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Optimally Routing LC Permutations
on k-Extra-Stage Cube-Type Networks

Qing Hu, Xiaojun Shen, and Weifa Liang

Abstract—It is difficult to partition an arbitrary permutation into a
minimum number of groups such that conflict-free paths for all source-
destination pairs in each group can be established on an omega
network. Based on linear algebra theory, this paper presents an
optimal algorithm which solves this problem for the LC class of
permutations on a large class of multi-stage networks. This algorithm
extends the previous result which deals with the BPC class of
permutations on the omega network.

Index Terms—k-extra-stage cube-type networks, LC permutations,
multistage interconnection networks, optimization problems,
permutation realization, .

‘

1 INTRODUCTION

An NxN (N = 2™ multistage interconnection network (MIN)
provides connections among N processors. The class of multistage
cube-type networks (MCTN) refers to those MINs which are to-
pologically equivalent to the Generalized Cube, including Omega,
Baseline, Indirect Cube, Regular SW Banyan with S=F =2, etc.
[3]. An MCTN is implemented by n = logN stages of 2 X 2 switch-
ing elements (SE) with each stage having N/2 SEs. By setting each
SE to either “cross” or “through” state, an MCTN can provide a
unique path between any source to any desired destination. Two
paths will conflict if they meet at a common output port of a
commen SE. The communications among processors are often
represented by an N-permutation z which defines a unique desti-
nation processor d for each source processor s, d = a(s).. To support
efficient parallel computations, one would like an MIN to be able
to provide the N connections (N paths) simultaneously. An N-
permutation is said to be admissible to (or realizable on) an
MCTN if N conflict-free paths exist. We refer to this problem as the
PA (permutation admissibility) problem. A closely related problem
is: If a given permutation is not admissible, how should the N
pairs be divided into a minimum number of groups (passes) such
that the conflict-free paths for all pairs in each group can be estab-
lished simultaneously. We refer to this problem as the MP
(minimum number of passes) problem. It is easy to see that the PA
problem is a subproblem of the MP problem.

A k-Extra-stage MCTN (k-EMCTN) (k >1) is obtained by adding
k more stages in front of an MCTN, which provides 2K disjoint
paths between any pair of source and destination [7], [8]. When k
increases, its fault-tolerance ability increases, and so does the per-
mutation capability An MCTN can be viewed as a 0-EMCTN.
Fig. 1 illustrates a 1-Extra-stage omega network and the two paths
for the source-destination pair (1000, 1011).

Discussions of the PA problem on MCTNs can be found in [9],
[10], [11]. The MP problem was first raised by Wu and Feng in [3].
Raghavendra and Varmar [12] presented an O(N log N) algorithm
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to solve the MP problem for the class of BPC (bit permutation com-
plement) permutations on an omega network (denoted by Q). Shen
[13] extended this result to k-omega network (k-Q). Whether the
MP problem for an arbitrary permutation on a &-EMCTN (even
k = 0) can be solved in polynomial time remains an open problem.
In this paper, we solve the MP problem for a more general class of
permutations, the LC (linear combination and complement) class, on
k-EMCTNs. The LC class includes much more permutations than
the BPC class does (BPC and other frequently used classes are all
subclasses of LC [15]) and is useful in the parallel access of data
arrays [14]. In this paper, we present an O(N log N) algorithm
which realizes an arbitrary LC permutation on any k-Q (0 <k<n-1)
with a minimum number of passes. Our discussion will be con-
centrated on the omega network. Using the concept of equivalence
[3], we can readily deal with the other -EMCTNs by finding the
corresponding permutation on the k-Q.
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Fig. 1. A 1-omega network and the two disjoint paths between 1000 and 1011.

2 PRELIMINARIES

2.1 Linear Algebra Concepts
Our algorithm will use some linear algebra notations. Let us intro-
duce the linear space S, first. Let GF(2)be the field ({0, 1}, ®, »),
where ® and e are module two binary addition and multiplication
respectively. S, is defined as the set of all m-dimensional binary
vectors, S, ={(ay a, ..., a,,)" | ay a,, ..., a,,€ GF(2) }. We define
operation “+” on S, as (ay, y, -, 2,4) + (by by, ., b)) = (3,® by,
a,®b, .., a,,®b_)" Thus, (S,, +)is a Linear Space on GF(2),
where 0 =(0,0, ..., 0)" is the 0-vector of (S,,+) and —x = x for
anyxe€ S,.

Asubset Uof S, U={u, u, .., u_} €S, issaid to be linearly
independent if the equation

k-1
Y ogu; =ogug o+ 0w, =0
<

implies 0 = 0 = ... = 0y, = 0, otherwise, U is linearly dependerit. A
k-1

vector v is linearly independent of U, if Bv + z“ociui =0 implies
i=0

B =0 (denoted by v L U), otherwise, v is linearly dependent on U .

or linearly representable by U (denoted by v e U). v e U if and

only if v can be represented by a linear combination of vectors in
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ket
= Zaiui. A vector set V = {v, v,, ..., v, ;} is linearly inde-
i=0
Bt k=1

pendent of U, if ZBIVl + z“oclu1 = 0 implies By= B, =

i=0
(denoted by V L U). Two vector sets U and V are lmeurly equivalent,
if all vectors in U can be linearly represented by vectors in V and
vice versa.

_ﬁh—lzo

A base of U is a maximal linearly independent subset of U, de-
noted by base(U), and its cardinarity is called the rank of U, de-
noted by rank(U). The vectors of a base are called base vectors. Let

rank(U) = r and base(U) = {b,, b,, ..., b_,} be a base of U. For each
r-1 '

we U,y —zoc iP;,1=0,1, ..., k- 1. Obviously, each vector u, of
U corresponds to a unique r-dimensional vector (o, o4, ..., &) in
S which is called the coordinate of u, under base(U). In linear
algebra theory, it is well-known that a subset of U is linearly inde-
pendent if and only if the set of coordinates under some base is
linearly independent.

Given a vector set U, U = {u,u,, .., u,,} ¢ Sm, let m(U) denote
the matrix whose ith column is w, For example, if

8

Now, we define another relation, a relation among the row
vectors of m(U). For v € S, let v(i) denote the ith component of v.
Given a UC S, the ith row sequence of U, denoted by r(U), is
defined as the new vector (uyi), (i), ..., u, (i) which is the ith
row of m(U) and r(U) denotes the set of row vectors of m(U), i.e.,
rU) = {r(U)l i=0,1, .., m — 1}. Note that Ir(U)! < m, since
r,(U) = 1(U) (i#]) is possible. Two vector sets U and W are said to
be horizontally equivalent, if, for any 0 <i,j<m -1, r(U) = (U) &
1(W) = 5(W).

LEMMA 2.1. Given any two vector sets U, W< S, if U and W are line-
arly equivalent then U and W are horizontally equivalent.

PROOE Suppose U and W are linearly equivalent. Let base(U) be a
base of U and rank(U) = |base(U)| =r. Let W = { wy,w,, ..., W, _
J, t <k Then each w, (0 <i <k - 1) is a linear combination of
vectors in base(U) = U. Let o, = (04, O, -, 04)" (0<i<k~1) be
the coordinate of w,. We have m(W) = m(U)M, where M is an
rxk matrix [0y o, .., o ,]. Since r(U) = r(U) impli-
esr,(base(U)) = r(base(V)), r, (W) = r,(base(U))M = r(base(U))M

c=1(W).

‘ Thus, 1, (W) = r(W). Similarly, we can find a matrix M’ such that
m(U) = m(W)M'. Therefore, if 1, (W) = r(W), then we have
r,(U) =5(U). O
Given two vector sets U and V, if V L U, many interesting

properties can be derived. In the following we list some proposi-

tions that are very useful to our routing algorithm. For simplicity,
we assume V L U; base(U) is a base of U; and we use small letters
to represent vectors. These propositions can be readily verified by

anyone possessing a basic knowledge of linear algebra [18].

PROPOSITION 2.1.

i) Vis linearly independent, and rank(V) = |V ;

if) rank(U U V) = rank(U) + rank(V) = rank(U) + V.
PROPOSITION 2.2.

i) VL1 Uifandonlyif VLU U {y}, where y = U;

ii) V LU if and only if V 1 base(U).

iii) if U’ is linearly equivalent to U, V L U".
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PROPOSITION 2.3.
i) fw=v+ywhereve Vandy e (V-
(V-WhoU;
i) fzilUuVandw=v+ywhereve Vand y o
uU thenwil(V-{vhuiv+ziu U :

PROPOSITION 24. Forany w LU UV, Vu {w} L Uand V L
U U {w} (A method to extend vector set V or U).

{v) U U, then w L

(V-1{vh

PROPOSITION 2.5.

i) FueUve Vithen(V-{v)u{v+u} LU;
i) fwlUuV,ve Vthen V-{v))ui{v+w} LU;
iii)iffue U,ve VVandu L U-{u}, VLU-{u}) v {u+v}

2.2 A Representation of Permutations

An N-permutation © can be represented by the following table
(called transition matrix):

Source Destination
800801 -+ Spoyg dygdyy - doy
$10813 o Sins dgdyy . diy
Sio Sig - Sipa dodiy o di
Sn10Sn.19 v Snan gy o dyins

where 54, Sy, ... 5., is the binary representation of i and d,, d;, ...
d,,, is the binary representation of n(i), i =0, 1, ..., N.- 1. Let S =
(o Sy s S 1§ =0, 1,y n =1 and Dy = (dyy iy oo )
j=0,1, .., n - 1, any permutation can be represented by a transu-
tion sequence as follows [13]: S, S, ..., S, D, D, ..., D, where
Sy Sy - S, are constant vectors without changing with different
permutatlons, while Dy, D,, ..., D, ; depend on the given permuta-
tion. For simplicity, we will use notation & = (S, S;, Sy Dy Dy,

D_,) in the later discussions. The linear closureiof Se Sis s Soas
denoted by G, is defined as '

n-1 :
= {Zaisilai €GF(2),i=0,1,..,n- 1}.
i=0

Obviously, rank(G) =n, and S = {S,, S,, ..., S,.,} is a base of G,. For
any U & G, we say U satisfies the condition of distinctness, if i #j &
r(U) # 1(U). By the definition, it is easy to see that S satisfies the
condition of distinctness.

LEMMA 2.2. For any U € G,, rank(U) = n if and only if U satisfies the
condition of distinctness. )

PROOE. Since rank(G,) = n, rank(U) = n implies that U is.another
base of G,. Any two bases are linearly equivalent, i.e, U and S
are linearly equivalent. By Lemma 2.1, they are also horizon-
tally equivalent. Therefore, U satisfies the condition of distinct-
ness. Now we assume U satisfies the condition of distinctness,
which implies that Ir(U)| is equal to the number of compo-
nents in a vector of U, i.e, Ir(U)| = N. On the other hand,
there is a bijection between lr(U)I and the set of 1 U|-bit bi-
nary numbers which has a total of 2'Y" different numbers, there-
fore, 12(U)| < 2'". By Lemma 2.1, [r(U)| = Ir(base(U))I. If
Ibase(U)| =r < n, then [r(U)! = lr(base(U))| '=2"<2"=N, a
coniradiction. Thus, the lemma holds. a

Let1=(,1,.,1)'e S. A complement of a vector u is defined
as u + 1, i.e,, the binary complement on each component of the
vector. G, is defined as the extension of G, such that G/ consists

of the linear combination of S and/or their complejment ,i.e.,
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n-1
= {z oS +allo, e GF(2),i=0,1,..., n}.
=0

Similarly, we define the extension of S as 8’ =S, + a1 | o €

GF(2),i=0,1,.,n-1}. Let U’ = {u,u’,, .., w',} be a subset of

G, There exists a unique subset of G, U = {u,, u,, ..., u_,} such that
W] u weg,

T ul+l uleg,

LEMMA 2.3. U and U’ are horizontally equivalent.

PROOE Assume r,(U) = r,(U), ie, u(h) =u(l),i=0,1, .., r-1.If

u; = u;, then u/(h) = u{(l), otherwise, -
W) = u(h) ©1 = u, 1) @ 1= ul(),

too. Thus, uj(h) = uj(l) is true foralli=0, 1, .., r - 1, i.e., r,(U)
=r(U’). On the other hand, if r,(U’) = r,(U’), then r,(U) = r(U). (m|

By the definition of permutation, {D,, D,, .., D, ,} satisfies the
condition of distinctness. Moreover, adding different constraints
on D, D, .., D, will produce different subclasses of the N-
permutations, for example,

BP: De$5,i=0,1,..,n-1;BPC: De §,i=0,1,..,n-1.
L: Deg,i=01,.,n-LLC:D,; G, ,i=0,1,..,n-1.

3 AN OUTLINE OF THE OPTIMAL ROUTING ALGORITHM

The window method is a well-known method to solve many
routing problems on the omega network (Q) [11], [13]. Given an
N-permutation © with the transition sequence S, S,, ..., S.,, D, D,,
.., D_,, an Q-window is defined as a set of n consecutive vectors
in this transition sequence. For example, the ith Q-window is
QW = {58, S Dy.,D}i=0,1,..,n-1. Two paths of
a permutation conflict if they use two input ports of a common SE
at a certain stage and request the same exit port. In that case, these
two paths have the same transition address in the corresponding
window, i.e., that window does not satisfy the condition of dis-
tinctness. By Lemma 2.2, the rank of this window must be less
than n. To apply the window method to a A-EMCTN, we need to
insert k variable vectors into the transition sequence between S_,
and D,. As a result, we obtain a new transition sequence:

Sy S +oes Sats Xgr Xyy ooy X gy Doy Dy, o0, Dy,

where x, corresponds to the setting of SEs at stage (<k + i). Unlike S,
and D; which are determined by the permutation, the values of x,,
Xy .y X, Will be determined by the algorithm, and these values
will affect the “number of passes.” Inak - Q, wehaven+k+1,k—
Q_windows,

k- Q—wi { Sn+k/ Swhzr 4 n—l’ Xor xl’
.-1,01, ..,

The PA problems on an Q and a k-Q correspond to the follow-
ing two propositions respectively.

-+ X Dy o Dy},

i=-

PROPOSITION 3.1. A permutation is admissible on an Q if and only
if rank(W;) =nforanyi, 0<i<n.

PROPOSITION 3.2. A permutation is admissible on a k-Q if and
only if there are k vectors x,, X, ..., X, such that rank(W,) = n
foralli,-k<i<n.

If a given N-permutation is not admissible on a k-Q, then the MP
problem arises. From proposition 3.2, we are going to partition these
N paths into a minimum number of groups, such that, if path h and 1
are in the same group, r,(W,) # (W, ) for any i, -k <i < n. We present
two lemmas first.

99

LEMMA 3.1. Given an N-permutation mand a k — Q, let W; = W/ U X
be defined as above, and

4 = MIN{rank(W)) 1 = -k, ..., = 1,0, 1, n}.

The minimum number of passes of m on k-2 is lower bounded by
Zn‘dmin—k_

PROOE. Without loss of generality, assume rank(W/)=d, . It

min
implies rank(W,) < d,_,. + k. Thus, W, has at most 2%** distinct
‘row sequences, i.e., at least 2mink paths have the same transi-
tion address at window W,, and they must be assigned in dif-
ferent groups. O

v Dy Dy oy D) €
1 Disees n—l) el

Given an N-permutation n = (S, S,, ..., 5,
LC, there exists a unique 7~ = (So, S,,...,S
such that

n

D = D, D;eg,
D, +1 D zG,
LEMMA 3.2. A solution to the MP problem for m is also a solution to the
MP problem for i, and vice versa.

PROOE. Let W, and W, be the ith windows of  and ™, respec-
tively. By Lemma 2.3, W, and W, are horizontally equivalent
fori=-k, .., 0,1, .., n~1. Path(s, n(s,)) and path(s,, n(s,)) con-
flict if and only if path(s,, ©7(s,)) and path(s, n™(s,)) conflict.
Thus, a solution of MP problem for & is also a solution for n~,
and vice versa. ]

We will show that 2" 4min~* groups is enough for any LC per-
mutation. Based on Lemma 3.2, we will discuss the MP problem
for class L only. An outline of our partition algorithm is as follows:
Let 1=(S, S, ..., S;y Dy D, .., D) € L, X = {x,, Xy, ..., X, 4} e the
k variable vectors, W, W’, and X, be defined as above. Lett=n-k

—-d,_,, where d_, = MINfrank(W") | i=-%, ..,-1,0,1, .., n}. We

assign each x; a vector of G,, and find a set of t vectors from G,

OR = {r,, r,, ..., T4}, such that the following condition i) is satisfied
fori=k, ..,-1,0,1,..,n

i) X, 1Wy;

i)  rank(W, u OR) =n

n-1

Sincere G, 0<p <t-1,r, can be represented by z o, S;. Thus,
j=0

where s, ; is the jth bit

-1
we define a function f(rp,i) = ED a, S, v
j=0

of the binary representation of i. Then, we construct a weight
function ¢ for each path (i, 7(i)) € 7 such that

Zf( i2r =i[]®;umsm}2".

p=0
Now, the SEs on n + k stages are set by the transition sequence
Sy Sy s Suts Xor Xpy -s Xy, Dy Dy, .., D, and the paths with the
same weight are classified into the same group. Since 0 < ¢((i, n(i)))
<2t -1, all paths are partitioned into 2t groups.

(i, m(i))

THEOREM 3.1. The above partition algorithm correctly solves the MP
problem for w.

PROOE Since t =n - d_,, — k, by Lemma 3.1, the number of groups
has already reached its lower bound. We only need to show any
two paths within the same group do not conflict with each
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other. Note that (f(x,, i), f(r,, i), ..., f(r,,, 1)) is the ith row sequence
of the vector set OR. By the definitions, we have the following
assertion: forany -k<i<n-1,

i) if two paths p and q conflict in window i, then (W) =
r(W);

if) if two paths p and q have the same weight, then r(OR) =
r,(OR).

Since rank(W,; U OR) = n, by Lemma 2.2, W, U OR satisfies the
condition of distinctness, i.e., r,(W, v OR) # r(W, U OR) for
p #q, which implies that no two paths with the same weight
conflict in window i.

4 THE DETAILED PROCEDURE

The key step of our algorithm is to construct the vector set X and
OR such that condition (I) is satisfied. The construction is done by
the procedure Assignment which is given below. The basic idea of
procedure Assignment is as follows: First, let OR be a set of t 0-
vectors and X be the first k vectors which are removed from the
first k windows. It is easy to see that such construction makes the
first k windows satisfy the condition i). Then, check the rest of
n + 1 windows one by one and update at most one vector of either
X or OR each time when the condition i) is no longer satisfied. For
example, if X L W/, but X L W} is not true, then we will modify

one (only one) vector in X to obtain X" such that X* L W/, too.
Note: It is very important that such modification do not affect the
previous windows, i.e, X * L W].’(j <igi).

The procedure Assignment will use the following two func-
tions: i

1) Function cv(V, U : vector set; w : vector) : vector. This func-
tion outputs a vector v such that (w = v +y) and (ve V) and
(yo(V - {v}) U U), where V, U, w are input variables. If
such a v doesn’t exist, then return 0.

2) Function ids(U, V : vector set) : vector set. This function re-
turns the maximum subset of U which is linearly independ-
ent of V, ie., ids(U,V) = U’ such that (U’ < U) and (U'L V)
and (ue< ULV forany u e U).

Fig. 2. An illustration for the algorithm.
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Procedure Assignment.

Let S={So, S1, ..., Sn-1},
D={Dy, D, «r Dn-1},
X={xo, x1, .. ¥}, and
OR={xg, =r1, s Teo1l).

for j = 0 to t-1

do r;:=0;

for i=-k to -1
do  {Xi:x = removed vector of window i};
i
for i:=0 to n-1 do
begin Let g be the removed vector and
d be the adding vector for
obtaining W; from Wi-1, as
shown in Fig. 2.
W o= Wi1 - {s},

Wi= Wia-{s} ;
do case
cagse 1. s L W, d L w:
if rank(W U OR U {d})<n
then .
{TempS := ids(OR, W);
¥ := cv(TempS, W, d);
OR := (OR-{r}) U {r + s};:}
cagse 2. s L W, d e« W:
if dlw
then
{x := cv(X,W,d); ‘
X o= (X-{x}) U {x+ s}; }
else
if rank(W U OR U {d})< n
then
{TempS := ids(OR, W);

let r € OR-TempS;

OR := (QR - {r}) U {r + s}; }
cage 3. s o« W, d L W: do nothing;
cagse &£. s o« W, d o W:
ifd L w
then

{TempS :=ids(OR, W);
let u € TempS;
x := cv(X, W, d);
X = (X - {x}u{x + u}; }

end;

Let x)(p = 0,1, ..., k—1) and f(p =0, 1, ..., h~1) be the

tesults after W, has been considered in the procedure Assignment.
X® denotes S

My = ‘
pOp =01, .., k-1}
and OR® denotes
{réi)lp =0,1, ..., t—l}.
Following the above notations,
WO =wuxOG=—k .., 01 .., i)
Let Cond(D)[i, j] denote the following conditions:
) XY LW where W =W, -x¥;
ii) rank(W) U OR®) = n,

Condition i) in the above partition algorithm corresponds to the
following group of conditions: Cond(D)[, j] (~k <j <n). In the proce-
dure Assignment, Cond(I)[n, j] (-k <j < n) always remains true as i
increases from —k to n, which is shown in the following Jemma.
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LEMMA 4.1. In the procedure Assignment, after W, has been considered,
conditions Cond(D[i ,jl (-k <j <i) remain true for i=k, ..., 0,1,

PROOE. We prove it by induction on i. The cases for i < 0 are obvi-

w® =w® U iay,

rank(wi‘” uOR“)) = rank(W(? UORM)+1 = n.

ously true, which serve as the inductive basis. Now let us con-
sider the case of i for i > 0. The inductive assumption is that all
Cond(D[i-1,j1 (=01, .., i-1) are true. Now we are going to
prove that any Cond(D)[i, jl G =0, 1, ..., i) is also true.

Let us introduce some notations first. The ith iteration of the
algorithm may update a vector in X or OR to make X*” or OR™”
differ from the result X” or OR". Correspondingly, we have

=W, - {s} = W/ - {d},
W = XD G W= WD - )
and
w® = xOow =wl —{q}
Besides, we use OR}FI) to denote ids(OR('“ ), Wj(i_l) ) and OR?)
to denote ids(OR(i) , W].(i) ) for j < i. Note that, if
X = X® and OR*” = OR®,

Cond(I)[i, j] is assured by Cond()[i - 1, j] for j <i - 1; if
x(-Y = X(i),X}i)_LWj' is also assured by Xgi'l)J.Wj’ forj<i-1.
Therefore, we need to pay attention to the cases of X # X* and

OR*” % OR". We distinguish among those cases according to the
algorithm.

CASE 1. According to the algorithm,

X®=X*"and W® = W*?,
which implies that X}i)J_Wj’ for j <i-1 by the inductive as-

sumption. x?)Lw; is proved by Proposition 2.4. We prove that
rank(W U ORY) = n forj<i. If
rank(W™ U OR*? U {d}) =n,
we just set
OR*" =OR".
Moreover, W].(i) =Wy {d} = wi o {d}, the inductive as-
sumption implies rank(Wi(i) v ORY ) =n. Thus, Cond(D)[j, j] is

true for any j<i.

Now, we assume rank(W*” U OR*”U{d}) <n. Note that rank(W
U ORU {d}) <n in the algorithm is equivalent to

rank(W* U OR* U {d}) < n.

rank(W*" U {s} U OR*") = n. Thus, the following conditions
must be also true:
rank(W*’ U OR*") =n -1, 5 L W U OR*?,
and d <« W™ U OR*”. By the algorithm, we know that
Temp$ = ids(OR*", W*") and r = cv(TempS, W*?, d).
We replace vector r with r + s and
OR? = (OR*" - {r}) U {r + s}.
From Proposition 2.3 ii), d L W*" U OR” = W® U OR". Since

By the inductive assumption, rank (W-(_i{l) v OR(“)) =n, ie,

Because OR™™ # OR", we have to verify that
rank( UOR()~nforj <i-1.
According to the inductive assumption,
rank(W") U ORY =nforj < i-1.
Let OR™ = ids(OR®™Y, W) (j < i - 1), then OR{I1W® and
|OR |+rank(W( )) nlfre OREM), then
OR!™ = OR{! and rank(W{ U OR") = n
Otherwise, OR?) - (OR( - _ {r}) U {r+s}. Since s e Wj(i), by
Proposition 2.5 i),
OR{ LW and [OR{Y| = |or{’]
Thus,
rank(Wi(i) w ORY )
= lOR}‘), + rank(Wj(‘))

= |0R}i“)| + rank(W’.(i)) =n

CASE 2. According to the algorithm, we consider two subcases:

Casg2.1. d L W’. In this case, we will update X to make d L W’

U X?. From the algorithm, d =x +y (y e« W U (X*" - {x}) ) and

X% = (X* - {x}) v {x + s}. Since s L X*” U W’ (which is the
condition of Case 2), d L X® U W’ by Proposition 2.3 ii). Thus,
XO1w® = wr L {d}.

On the other hand, OR” = OR™. Because of the linear equiva-
lence between W, and W;", ORU-D L W (by Proposition 2.2
iii)). Since rank(W") = rank(W;"),

rank(W® L ORY) = rank(Wi(:” U OR(H)) -n.

Since X® = (X*” - {x}) U {x+s}#X"", we need to verify Cond(I)[i,
jlfor j<i-1. Givenaj< i-1lifse W Y, then X(’)J.W.’ as-
sured by Proposition 2.5 ii). Otherwise, x & W] (because X
must occur later than s in the extended transition sequence)
and X}i) = X](H). Thus, we have X§i)_L VV].’ for any j <i - 1. Note
that Wj(i) is also linearly equivalent to Wj(i'l). By a similar ar-
gument as above,

rank( N OR(") = rank({W/ =G oR0Y) =

CASE2.2. d =« W’. Here, X* = X%, WY = W U {d}. XLW; for
<i-1 is proved by the inductive assumption and xg‘)iw; is
proved by
rank(W].(i) v OR(i)) =n for j < i. From the discussion in Case 1,

Proposition 22 i). Let wus prove

we assume rank(W*?u OR™) < n which implies the following
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conditions: ;ank(W“"" UOR™ =n-1,s L WU OR*®, and d
o W,
Let Temp$ = ids(OR*", W*?). Since
rank(W* U OR*) = | TempS| + rank (W) =n-1
and
rank(W*) > d_, +k, | TempS! <t-1,ie, |OR* -TempS| > 0.

There exists an r € OR*” — TempS and r e« WL OR™ (by the
maximality of TempS). Thus,

r+s L WU OR™, and TempS U {r + s} L W,

Since
ITempS U {r+s}| = | TempS| +1,
rank(W*0 TempS U {r + s}) =n,
rank(W®) = rank(W*"),
and

OR"= (OR™ ~{r}) U {r +s},
it is easy to see that rank(OR®U W) = n. The relations
rank(W% U OR") =n forj<i-1

also can be proved by a similar-argument to that in Case 1 and
the detail is omitted here.

CASE 3 AND CASE 4. These can be dealt with by similar techniques
introduced in Case 1 and Case 2. We omit the detail for sim-
Plicity.
The time complexity of our algorithm is analyzed as the fol-
lowing. Let T, be the time complexity of procedure Assignment.
The total time complexity of the whole algorithm is T, + O(N log
N), where O(N log N) is the time for partitioning N source-
destination pairs into 2' groups. In order to estimate the order of
T, we note that, because S U {1} is a base of G/, each vector in
G, can be represented by its coordinate under base S U {1} which
is an'(n + 1) component vector. Thus, the Assignment can be read-
ily implemented by using the coordinate of each vector instead of
using each vector itself. In the Assignment, we have to deal with
the total of n + k + 1 = O(n) windows one by one. In each window,
there are three important operations which dominate the time
complexity:
1) checking whether d L U ornot (Ul sn);
2) computing cv(U, V, d) (1Ul, 1Vl <n), wherede G and U,
Ve G, and

3) computing ids(U,V). With the coordinate of each vector, op-
erations 1) and 2) are both equivalent to solving a system of
O(n) linear equations with O(n) variables.

Operation 3) can be done by finding an arbitrary subset of U

which is linearly independent of V, then expanding this subset by

adding other vectors in U until no other vector can be added. The
implementation of this idea needs to solve O(n) systems of linear
equations. Therefore, the time complexity of Assignment, T,, is
bounded by O(n®”) = O(log °”N). (Note that T, can be reduced to

O(log’N) for BPC permutations where deS'’.) Thus, the total time

complexity is T,+O(NlogN) = O(og®N) + O(NlogN) =

O(NlogN). Shen [10] indicated that Q(NlogN) is the lower bound

of the time required to solve a PA problem on an MCTN; we claim

that our algorithm is also optimal in time complexity. In summary,
our main result is the following theorem.

THEOREM 4.1. The MP problem for any LC permutation on a k-
EMCTN can be solved within O(NlogN) time.

In the above discussion, we assume that the permutation to be
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realized is an LC class permutation and the coordinates of each D,
under base S U (1} are given. An additional but interesting prob-
lem is to determine if a given permutation is an, LC permutation
and how to find the coordinate of each D, under base S u {1}. Let

% =Sy Sy s Saur Dy Dy ...y D). If wis an LC class permutation,

n-1

forany i=0,1,..,n-1, D, Eamwl Let A = (0t,),,..

(B )m./ m(s) = (S Szl s n—1)]><.n’ and m(D) = (D Dl’ = Dn—l) Jxn* We
have the following equation:
m(D)=m(S)xA+1 xB. (4-1)

Note that D; = Zoc +B,1 consists of N equations such that

258}
=0 5,00, 5,0 .. D0 y,5,, OB, (G=0,1,...,N-1).
There are N equations and (n + 1) variables (0, 0, , ..., & ;s B)-
From the 1st, 2nd, 3rd, 5th, 9th, ...,_(2“‘1 + 1)st equation, we have
Bi=dy;;and o, = M@ B, forj=0,1,. (4-2)

Therefore, the algorithm is quite simple. We use (4-2) to obtain
the matrix A and vector B first, then check whether they satisfy (4-1).
If (4-1) is satisfied, then the permutation 7 is an LC class permuta-
tion and A and B give out the coordinates of each D, under base
su{ll otherw1se, w is NOT an LC permutation. Since obtaining A
and B needs O(’) = O(log N) time and computing (4- 12 can be done
by the fast matrix multiplication [19] within O(Nn ) hme the
time com?lemty of this algorithm is bounded by O(Nn 76 =
O(Nlog )

..,nfl.

5 CONCLUSION

In this paper, we have proposed an algorithm for realizing any LC
permutation on a k-Q (as well as k-EMCTN) with the minimum
number of passes within the minimum time. Thus, we have solved
the MP problem for LC permutations on k-EMCTN. Compared
with the existent results[12], [13], this algorithm can be applied to
many more permutations. Besides, our algorithm is simpler and
clearer than that of [12], [13]. Moreover, the total time (including
overhead) of applying this algorithm to BPC permutations re-
mains the same as those in [12], [13].
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On the Analysis and Design of Group
Theoretical +-syEC/AUED Codes

Chi-Sung Laih, Member, IEEE, and Ching-Nung Yang

Abstract—An efficient algorithm to count the cardinalities of certain
subsets of constant weight binary vectors is presented in this paper.
The algorithm enables us to design 1-symmetric error correcting/all
unidirectional error detecting (1-syEC/AUED) codes with the highest
cardinality based on the group Z. Since a field Z, is a group, this
algorithm can also be used to design a field 1-syEC/AUED code. We
can construct +-syEC/AUED codes for f = 2 or 3 by appending a
tail to the field 1-syEC/AUED codes. The information rates of the
proposed syEC/AUED codes are shown to be better than the
previously developed codes.

Index Terms—Balanced codes, error correction, error detection,
unidirectional errors, combinatorics, partition

<+

1 INTRODUCTION

ERROR control codes have been widely used in the communication
and computer storage systems to enhance their reliability and
integrity [1], [2], [3]. It is observed that many faults in VLSI
memories, PLA, shift registers are due to unidirectional errors [4].
Both kinds of unidirectional errors, i.e., 0 = 1 and 1 — 0, could
occur in a message communication. However, they do not occur
in the same codeword. The first published work in this area is by
Pradhan [4]. The ¢-syEC/AUED codes that can correct ¢ or fewer
symmetric errors and detect all unidirectional errors [6], [7], [8],
[9], [10}, [11], [12] are the extensions of 1-syEC/AUED codes. In
[5], using a group theoretical method, Bose and Rao proposed a
novel method of designing 1-syEC/AUED codes for any given
length n which can be described as follows:

Consider a group Z, ={ 0, 1, ..., n = 1}. Let B = {0, 1}, and con-
sider the set V® = {o 19 ¢ B" where v has w 1s and 1 — w 0s), i.e,
V* is the set of binary n-tuple with constant weight w. Define a
function T(-) as follows:

Ayq ))

T(v) = T((uo, a, ...,

B

1
ai.
i=0
The sum operation of the above function is in Z,, i.e., mod n.
Then a code C, can be constructed by the function T(-) as follows:

Cjz{v=(a0,u],.,nlev IT }

The Hammmg distance between two codewords of C; is clearly
even because C; is a constant weight code. If the Hammmg dis-
tance is 2 between two codewords, then it is easy to show that they
cannot both be in C. Therefore, the Bose-Rao codes have minimum
distance 4 between codewords. As shown in [5], G is 1-
syEC/AUED code.

We wish to find out which C; has the highest cardinality for ob-
taining 1-syEC/AUED codes with as high code rate as possible.
Since the method proposed by Bose and Rao is based on the exhaus-
tive search to find C, how to effectively count C; is a challenge.
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