, 0.55848) by default and each co-
ordinate of x ∈ Rd is sampled from LogNormal(0, 0.78) by
default. For logistic model, we generate each data point (x, y)
by y = sign[sigmoid(z)− 1

2 ], where sigmoid(z) = 1
1+exp(−z)

and z = 〈x,w∗〉+ ξ where ξ ∈ R is zero-mean noise sampled
from LogNormal(0, 0.55848) by default and each coordinate
of x ∈ Rd is sample from LogNormal(0, 3) by default. For
real-world datasets, we will use the Adult dataset [45] for a
binary classification task and the Boston Housing Price dataset4

for a linear regression task. We use these datasets since they are
representative and have been used in previous works on machine
learning with heavy-tailed data e.g., [35]. In particular, to test
our algorithms for stochastic non-convex optimization, we train
a fully-connected neural network with one hidden layer to solve
the tasks on real-world datasets.

Since the precise evaluation of the population risk, i.e.,
RD(w)−RD(w

∗), is impossible, we will use the empirical risk
to approximate the population risk. Specifically, we measure
the performance of different algorithm in terms of test loss, i.e.,
excess empirical risk on the test dataset. For all experiments, we
run each algorithm for at least 10 times and report the average
results over all the repetitions.

B. Results and Discussion

1) Comparison With Baseline Methods: To show the
Byzantine-resilience of BHGD (Algorithm 1), we compare the
performance of BHGD with previous methods. Specifically, we
consider the distributed gradient descent algorithms with aver-
aging rules being empirical mean (E-Mean) [1], coordinate-wise
trimmed mean (CWT-Mean) [8], coordinate-wise median (CW-
Median) [8], geometric median (G-Median) [22], Krum [31],
Bulyan [32], and momentum Krum (M-Krum) [10] respectively.
For experiments on synthetic datasets, we setm = 10, n = 100,
d = 10, α = 0.2 and generate 200 test data for each model. For
experiments on real-world datasets, we set m = 10, n = 40,
α = 0.2 and m = 5, n = 10, α = 0.2 for Boston dataset and
Adult dataset respectively and pick 100 data uniformly at ran-
dom as the test data for each. The experimental results are shown
in Fig. 1. As we can see from Fig. 1, BHGD (Algorithm 1)

4.http://lib.stat.cmu.edu/datasets/boston

Fig. 1. Comparison with Baseline Methods.

Fig. 2. Impact of Byzantine Devices.

achieves lower test loss than all the baseline methods on both
synthetic and real-world datasets. In addition, the convergence
of BHGD is stabler than the other methods, which indicates that
BHGD is more robust to heavy-tailed data as well as Byzantine
devices.

2) Impact of Byzantine Devices: We conduct experiments on
synthetic datasets to study the impact of Byzantine devices. We
present the performance of BHGD (Algorithm 1) in presence
of different fractions of Byzantine devices in Fig. 2, where α
denotes the fraction of Byzantine devices among all learning
devices. Our BHGD algorithm converge in all cases, which
confirms that BHGD can tolerate various fraction of Byzantine
devices. Moreover, the convergence is subject to the fraction
of Byzantine devices. As shown in Fig. 2, a larger fraction of
Byzantine devices may not only cause a larger excess empirical
risk, but also slow the convergence down.

3) Impact of Heavy-Tailed Distributions: We conduct exper-
iments on synthetic datasets with different types of heavy-tailed
label noises and different tail weights of heavy-tailed feature
vectors to show the impact of heavy-tailed distributions on
the learning performance of BHGD algorithm. First, we adopt
LogNormal distribution and Pareto Distribution to generate the
label noises. The main difference between these two heavy-tailed
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Fig. 3. Performance under Different Heavy-tailed Label Noises.

Fig. 4. Performance under Different Tail Weights of Heavy-Tailed Feature
Vectors.

distributions is that LogNormal distribution is symmetric while
Pareto distribution is one-sided. For Pareto label noise in each
task, we set the scale parameter to be 1 and the shape parameter
to be 3.26953 such that its second moment is identical to that of
LogNormal(0, 0.55848). The experimental results are shown in
Fig. 3. It can be seen that, BHGD converges under both types of
noises, and performs better on Pareto noises. We think the main
reason lies in that Pareto noise is one-sided and thus its influence
is smaller. Next, we vary the tail weight of heavy-tailed feature
vector. We adopt the LogNormal distributionLogNormal(μ, σ),
where μ is set to be 0 and σ varies in different settings. Note that,
a larger σ corresponds to a larger variance. For linear model, we
letσ vary in {0.1, 0.3, 0.5, 0.7, 0.9}, while for logistic model, we
let σ vary in {1.0, 1.5, 2.0, 2.5, 3.0}. The experimental results
are shown in Fig. 4. From these results, we can conclude that
more test loss would be incurred when the training data become
more heavy-tailed.

4) Impact of System Scale: We study the impact of system
scale on the performance of BHGD. Specifically, we consider the
scale of learning devices and the scale of training data samples.
In this experiment, we letm (i.e., the number of learning devices)
vary in {10, 20, 30, 40} and let N (i.e., the number of training
data samples) vary in {1000, 2000, 4000, 6000, 8000}. We run
the BHGD algorihtm on synthetic dataset for logistic model
under each combination of m and N . The results are shown in
Fig. 5. In Fig. 5 (a), we fix m and present the test loss after 200
training rounds for various N . Since N = mn, when m is fixed,
a larger N means a larger size of local data sample n for each
device. The results in Fig. 5 (a) shows that when each learning
device has more training data, the test loss would get smaller.

Fig. 5. Impact of the System Scale.

Fig. 6. Impact of Gradient Compression.

Intuitively, this means that when each device has more local data,
it learns more accurately, which is quite reasonable. In Fig. 5 (b),
we fix N and present the test loss after 200 training rounds for
various m.When N is fixed, a larger m means a smaller size of
local data n for each device. Hence the test loss grows larger
as m increases in Fig. 5 (b). Note that, these results corroborate
our previous theoretical upper bounds on statistical error rates.

5) Communication Efficiency: We show the communication
efficiency of our BHGD-C algorithm (Algorithm 2).

In the first part, we study the impact of different gradient
compression techniques. To this end, we equip BHGD-C with
different compressor, and then compare their performances with
BHGD on real-world datasets. Specifically, we adopt �1 quan-
tization [44], Topk sparsification [41] and randomized sparsi-
fication [46]. In �1 quantization, the compressor Q(·) can be
summarized as Q(x) = {‖x‖1d , sign(x)} for ∀x ∈ Rd, where
sign(x) is the quantized vector with each coordinate i ∈ [d]
being either +1 (for positive xi) or −1 (for negative xi) and
‖x‖1
d is the scaling factor. In Topk sparsification, for any x ∈ Rd,

the compressor compresses x by retaining the top k largest
coordinates of x and sets the others to zero. In randomized
sparsification, for any x ∈ Rd and each coordinate i ∈ [d], the
compressor setxi to 1 with probabilityp and to 0 with probability
1− p. The experimental results are shown in Fig. 6. Note that,
in Fig. 6, we present how the test loss varies with respect to the
total communication costs (in byte) during the training process.
It can be seen that, to achieve the same test loss, BHGD-C entails
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Fig. 7. The hardware prototype system for edge federated learning.

Fig. 8. Transmission Latency in the Real System.

fewer bytes to transmit from devices to the sever and thus provide
communication efficiency.

Next, in the second part, we conduct experiment on a net-
worked hardware prototype system for edge federated learning.
Our system, as illustrated in Fig. 7, consists of m = 18 Teclast
mini PCs serving as learning devices and a Mac Studio serving
as the central server. All the machines are interconnected via a
Wi-Fi router and the bandwidth is set to 40mHz by default. We
implement our BHGD and BHGD-C algorithms on the system,
where BHGD-C algorithm use the Topk sparsification with k
being half of the model dimension. We present the average
communication latency across all the learning devices and all
the training rounds in Fig. 8. Overall, the BHGD-C incurs less
latency during the learning process. From Fig. 8 (a), we can
see that, with the model dimension increases, the latency saved
by BHGD-C also grows. From Fig. 8 (b), we can see that, the
bandwidth affects the communication latency a lot and BHGD-C
achieves a much lower latency than BHGD even when the
bandwidth is limited.

VI. CONCLUSION

In this paper, we studied how to retain Byzantine resilience
and communication efficiency when training machine learning
model with heavy-tailed data in a distributed manner. Specifi-
cally, we first presented an algorithm that is robust against both
Byzantine worker nodes and heavy-tailed data. Then by adopting
the gradient compression technique, we further proposed a ro-
bust learning algorithm with reduced communication overhead.
Our theoretical analysis demonstrated that our proposed algo-
rithms achieve optimal error rates for strongly convex population
risk case. We also conducted extensive experiments, which yield
consistent results with the theoretical analysis. It is worth noting

that, our results may not have optimal dependence on the di-
mension d. Some recent work also attempt to incorporate recent
breakthroughs in robust high-dimensional aggregators into the
distributed learning scenarios, e.g., [47], [48], [49], [50]. How
to achieve Byzantine resilience, communication efficiency and
heavy-tailed data robustness simultaneously in high dimensions
is an interesting and significant problem and we leave it as the
future work.
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