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Abstract—In this paper we study a team orienteering
problem, which is to find service paths for multiple vehicles in
a network such that the profit sum of serving the nodes in the
paths is maximized, subject to the cost budget of each vehicle.
This problem has many potential applications in IoT and smart
cities, such as dispatching energy-constrained mobile chargers
to charge as many energy-critical sensors as possible to prolong
the network lifetime. In this paper, we first formulate the team
orienteering problem, where different vehicles are different types,
each node can be served by multiple vehicles, and the profit of
serving the node is a submodular function of the number of
vehicles serving it. We then propose a novel (1 − (1/e)

1
2+ε )-

approximation algorithm for the problem, where ε is a given
constant with 0 < ε ≤ 1 and e is the base of the natural
logarithm. In particular, the approximation ratio is no less than
0.32 when ε = 0.5. In addition, for a special team orienteering
problem with the same type of vehicles and the profits of serving
a node once and multiple times being the same, we devise
an improved approximation algorithm. Finally, we evaluate the
proposed algorithms with simulation experiments, and the results
of which are very promising. Precisely, the profit sums delivered
by the proposed algorithms are approximately 12.5% to 17.5%
higher than those by existing algorithms.

Index Terms—Multiple vehicle scheduling; team orienteer-
ing problem; approximation algorithms; submodular function.

I. INTRODUCTION

In this paper we consider a generalized orienteering
problem – the team orienteering problem, which has wide
applications in the areas of Internet of Things (IoTs) and smart
cities [15], [26], [28]. For example, given multiple mobile
chargers, consider the problem of how to dispatch them to
recharge energy-critical IoT sensors in a monitoring region
by scheduling their charging tours [8], [9], [18], [20], [21],
[22], [29], [31], [32], [33], [35], [36]. Fig. 1 illustrates the
employment of two mobile chargers to recharge sensors in a
wireless sensor network. When many energy-critical sensors
are to be charged, the two mobile chargers may not be enough
to charge all the sensors to their full energy capacities, due
to the limited energy capacity on each of them. Therefore, a

    

depot charging toursensor mobile charger

Fig. 1. An example of the team orienteering problem for dispatching two
mobile chargers to recharge energy-critical sensors in a sensor network.

fundamental problem is to schedule the chargers to recharge
a portion of energy-critical sensors such that the charging
profit sum of the sensors is maximized, subject to the energy
capacity of each mobile charger. It is understood that more
charging profit can be collected by charging a sensor with low
residual energy than by charging a sensor with high residual
energy [18], [20], [23], [30].

Other applications of the team orienteering problem in-
clude scheduling multiple Unmanned Aerial Vehicles (UAVs)
in disaster areas to monitor Points of Interest (POIs), such as
malls, schools, office buildings, etc. [10], [11], [16], [19], [24],
[27], and dispatching a fleet of autonomous vehicles to deliver
goods to different households in the scenario of smart cities.

As mentioned, the team orienteering problem is a gen-
eralization of the traditional orienteering problem [15], [28].
Given a complete graph G = (V,E) and a cost budget B,
let each edge (vi, vj) ∈ E be associated with a cost c(vi, vj).
Assume that the edge costs in G satisfy the triangle inequality.
Also, let there be a profit u(vi) of serving a node vi ∈ V .
Then the orienteering problem is to find a simple path P in
G from a source node s to a destination node t, such that the
profit sum of the nodes in path P , denoted as

∑
vi∈P u(vi), is
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maximized, subject to the fact that the total cost of the edges
in P is no greater than the cost budget B.

Due to the wide applications, the orienteering problem
has been extensively studied in the literature. Blum et al. [3]
proposed the first constant approximation algorithm for this
problem with a ratio of 1

4 . Bansal et al. [2] shortly improved
the approximation ratio to 1

3 . Recently, Chekuri et al. [6]
further improved the ratio to 1

2+ε when the starting node s and
ending node t may be different, where ε is a given constant
with 0 < ε ≤ 1. Moreover, Paul et al. [26] devised a 1

2 -
approximation algorithm when the nodes s and t are co-located
(i.e., s = t).

Although the orienteering problem has been well studied,
many applications need to find paths for multiple vehicles
rather than just one. Here, the meaning of a vehicle is broad; it
may be a mobile charger or a UAV, depending on the applica-
tion scenario. For example, in a large-scale sensor network,
we may schedule multiple mobile chargers to recharge as
many energy-critical sensors as possible. However, to the best
of our knowledge there are no any performance-guaranteed
algorithms for such multi-vehicle case.

In this paper, we study the team orienteering problem,
which is to find service paths for K ≥ 1 vehicles where each
path starts at node s and ends at node t, such that the profit
sum of serving the nodes in the K paths is maximized, subject
to the cost budget constraint on each vehicle. Furthermore, we
consider several generalized scenarios of the team orienteering
problem in practical applications, such as:

(i) Node costs may also be considered in addition to
the edge costs. In this case, the cost of a path becomes the
sum of its edge costs and node costs. For example, in a
sensor network, a mobile charger consumes energy on both
mechanical movements (edge costs) and recharging sensors
(node costs).

(ii) Different types of vehicles (rather than the same type)
may also be considered. Different types of vehicles may have
different travel and service costs, as well as different cost
budgets. For example, the maximum flying duration of a ‘DJI
Phantom 4 Pro’ UAV is approximately 30 minutes, while a
‘DJI Inspire 1’ UAV can fly for only approximately 18 minutes
with its battery capacity.

(iii) Each node may be served by multiple vehicles (rather
than by only one) and a nondecreasing submodular function
can be adopted to model the profit of serving a node. In other
words, the more vehicles serve a node, the less marginal profit
is. For example, consider the deployment of UAVs to monitor
POIs in a disaster area, where two or more UAVs can take
photos for the same POI, thereby obtaining more accurate
information about the POI [20]. However, photos taken by
different UAVs may have some redundant information. In this
scenario, it is appropriate to adopt a submodular function to
model the nonredundant information of the photos taken by
different UAVs.

The novelty of this paper lies in formulating a novel
problem, namely the team orienteering problem that has many
potential applications in the context of IoTs and smart cities,

and developing the very first approximation algorithms with
provable approximation ratios. Our major contributions are
summarized as follows.

• We are the first to study the team orienteering problem,
where different types of vehicles have different travel
costs, node service costs, and cost budgets. Each node can
be served by multiple vehicles and the profit collected by
serving a node is a submodular function of the number
of vehicles serving that node.

• We propose a novel (1− (1/e)
1

2+ε )-approximation algo-
rithm for the team orienteering problem, where ε is a
given constant with 0 < ε ≤ 1 and e is the base of the
natural logarithm. In particular, the approximation ratio
is no less than 0.32 when ε = 0.5.

• We devise an improved approximation algorithm for a
special case of the team orienteering problem where all
vehicles are the same type and the profits that a node is
served once and multiple times are the same.

• We evaluate the proposed algorithms with simulations.
Experiment results show that the profit sums delivered
by the proposed algorithms are approximately 12.5% to
17.5% higher than those by existing algorithms.

The rest of the paper is organized as follows. Sec-
tion II introduces preliminary concepts. Sections III and IV
respectively propose approximation algorithms for the team
orienteering problem and its special case. Section V evaluates
the proposed algorithms experimentally. Section VI reviews
related works, while Section VII concludes the paper.

II. PRELIMINARIES

In this section, we introduce the system model and define
the problem precisely.

A. System model

Let G = (V ∪ {s, t}, E) be a given complete undirected
graph, where V = {v1, v2, . . . , vn} is a set of n nodes, s is a
source node, and t is a destination node. Notice that nodes s
and t may or may not be co-located. There is an edge in E
between any two nodes in V ∪ {s, t}.

There are K ≥ 1 vehicles to serve the nodes in V , and
all vehicles are located at source node s initially. Each vehicle
k needs to find a simple path Pk from node s to node t with
1 ≤ k ≤ K. The cost of path Pk for vehicle k is defined
as follows, where the meaning of the ‘cost’ is the amount
of energy consumed, or the amount of time elapsed, of the
vehicle, depending on the application scenario. Let Pk =<
s, v1, v2, · · · , vqk , t >, where qk is the number of nodes
served by vehicle k in Pk except nodes s and t, and 1 ≤ k ≤
K.

We assume that the K vehicles are different types
and thus have different travel and service costs. Denote by
ck(vi, vi+1) the cost of vehicle k for traveling between nodes
vi and vi+1, and hk(vi) the service cost of vehicle k at node
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vi. Assume that hk(s) = hk(t) = 0. The cost w(Pk) of path
Pk for vehicle k then is

w(Pk) =

qk∑
i=1

hk(vi) +

qk∑
i=0

ck(vi, vi+1), (1)

where v0 = s and vqk+1 = t.
Notice that different types of vehicles have different cost

budgets, where the cost budget of a vehicle is either its energy
capacity or its maximum operation duration per tour. Denote
by Bk the cost budget of vehicle k with 1 ≤ k ≤ K. The cost
w(Pk) of path Pk for vehicle k thus must be no greater than
its cost budget Bk, i.e., w(Pk) ≤ Bk.

B. Profit function

For each node vi ∈ V , denote by ni the number of times
that it is served by ni vehicles among the K vehicles with
0 ≤ ni ≤ K. That is, vi may be served more than once
by different vehicles. We define the total profit received by
serving the nodes in the K paths as follows.

We make use of a nondecreasing submodular function
ui(ni) to model the profit of serving node vi by the ni vehicles
among the K vehicles. Function ui(.) has three properties. (i)
ui(0) = 0; (ii) the nondecreasing property: 0 ≤ ui(x) ≤ ui(y)
if 0 ≤ x ≤ y, where x and y are two integers; and (iii)
the submodularity property: for any nonnegative integer ∆,
ui(x + ∆) − ui(x) ≥ ui(y + ∆) − ui(y) if 0 ≤ x ≤ y.
This function characterizes the diminishing return received by
serving node vi with multiple times.

We here illustrate the physical meaning of function ui(ni)
with two examples. One example is that ui(ni) = 1 if ni ≥ 1;
otherwise, ui(ni) = 0. In this example, there is a profit of 1 if
node vi is served by at least one of the K vehicles; otherwise,
the profit is 0. The other example is that ui(ni) = log2(ni+1),
which implies that the more vehicles serve a node vi, the less
the marginal gain is obtained from serving it. In other words,
this function is used to encourage visiting new nodes.

Notice that although both nodes s and t are contained in
each of the K paths, we assume the profits for serving them
are zero, i.e., us(ns) = ut(nt) = 0 with 0 ≤ ns, nt ≤ K.

The total profit received from serving the nodes in the K
paths P1, P2, . . . , PK then is

∑
vi∈∪Kk=1Pk

ui(ni), where ni is
the number of times that vi is served by the K vehicles.

C. Problem definition

Given a graph G = (V ∪{s, t}, E), the team orienteering
problem in G is to find K paths P1, P2, . . . , PK for K vehicles
with each starting from node s and ending at t, such that
the profit sum of the nodes served by the K vehicles, i.e.,∑
vi∈∪Kk=1Pk

ui(ni), is maximized, subject to that the cost
w(Pk) of each path Pk for vehicle k is no greater than its
cost budget Bk, i.e., w(Pk) ≤ Bk with 1 ≤ k ≤ K. That is,

max
∑

vi∈∪Kk=1Pk

ui(ni), (2)

subject to
w(Pk) ≤ Bk, 1 ≤ k ≤ K. (3)

The team orienteering problem is NP-hard, since the
orienteering problem is its special case when K = 1.

III. APPROXIMATION ALGORITHM

In this section, we propose a novel constant approxima-
tion algorithm for the team orienteering problem.

The basic idea of the proposed algorithm is that it
proceeds iteratively. Within each iteration, one path with
the maximum marginal gain is found for one vehicle in an
auxiliary graph. Thus, there are K iterations. The detailed
algorithmic description is as follows.
A. Algorithm

Given graph G = (V ∪ {s, t}, E), the algorithm first
constructs K auxiliary graphs G1, G2, . . . , GK , where graph
Gk is for finding the path Pk of vehicle k, Gk = (V ∪
{s, t}, E;wk : E 7→ R≥0), and the weight wk(vi, vj) of each
edge (vi, vj) in Gk is

wk(vi, vj) = ck(vi, vj) +
hk(vi) + hk(vj)

2
, (4)

ck(vi, vj) is the traveling cost between nodes vi and vj for
vehicle k, and hk(vi) and hk(vj) are the service costs of
vehicle k at nodes vi and vj , respectively. For any s− t path
Pk in Gk, denote by wk(Pk) the weighted sum of the edges
in Pk, i.e., wk(Pk) =

∑
(vi,vj)∈Pk wk(vi, vj).

There are two interesting relationships between graphs G
and Gk, which are the corner stones of the proposed algorithm.
That is,

(i) For any s− t path Pk of vehicle k in G, the cost w(Pk)
of Pk in G is equal to the weighted sum wk(Pk) of the
edges in Pk of Gk.

(ii) The edge weights in Gk satisfy the triangle inequality.
The proposed algorithm then finds K paths for the K

vehicles. Assume that it has found K ′ paths Pl1 , Pl2 , . . . , PlK′ ,
where Plj is the path for vehicle lj , 1 ≤ lj ≤ K and 1 ≤ j ≤
K ′. Also, assume that each node vi in V has been served ni
times with 0 ≤ ni ≤ K ′. Initially, K ′ = 0 and ni = 0 for
each vi ∈ V . The algorithm now finds the (K ′ + 1)th path
PlK′+1

as follows.
Let K = {1, 2, . . . ,K} be the set of the K vehicles. Also,

let L = {l1, l2, . . . , lK′} the set of the vehicles that have been
assigned paths already. For each vehicle k that has not been
assigned a path (i.e., k ∈ K \ L), it finds an approximate
s − t path Pk in Gk under the cost budget Bk constraint,
by applying an approximation algorithm for the orienteering
problem, where the profit of serving a node vi in Gk is set
to u(vi,K

′ + 1) = ui(ni + 1) − ui(ni), and vi has already
been served ni times in the previous K ′ paths. Denote by
u(Pk,K

′ + 1) the profit sum of the nodes in path Pk, i.e.,
u(Pk,K

′ + 1) =
∑
vi∈Pk u(vi,K

′ + 1).
The (K ′+ 1)th path PlK′+1

for vehicle lK′+1 then is the
path with the maximum profit, i.e.,

lK′+1 = arg max
k∈K\L

{u(Pk,K
′ + 1)}. (5)

After finding the (K ′+1)the path, the algorithm increases the
value of K ′ by one, updates the number of times ni that vi
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Algorithm 1 Approximation algorithm for the team orienteer-
ing problem (approAlg)
Input: G = (V ∩{s, t}, E), K different types of vehicles with cost

budgets B1, B2, . . . , BK , travel cost ck : E 7→ R≥0, service cost
hk : V 7→ R≥0, and profit ui : Z≥0 7→ R≥0 for each vi ∈ V .

Output: K s−t paths such that the total profit for serving the nodes
in the paths is maximized, subject to the cost budget constraints
on the K paths.

1: Construct K auxiliary graphs G1, G2, . . . , GK from G, where
Gk = (V ∩ {s, t}, E), wk : E 7→ R≥0, and wk(vi, vj) =

ck(vi, vj) +
hk(vi)+hk(vj)

2
for each edge (vi, vj) in Gk;

2: Let K = {1, 2, . . . ,K}; /* the set of K vehicles */
3: Let L = ∅; /* the set of vehicles that have been found paths for

them */
4: Let P = ∅; /* the set of found paths */
5: Let K′ ← 0; /* the number of found paths */
6: Let ni ← 0, for each vi ∈ V ; /* the number of times ni that

each node vi has been served in the K′ paths */
7: while K′ < K do
8: For each vehicle k in K \ L, find an approximate s − t path

Pk in Gk with cost budget Bk, by applying an approximation
algorithm for the orienteering problem, where the profit for
serving each node vi in Gk is set as u(vi,K

′) = ui(ni +
1)− ui(ni);

9: Choose a path PlK′+1
for vehicle lK′+1 with the maximum

profit, i.e., lK′+1 = arg maxk∈K\L{u(Pk,K
′)};

10: P ← P ∪ {PlK′+1
};

11: For each vi in path PlK′+1
, increase its number of served

times ni by one;
12: L ← L ∪ {lK′+1};
13: K′ ← K′ + 1;
14: end while
15: return K paths in P .

is served, and the set L. The algorithm continues until the K
paths are found.

The algorithm for the team orienteering problem is pre-
sented in Algorithm 1.

B. Algorithm analysis

For the sake of convenience, we assume that the K ′th
path PlK′ delivered by Algorithm 1 is for vehicle K ′, i.e.,
lK′ = K ′ for each K ′ with 1 ≤ K ′ ≤ K.

Theorem 1: Given a graph G = (V ∪ {s, t}, E), K
vehicles with vehicle k having a cost budget Bk, the travel
cost function ck : E 7→ R≥0, service cost function hk :
V 7→ R≥0, and the profit function ui : Z≥0 7→ R≥0 for
each node vi in V , there is an approximation algorithm,
Algorithm 1, for the team orienteering problem, which
delivers a (1 − (1/e)α)-approximate solution, assuming that
there is an α-approximation algorithm for the orienteering
problem with 0 < α < 1, where e is the base of the natural
logarithm.

Proof: Let paths P ∗1 , P
∗
2 , . . . , P

∗
K form an optimal

solution to the team orienteering problem, and let A∗ be the
set of the K optimal paths, i.e., A∗ = {P ∗1 , P ∗2 , . . . , P ∗K}.
Also, let A∗k = {P ∗1 , P ∗2 , . . . , P ∗k } with 1 ≤ k ≤ K.

Let A be the set of the K paths delivered by
Algorithm 1, i.e., A = {P1, P2, . . . , PK}. Also, let Ak

be the set of the first k paths among the K paths, i.e.,
Ak = {P1, P2, . . . , Pk} with 1 ≤ k ≤ K.

For any set Ak, denote by P̂k+1 the optimal s − t path
in G, such that the marginal profit is maximized, i.e.,

P̂k+1 = arg max
P∈P
{u(Ak ∪ {P})− u(Ak)}, (6)

where P is the set of all feasible paths for the (k + 1)th,
(k + 2)th, . . ., and Kth vehicles.

Denote by P ∗k,j the optimal path for the orienteering
problem in Gj with k+ 1 ≤ j ≤ K, where the profit u(vi, k)
for serving each node vi in Gj is u(vi, k) = ui(n

Ak
i +

1) − ui(n
Ak
i ), and nAki is the number of times that vi is

served by the paths in Ak. It can be seen that P̂k+1 is
the path with the maximum profit among the K − k paths
P ∗k,k+1, P

∗
k,k+2, . . . , P

∗
k,K , i.e.,

P̂k+1 = arg max
k+1≤j≤K

{u(P ∗k,j , k)}. (7)

For the sake of convenience, assume that P̂k+1 = P ∗k,j∗ , where
k + 1 ≤ j∗ ≤ K.

Recall that, an α-approximate path P ′j for the orienteering
problem in graph Gj can be delivered by Algorithm 1, i.e.,
u(P ′j) ≥ α · u(P ∗k,j) with k+ 1 ≤ j ≤ K. On the other hand,
recall that Pk+1 is the path with the maximum profit among
the K−k paths P ′k+1, P

′
k+2, . . . , P

′
K found by Algorithm 1.

We thus have

u(Ak+1)− u(Ak)

= u(Pk+1)

= arg max
k+1≤j≤K

{u(P ′j)}

≥ u(P ′j∗)

≥ α · u(P ∗k,j∗)

= α · u(P̂k+1),

= α · (u(Ak ∪ {P̂k+1})− u(Ak)), (8)

where 0 ≤ k ≤ K − 1.
We now consider the relationship between u(Ak+1) and

u(Ak) as follows. For each k and j with 0 ≤ k ≤ K − 1 and
1 ≤ j ≤ K, we show that

u(Ak ∪A∗j ) ≤
1

α
(u(Ak+1)− u(Ak)) + u(Ak ∪A∗j−1) (9)

as follows.

u(Ak ∪ A∗j )
= u(Ak ∪ A∗j−1 ∪ {P ∗j }), by the definition of A∗j
= u(Ak ∪ A∗j−1 ∪ {P ∗j })− u(Ak ∪ A∗j−1) + u(Ak ∪ A∗j−1)

≤ u(Ak ∪ {P ∗j })− u(Ak) + u(Ak ∪ A∗j−1),

due to the submodularity of u(.) and Ak ⊆ Ak ∪ A∗j−1

≤ u(Ak ∪ {P̂k+1})− u(Ak) + u(Ak ∪ A∗j−1),

since P̂k+1 is an optimal path with respect to Ak

≤ 1

α
(u(Ak+1)− u(Ak)) + u(Ak ∪ A∗j−1), due to Eq. (8)
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We then have

u(A∗) = u(A∗K), as A∗ = A∗K
≤ u(Ak ∪ A∗K), as function u(.) is nondecreasing

≤ 1

α
(u(Ak+1)− u(Ak)) + u(Ak ∪ A∗K−1),

due to Ineq. (9) where j = K,

≤ 2

α
(u(Ak+1)− u(Ak)) + u(Ak ∪ A∗K−2),

due to Ineq. (9) where j = K − 1,
...

≤ K

α
(u(Ak+1)− u(Ak)) + u(Ak ∪ A∗K−K),

=
K

α
(u(Ak+1)− u(Ak)) + u(Ak),

where A∗K−K = A∗0 = ∅

= βK(u(Ak+1)− u(Ak)) + u(Ak), let β =
1

α
. (10)

Re-arranging Ineq. (10), we have

u(Ak+1) ≥ βK − 1

βK
u(Ak) +

u(A∗)
βK

= a · u(Ak) + b, (11)

where a = βK−1
βK and b = u(A∗)

βK with 0 ≤ k ≤ K − 1.
We finally bound the profit of the solution AK =

{P1, P2, . . . , PK} delivered by Algorithm 1 as follows.

u(AK) ≥ a · u(AK−1) + b, by Eq. (11)
≥ a(a · u(AK−2) + b) + b

= a2 · u(AK−2) + ab+ b

...

≥ aK · u(AK−K) + b

K−1∑
k=0

ak

= b

K−1∑
k=0

ak, as AK−K = ∅ and u(∅) = 0

= b
1− aK

1− a

=
u(A∗)
βK

1− (βK−1
βK

)K

1− βK−1
βK

,

= u(A∗)(1− (1− 1

βK
)K)

= u(A∗)(1− ((1− 1

βK
)βK)

1
β )

≥ u(A∗)(1− (1/e)
1
β ), as (1− 1

βK
)βK ≤ 1

e

= (1− (1/e)α)u(A∗), as α =
1

β
. (12)

The theorem then follows.
Corollary 1: There is a (1 − (1/e)

1
2+ε )-approximation

algorithm for the team orienteering problem, where e is the
base of the natural logarithm, and ε is a given constant with
0 < ε ≤ 1.

Proof: Following Chekuri et al. [6], there is an
approximation algorithm for the orienteering problem, which
finds a 1

2+ε -approximate s − t path P with a cost budget B,

where 0 < ε ≤ 1. The lemma immediately follows, due
to Theorem 1. When ε = 0.5, the approximation ratio is
1− (1/e)0.4 ≥ 0.32.

In practice, the starting node s and the ending node t
are co-located in many applications. In this case, we actually
find closed tours for the vehicles and we can obtain a better
approximation ratio as follows.

Corollary 2: There is a (1 − 1/
√
e)-approximation al-

gorithm for the team orienteering problem, when the starting
node s and ending node t are co-located, where e is the base
of the natural logarithm.

Proof: Since there is a 1
2 -approximation algorithm

for the orienteering problem which is to find an s-rooted
closed tour, due to Paul et al. [26], the approximation ratio
of Algorithm 1 then is 1 − 1/

√
e, which is no less than

0.39.

IV. APPROXIMATION ALGORITHM WITH THE SAME TYPE
OF VEHICLES

In this section, we consider a special case of the team
orienteering problem, where the K vehicles are the same type,
the source node s and the destination node t are co-located
(i.e., s = t), and the profits ui(ni) that each node vi is
served once and multiple times are equal, that is, ui(0) = 0,
ui(1) = ui(2) = · · · = ui(K). Such an example of this special
profit function is that, every sensor can be charged by only one
mobile charger, rather than by multiple chargers.

Formally, given a graph G = (V ∪ {s}, E), K vehicles
with the same type, a cost budget B of each vehicle, a travel
cost function c : E 7→ R≥0, a node service cost function
h : V 7→ R≥0, and a profit function u : V 7→ R≥0,
the special team orienteering problem is to find K closed
tours C1, C2, . . . , CK with each containing node s, such
that the profit sum of serving the nodes in the K closed
tours,

∑
vi∈∪Kk=1Ck

u(vi), is maximized, subject to that the
cost w(Ck) of each tour Ck is no greater than B, where
1 ≤ k ≤ K.

Although the proposed greedy algorithm in the previous
section is applicable for this special team orienteering problem
with an approximation ratio of 0.39 by Corollary 2, we here
devise an approximation algorithm for this special problem,
and we will show that the algorithm is able to find a better
solution than that by the greedy algorithm when the cost
budget B of each vehicle is large.

A. Algorithm

The basic idea behind the proposed algorithm is that
it first finds an approximate closed tour C in G for the
orienteering problem with a cost budget of KB, instead of
B. It then splits the tour C into the minimum number of s-
rooted tours C1, C2, . . . , CK′ , subject to that the cost of each
split tour is no greater than B, where K ′ is the number of
tours split and K ′ ≥ K. It finally chooses the top-K tours
with the maximum profits among the K ′ tours.

Given a graph G = (V ∪{s}, E), assume that the cost of
each tour that serves only a single node vi in V is no greater
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(d) Obtained K′ = 4 tours
C1, C2, C3, and C4 from C

Fig. 2. Illustration of the approximation algorithm for the special team orienteering problem, where K = 3.

than B, i.e., maxvi∈V {h(vi)+2c(s, vi)} ≤ B. Otherwise (i.e.,
there is a node vi in V such that h(vi) + 2c(s, vi) > B), node
vi can be removed from G, since it will not be contained in
any feasible solution.

The algorithm proceeds as follows. It first constructs an
auxiliary graph G′ = (V ∪ {s}, E;w : E 7→ R≥0) from G,
where the weight w(vi, vj) of each edge (vi, vj) is w(vi, vj) =

c(vi, vj) +
h(vi)+h(vj)

2 . It can be seen that the edge weights in
G′ satisfy the triangle inequality.

The algorithm then finds a 1
2 -approximate s-rooted tour

C for the orienteering problem in G′ with a cost budget of
KB, by applying an algorithm from [26], where u(vi) is the
profit of serving each node vi in G′. Assume that C =<
s, v1, v2, · · · , vnC , s >, where nC is the number of nodes
in C, e.g., see Fig. 2(a). Denote by u(C) the profit sum of the
nodes in C, i.e., u(C) =

∑
vi∈C u(vi).

Having the tour C, the algorithm thirdly splits C into the
minimum number of s-rooted tours C1, C2, . . . , CK′ , subject
to that the cost of each split tour is no greater than B, where
K ′ is a positive integer, which will be determined as follows.

The first split tour is C1 =< s, v1, v2, · · · , vl1 , s >,
where vl1 is the last node along C such that the cost of C1

is no greater than B (see Fig. 2(b)), which means the cost of
tour < s, v1, v2, · · · , vl1 , vl1+1, s > is strictly larger than
B. The residual C is path < vl1+1, vl1+2, · · · , vnC , s >
after splitting tour C1 from C.

The second split tour is C2 =<
s, vnC , vnC−1, · · · , vl2 , s >, where the vl2 is the last node
backwards along the residual C such that the cost of C2 is no
greater than B (see Fig. 2(c)), which means that the cost of
tour < s, vnC , vnC−1, · · · , vl2 , vl2−1, s is strictly larger
than B. The residual C is path < vl1+1, vl1+2, · · · , vnl2−1

>
after splitting tour C2.

The third split tour is C3 =<
s, vl1+1, vl1+2, · · · , vl3 , s >, where vl3 is the last
node along the residual C such that the cost of C3 is no
greater than B (see Fig. 2(d)), which indicates that the cost of
tour < s, vl1+1, vl1+2, · · · , vl3 , vl3+1, s > is strictly larger
than B. The residual C is path < vl3+1, vl3+2, · · · , vnl2−1

>
after splitting tour C3. The split procedures of rest tours are
similar to that of tour C3. Let K ′ be the number of split tours
in the end. Fig. 2(d) shows that K ′ = 4 tours C1, C2, C3, C4

have been split from tour C, where the last split tour C4

consists of only nodes s and v9.

Algorithm 2 Approximation algorithm for the special team
orienteering problem (approAlgSpecial)
Input: G = (V ∩ {s}, E), K vehicles with cost budget B, travel

cost c : E 7→ R≥0, service cost h : V 7→ R≥0, and profit
u : V 7→ R>0.

Output: K s-rooted closed tours such that the total profit for serving
the nodes in the tours in maximized, subject to the cost budget
constraints on the K tours.

1: Construct an auxiliary graph G′ = (V ∩ {s}, E;w : E 7→ R≥0)

from G, where w(vi, vj) = c(vi, vj)+
h(vi)+h(vj)

2
for each edge

(vi, vj) in G′;
2: Find a 1

2
-approximate tour C for the orienteering problem in G′

with cost budget KB, by invoking an algorithm from [26];
3: Split tour C into, say K′, s-rooted tours C1, C2, . . . , CK′ , such

that the cost of each split tour is no greater than B;
4: Let C be the set of the K tours with the maximum profits among

the K′ tours;
5: return the K tours in C.

Having split K ′ tours C1, C2, . . . , CK′ , let u(Ck) be the
profit of tour Ck, which is the profit sum of the nodes in tour
Ck, i.e., u(Ck) =

∑
vi∈Ck u(vi), where 1 ≤ k ≤ K ′. For the

sake of convenience, we assume that u(C1) ≥ u(C2) ≥ · · · ≥
u(CK′). The algorithm finally chooses the top-K tours with
the largest profits among the K ′ tours, i.e., C1, C2, . . . , CK , as
the solution to the special team orienteering problem if K ≤
K ′. For example, the algorithm chooses tours C1, C2, and C3

as the solution, since the profit of tour C4 is the smallest.
Otherwise (K > K ′), the K ′ tours form the solution to the
problem.

The algorithm for the special team orienteering problem
is presented in Algorithm 2.

B. Algorithm analysis

We assume that K ≥ 2. Otherwise (i.e., K = 1), the spe-
cial team orienteering problem degenerates to the orienteering
problem. In the following, we first obtain a nontrivial upper
bound on the special team orienteering problem. We then
analyze the approximation ratio of the proposed algorithm.

Assume that the optimal solution contains K tours
C∗1 , C

∗
2 , . . . , C

∗
K . Denote by OPT the optimal value, i.e.,

OPT =
∑
vi∈∪Kk=1C

∗
k
u(vi). Meanwhile, denote by C∗L the

optimal solution to the orienteering problem in G′ with cost
budget KB.

We start with the following important lemma.
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Lemma 1: The optimal value OPT of the special team
orienteering problem in G is no greater than the value of the
optimal solution C∗L to the orienteering problem in G′ with
cost budget KB, i.e., OPT ≤ u(C∗L).

Proof: Consider the optimal solution consisting of
the K tours C∗1 , C

∗
2 , . . . , C

∗
K . Since each tour contains the

root s, a tour C that visits root s and the nodes in the K tours
can be constructed, such that the profit u(C) of tour C is the
profit sum of the nodes in the K tours, and the cost w(C) of
tour C is no greater than KB, as the cost of each of the K
tours is no larger than B. Then, it can be seen that tour C is
a feasible solution to the orienteering problem in G′ with cost
budget KB. Since C∗L is the optimal solution, we have

OPT =
∑

vi∈∪Kk=1V (C∗k)

u(vi) = u(C) ≤ u(C∗L). (13)

The lemma then follows.
We then analyze the approximation ratio of

Algorithm 2, by distinguishing it to two cases: (i)
the number K ′ of split tours in Algorithm 2 is no more
than K, i.e., K ′ ≤ K; and (ii) K ′ > K, through the following
two lemmas.

Lemma 2: Algorithm 2 delivers a 1
2 -approximate solu-

tion to the special team orienteering problem in G if K ′ ≤ K.
Proof: Since K ′ ≤ K, the solution delivered by

Algorithm 2 consists of the K ′ split tours C1, C2, . . . , CK′ .
We then have ∑

vi∈∪K
′

k=1Ck

u(vi) = u(C)

≥ 1

2
· u(C∗L), as C is a

1

2
-approximate solution

≥ 1

2
·OPT, by Lemma 1. (14)

We consider case (ii) that K ′ > K as follows.
Lemma 3: Algorithm 2 delivers an α-approximate

solution to the special team orienteering problem in G, if
K ′ > K ≥ 2, where α = K

2d KB
B−2∆ e

, B is the cost budget

of each vehicle, ∆ = 1
2 maxvi∈V {2c(s, vi) + h(vi)} is half

the maximum cost for serving a node in V , and ∆ ≤ B
2 .

Proof: We first bound the number K ′ of s-
plit tours by Algorithm 2. It can be seen that ∆ =
maxvi∈V {w(s, vi)}.

Recall that the cost w(C) of tour C is no greater than
KB. After splitting off C1 from C, the cost of the residual C
is no more than KB− (B−∆) = (K− 1)B+ ∆, as the cost
of tour < s, v1, v2, · · · , vl1 , vl1+1, s > is strictly larger
than B and the cost of edge (vl1+1, s) is no more than ∆.
Similarly, after splitting off C2, the cost of the residual C is
no greater than (K− 1)B+ ∆− (B−∆) = (K− 2)B+ 2∆.
Furthermore, after splitting off C3, the cost of the residual C
is no more than (K − 2)B + 2∆− (B − 2∆), since the cost
of tour < s, vl1+1, vl1+2, · · · , vl3 , vl3+1, s > is strictly
larger than B, and the costs w(s, vl1+1) and w(vl3+1, s) of
both edges (s, vl1+1) and (vl3+1, s) are no more than ∆. That
is, the cost the residual C will be reduced by at least (B−2∆)
for splitting off each of the tours C3, C4, . . . , CK′−1 except

the last tour CK′ . Thus, the number K ′ of split tours from C
is upper bounded by

K′ ≤ 2 + d (K − 2)B + 2∆

B − 2∆
e

= d (K − 2)B + 2∆

B − 2∆
+ 2e

= dKB − 2∆

B − 2∆
e ≤ d KB

B − 2∆
e. (15)

Since Algorithm 2 chooses the top-K tours with the
largest profits among the K ′ split tours and K ≤ K ′, the profit
of the chosen K tours should be no less than K

K′ of the profit
of the K ′ tours, i.e., u(C) ≥ K

K′ ·
∑
vi∈∪K

′
k=1Ck

u(vi).
The ratio of u(C) to OPT thus is

u(C)
OPT

≥
K
K′ ·

∑
vi∈∪K

′
k=1

V (Ck)

OPT

≥
K
K′ ·

1
2
OPT

OPT
, by Ineq. (14)

=
1

2
· K
K′

≥ 1

2
· K

d KB
B−2∆

e
, by Ineq. (15) (16)

Remark: We compare the approximation ratio K
2d KB
B−2∆ e

of Algorithm 2 against the ratio (1 − (1/e)
1
2 ) of

Algorithm 1. On one hand, the value of (1 − (1/e)
1
2 )

is no more than 0.4. On the other hand, assume that the
value of d KB

B−2∆e can be approximated by KB
B−2∆ , when the

value of K is sufficiently large. Then, the approximation
ratio K

2d KB
B−2∆ e

≈ K
2 KB
B−2∆

= B−2∆
2B ≥ 0.4 ≥ 1 − (1/e)

1
2 , if

B ≥ 10∆. Notice that in many applications, the cost budget
B of each vehicle usually is much larger than the maximum
cost 2∆ of serving only a single node, as a vehicle can serve
many nodes with its cost budget.

V. PERFORMANCE EVALUATION

A. Environmental setting

We consider an application of the team orienteering prob-
lem for scheduling multiple mobile chargers to charge sensors
in a sensor network. There are from 50 to 200 sensors deployed
in a 1000 m×1000 m square area randomly [21]. The battery
capacity of each sensor vi is 10.8 kJ [18]. Also, the residual
energy rei of sensor vi is randomly chosen from an interval
[0, 10.8 kJ ], and the profit ui(vi) of recharging sensor vi is the
amount of energy charged to it, i.e., ui(vi) = 10.8 kJ − rei.
It can be seen that the profit of recharging one sensor with
less residual energy is larger than that of recharging the other
sensor with much residual energy.

A depot s is located at the center of the square area,
and K mobile chargers are located at the depot initially,
where the value of K varies from 1 to 10. Since the K
mobile chargers are different types, we assume that the en-
ergy capacity Bk of charger k is randomly chosen from an
interval [1, 000 kJ, 1, 500 kJ ] [17]. Also, the traveling energy
consumption of charger k between any two nodes vi and vj
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is ck(vi, vj) = ηk · dij , where ηk is its energy consumption
on traveling per unit length that is randomly chosen from an
interval [0.5 kJ/m, 0.6 kJ/m] [17], and dij is the Euclidean
distance between vi and vj . On the other hand, the amount
of energy consumption on recharging sensor vi by charger k
is hk(vi) = 10.8 kJ−rei

ρk
, where 10.8 kJ − rei is the amount

of energy charged to vi, ρk is the energy charging efficiency
of charger k, and ρk is randomly chosen from an interval
[0.9, 0.95].

We here consider two algorithms for the benchmark
purpose against the proposed algorithms.

(1) Algorithm partitionAlg first sorts all sensors in
anticlockwise order with centering at depot s. Assume that
v1, v2, . . . , vn is the order of sorted sensors. The algorithm
then partitions the sensors into K disjoint sets V1, V2, . . . , VK ,
by the energy capacities of the K chargers. That is, sensors
v1, v2, . . . , vn1

are in set V1, where n1 = dn · B1∑K
k=1 Bk

e;
sensors vn1+1, vn1+2, . . . , vn2 are in set V2, where n2 =
dn · B1+B2∑K

k=1 Bk
e; . . .; sensors vnK−1+1, vnK−1+2, . . . , vnK are

in set VK , where nK = dn ·
∑K
k=1 Bk∑K
k=1 Bk

e = n. It can be seen
that the larger the energy capacity Bk of a charger k is, the
more sensors in set Vk are. After partitioning the sensors, the
algorithm finds a charging tour Ck of charger k for charging
the sensors in each set Vk by applying the approximation
algorithm for the orienteering problem [26].

(2) Algorithm forestAlg finds the K charging tours
by starting with a forest with K trivial trees and each tree
Tk consists of only depot s initially [1]. Assume that some
sensors have been inserted to the forest already. For each
sensor vi that is not in the forest, the algorithm calculates
both the profit ui(vi) and increased cost δi of serving vi,
where the increased cost of serving vi is the smallest difference
between the cost of the closed tour Ck consisting of nodes
in Tk and the cost of the tour C ′k consisting of both nodes
in Tk and vi, and the cost of C ′k is no larger than Bk, i.e.,
δi = minKk=1,w(C′k)≤Bk{w(C ′k)−w(Ck)}. The algorithm then
inserts a sensor vj to the forest with the maximum ratio of the
profit ui(vi) to the increased cost δi of serving a sensor vi ,
i.e., vj = arg maxvi∈V \∪Kk=1Tk

{ui(vi)δi
}. This procedure of the

forest growth continues until either the insertion of any sensor
will violate the cost budgets of the K vehicles or all sensors
have been included in the forest.

B. Algorithm performance with different types of vehicles

We first study the performance of different algorithms by
varying the network size n from 50 to 200 when there are K =
2 mobile chargers in the sensor network. Fig. 3 shows that the
profit sum of the tours delivered by the proposed algorithm
approAlg is about from 12.5% to 17.5% larger than those by
algorithms partitionAlg and forestAlg. For example,
the profit sums by algorithms approAlg, partitionAlg
and forestAlg are 457.5, 362.4, 357.4, respectively, when
the network size n is 200. Fig. 3 also shows that the profit sum
by each of these three algorithms increases with the growth
of the network size n. The rationale behind is that sensors

Fig. 3. Performance of different algorithms by varying the network size n
from 50 to 200, when K = 2 and Bmax = 1, 500.

Fig. 4. Performance of different algorithms by varying the maximum energy
capacityBmax from 1, 000 kJ to 2, 000 kJ while fixingBmin at 1, 000 kJ ,
when n = 200 and K = 2.

are more densely located in a larger network, and the energy
consumption of a charger on its traveling between sensors thus
is less. Therefore, each charger has more energy for recharging
sensors, thereby collecting more charging profit.

We then study the algorithm performance, by increas-
ing the maximum energy capacity Bmax from 1, 000 kJ
to 2, 000 kJ while fixing Bmin at 1, 000 kJ , where the
energy capacity Bk of a charger k is randomly chosen from
the interval [Bmin, Bmax] with 1 ≤ k ≤ K, n = 200
and K = 2. Fig. 4 plots the performance of algorithms
approAlg, partitionAlg and forestAlg, from which
it can be seen that the larger the maximum energy capacity
Bmax is, the higher the profit sum by each of these three
algorithms is, since each charger can charge more energy-
critical sensors when its energy capacity is larger. Fig. 4
also shows that the profit sum by algorithm approAlg is
about from 15% to 18% larger than those by algorithms
partitionAlg and forestAlg.

C. Algorithm performance with the same type of vehicles

We finally evaluate the performance of different algo-
rithms with the same type of vehicles, by varying the energy
capacity B of each charger from 2, 000 kJ to 5, 000 kJ
when there are n = 200 sensors and K = 2 chargers in
the network. Fig. 5 shows that the profit sum by algorithm
approAlgSpecial is slightly smaller than that by algorith-
m approAlg when the energy capacity B of each charger is
no more than 3, 500 kJ , while the profit sum by the former
algorithm is upto 2% larger than that by the latter when
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Fig. 5. Performance of different algorithms with the same type of chargers, by
varying the energy capacity B of each charger from 2, 000 kJ to 5, 000 kJ
when n = 200, K = 2, ηk = 0.6 kJ/m and ρk = 0.95.

B is larger than 3, 500 kJ , which validates our claim that
the approximation ratio of algorithm approAlgSpecial is
larger than that of algorithm approAlg when the value of B
is large (see the last paragraph in the analysis of Lemma 3).

VI. RELATED WORK

The orienteering problem and its variants have attracted
a lot of attentions due to their wide applications [15], [28].
For the orienteering problem in metric graphs, Blum et al. [3]
proposed the first constant approximation algorithm with a
ratio of 1

4 . Bansal et al. [2] shortly improved the approximation
ratio to 1

3 . Chekuri et al. [6] recently further improved the ratio
further to 1

2+ε when the starting node s and the ending node t
may be different, where ε is a given constant with 0 < ε ≤ 1,
while Paul et al. [26] devised a 1

2 -approximation algorithm
when nodes s and t are co-located, i.e., s = t. On the other
hand, for the orienteering problem in the Euclidean space,
Chen et al. [7] proposed a Polynomial Time Approximation
Scheme (PTAS), which delivers a (1−ε)-approximate solution
within time O(n

1
ε ), where ε is a constant with 0 < ε ≤ 1 and

n is the number of nodes.
There are other studies on the special team orienteering

problem. Boussier et al. [4] proposed an exact algorithm for
the problem. Their algorithm is only applicable to a small
problem size, since the problem is NP-hard. Archetti et al. [1]
devised a tabu search algorithm and a neighborhood search
algorithm for the problem. Gavalas et al. [14] assumed that
there is a profit of visiting a node only when the node is
visited within its time window. They proposed meta-heuristic
approaches. Yu et al. [34] considered the factor that the profits
of visiting a node at different time points are different, and
they devised a bee colony algorithm. Notice that the these
meta-heuristic algorithms do not provide any performance
guarantees on the delivered solutions, and cannot apply for the
case where a node may be visited multiple times and the profit
of visiting the node is a nondecreasing submodular function
of the number of visits.

We also notice that the submodular set function maxi-
mization problem is related to the team orienteering problem.
Nemhauser et al. [25] considered the problem of maximizing
a nondecreasing submodular set function under the constraint

of choosing no more than K elements in a given set. They
devised a greedy algorithm that is able to deliver a (1− 1/e)-
approximate solution, and the result is tight, where e is the
base of the natural logarithm. They extended their result to
the submodular function maximization problem under the con-
straint of the intersection of P matriods, and proved that their
greedy algorithm can find a 1

P+1 -approximate solution [13].
Filmus et al. [12] improved the ratio to 1 − 1/e when
P = 1. On the other hand, Buchbinder et al. [5] proposed
a randomized approximation algorithm for the nonmonotoni-
cally submodular function maximization problem without any
constraints, and the expectation of the delivered solution is
at least half the value of an optimal solution. However, they
assumed that it takes polynomial time to find the element with
the maximum marginal gain with respect to a partial solution.
This assumption may not be realistic, since the orienteering
problem is NP-hard.

VII. CONCLUSIONS

In this paper we studied the team orienteering problem
with different types of vehicles. Each node can be served
by multiple vehicles and the profit of serving the node is a
submodular function of the number of vehicles serving it. We
proposed a novel (1− (1/e)

1
2+ε )-approximation algorithm for

the problem, where ε is a given constant with 0 < ε ≤ 1
and e the base of the natural logarithm. Particularly, the
approximation ratio is no less than 0.32 when ε = 0.5. For
the special team orienteering problem with the same type of
vehicles, we proposed an improved approximation algorithm.
We finally evaluated the proposed algorithms with simulations,
and experimental results showed that the proposed algorithms
are very promising.
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