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Abstract—Betweenness centrality is one of the key centrality
measures in many applications including community detections
in biological networks, vulnerability detections in communication
networks, misinformation filtering in social networks, etc. The
top-K group betweenness centrality problem is to find a group
of K nodes from a network so that the total fraction of
shortest paths that pass through the K nodes is maximized.
Existing studies proposed randomized sampling algorithms for
the problem. We notice that the existing studies ensured that, the
maximum deviation of the estimated centrality of every group
from its expectation is no greater than a small given threshold
for all potential groups with no more than K nodes, thereby
generating too many samples, as the number of such groups
is prohibitively large. In contrast, in this paper we first devise
a novel algorithm that enables to estimate the centrality of a
tentative group adaptively, and the algorithm immediately stops
once the centrality is large enough; otherwise, the algorithm uses
more samples to find a better group. We then theoretically show
that, even the algorithm uses much less samples, it still can find a
performance-guaranteed group with a large success probability.
Experimental results with real-world networks demonstrate that
the number of samples used by the proposed algorithm is from 2
to 18 times smaller than the state-of-the-art, while the centrality
of the group found by the algorithm is no more than 4% smaller
than the latter.

Index Terms—Group betweenness centrality, approximation
algorithms, randomized algorithms.

I. INTRODUCTION

Betweenness Centrality (BC) is one of the key measures
of central nodes in network analysis, where the betweenness
centrality of a node in a network is the total fraction of
shortest paths that pass through it [11], [23], [37]. The concept
of BC has various applications, including close community
detection in social and biological networks [12], [20], [24],
[32], vulnerability detection in communication networks or
power grid networks [16], [18], [21], misinformation (e.g.,
rumors) filtering in social networks [5], [13], [14], [17], [31],
[34], [35], etc.

In this paper, we study a top-K Group Betweenness
Centrality (GBC) problem [28], which is to find a group of

K nodes from a network so that the total fraction of shortest
paths that pass through at least one of the nodes in the group is
maximized. The betweenness centrality of a group can be used
to measure the influence of the group over the information flow
in the entire network.

Unlike the calculation problem of the betweenness cen-
trality of each node that can be solved in polynomial time, the
top-K GBC problem is NP-hard [10], and the best approxi-
mation algorithm for it so far can find a (1−1/e)-approximate
solution by Puzis et al. [28] with a time complexity of O(n3),
where e is the base of the natural logarithm, and n is the
number of nodes in a network. Its time complexity however
is prohibitively high for real-world large scale networks, such
as the Internet, Facebook, Twitter, etc.

To efficiently find a near-optimal solution to the top-K
GBC problem in large networks, researchers studied the trade-
off between the quality of the solution found and the running
time of the proposed algorithm [20], [26]. They randomly
sample shortest paths from the network, and find a group of K
nodes to cover the maximum number of paths, where a path is
covered by the group if a node in the path is contained in the
group. They showed that the found group is a (1− 1/e− ε)-
approximate solution with a large success probability if the
number of sampled shortest paths is sufficiently large, where
ε is a given error ratio with 0 < ε < 1− 1/e.

Although the studies in [20], [26] have conducted pio-
neering researches for the top-K GBC problem, the running
times of the algorithms [20], [26] are still long, especially
when the network size is large and people want to find the top-
K nodes as fast as possible. Therefore, faster yet performance-
guaranteed algorithms for the problem are desperately needed.

We notice that, to find a (1 − 1/e − ε)-approximate
group with a large success probability, the studies in [20],
[26] conservatively ensured that, the maximum deviation of
the estimated centrality of every group from its expectation is
no more than a small given threshold ε

2opt for all potential
groups with each having no more than K nodes, where opt
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is the optimal value of the problem. It can be seen that the
studies in [20], [26] need to sample many shortest paths, as
there are as many as nK groups with no more than K nodes
in a network.

Different from the existing studies in [20], [26], in
this paper, we propose a novel approximation algorithm to
estimate the centrality of a tentative group, and the algorithm
immediately stops once the centrality is no less than the
required performance (1−1/e−ε)opt; otherwise, the algorithm
examines more samples to find a better group. By doing so,
the algorithm samples much less numbers of shortest paths
than the existing studies. Notice that when the algorithm stops,
the maximum deviation of the estimated centrality of every
group from its expectation is not necessarily smaller than the
threshold ε

2opt required by the existing studies, for all potential
groups with no more than K nodes.

The contributions of this paper are as follows.
• Unlike existing studies that posed the stringent maximum

deviation of the estimated centrality of every group
from its expectation, we propose a novel performance-
guaranteed algorithm to estimate the centrality of a ten-
tative group adaptively, and it immediately stops when
the centrality is large enough, thereby sampling much
less numbers of shortest paths.

• We theoretically show that, even the proposed algorithm
uses much less samples, it still can find a (1− 1/e− ε)-
approximate group with a large success probability, where
ε is a given error ratio with 0 < ε < 1− 1/e.

• We conduct extensive experiments in real-world networks
to validate the effectiveness and accuracy of the solution
by the proposed algorithm. Experimental results demon-
strate that the number of samples used by the algorithm is
from 2 to 18 times smaller than the state-of-the-art [26],
while the betweenness centrality of its found group is
comparable with the latter, e.g., no more than 4% smaller.
The rest of the paper is organized as follows. We review

related studies on the topic in Section II. We introduce prelim-
inaries in Section III. We propose a fast randomized algorithm
for the problem in Section IV, which finds a (1 − 1/e − ε)-
approximate solution with a large success probability, and we
also analyze the performance of the proposed algorithm in
Section V. We evaluate the algorithm performance empirically
in Section VI and we conclude the paper in Section VII.

II. RELATED WORK

The top-K group betweenness centrality (GBC) problem
has been shown to be NP-hard [10], and some pioneering
studies have been taken in the past decades. For example, Puzis
et al. [28] devised a (1−1/e)-approximation algorithm for the
problem with a time complexity O(n3), while Dolev et al. [8]
proved the approximation ratio 1−1/e in [28]. Fink et al. [10]
considered a more generalized case of the GBC problem where
the cost of choosing a different node is different, subject to
the total cost budget of all chosen nodes.

Both the time complexity O(n3) and space complexity
O(n2) of the algorithm in [28] are prohibitively high for

large networks, and researchers studied non-trivial trades-off
between the quality of found solutions and algorithms’ running
time [20], [26], [36], by proposing (1− 1/e− ε)-randomized
algorithms with a large success probability 1− γ, where ε is
given error ratio with 0 < ε < 1 − 1/e, and γ is given error
probability. Yoshida [36] used the pair sampling technique [4],
in which each sample includes all shortest paths between
a randomly chosen pair of nodes. The number of chosen
pairs in [36] is L1 = O(

log 1
γ+logn2

ε2µ2
opt

), where µopt is the

normalization of the optimal value opt with µopt = opt
n(n−1)

and 0 < µopt ≤ 1. However, Mahmoody et al. [20] pointed
out the number L1 of chosen pairs is inadequate for finding
a (1 − 1/e − ε)-approximate solution. On the other hand,
both the algorithms in [20], [26] adopted the path sampling
technique, in which each sample is a single shortest path
between a randomly chosen pair of nodes. The number of
samples in [20] is L2 = O(

log 1
γ+K logn

ε2µopt
), while Pellegri-

na [26] recently reduced the number of samples to L3 =

O(
log 1

γ+K(logK)(log logn)(log 1
µopt

)

ε2µopt
) by utilizing Rademacher

averages to estimate the maximum deviation of the estimated
centrality of every group from its expectation. In contrast, in
this paper, we estimate the centrality of a tentative group
adaptively, and our algorithm immediately stops when the
centrality is large enough, thereby significantly reducing the
number of sampled shortest paths.

We notice that the calculation of the betweenness central-
ity of each node has attracted lots of attentions in past years.
For the exact calculation of node betweenness centrality, Bran-
des [3] proposed the fastest algorithm with time complexity of
O(nm), where n and m are the numbers of nodes and edges,
respectively. Furthermore, there are randomized algorithms for
the problem. For example, Riondato et al. [29] proposed a
rigorous sampling algorithm by the theory of Rademacher
averages and pseudodimension. Cousins et al. [7] addressed
the limitations of the algorithm in [29] by using the Monte
Carlo empirical Rademacher averages and variance-aware tail
bounds. Pellegrina et al. [27] adopted non-uniform bounds
for different subsets of nodes. Borassi et al. [2] improved the
algorithm in [29] by assigning different confidences on the
estimated centralities of different nodes.

III. PRELIMINARIES

In this section, we first introduce the network model and
notion of group betweenness centrality, then formally define
the top-K group betweenness centrality problem, and briefly
introduce the state-of-the-art algorithm for the problem.

A. Network Model

We consider a large-scale network G = (V,E), which
represents a social network, a computer communication net-
work, or an author citation network. V and E represent the
sets of nodes and edges in the network, respectively. Let
V = {v1, v2, . . . , vn}, where n is the number of nodes in
V . In addition, m is the number of edges in E. The edges in
the network may be undirected or directed.
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For any two nodes s and t in V , the length of a simple
path starting from s and ending at t is the number of edges
in the path, and denote by d(s, t) the length of a shortest path
in G from s to t.

B. Group Betweenness Centrality

Denote by σst the number of shortest paths in G from
nodes s to t, where σst ≥ 1. Especially, we define σst = 1 if
s = t. For any node v ∈ V , denote by σst(v) the number of
shortest paths in G from s to t that pass through v, which is
defined as

σst(v) =

{
σsv · σvt, if d(s, t) = d(s, v) + d(v, t),

0, otherwise,
(1)

where equation d(s, t) = d(s, v) + d(v, t) indicates that v lies
on a shortest path in G from s to t.

Similar to the definition of σst(v), for any group C of
nodes in V with C ⊆ V , denote by σst(C) the number of
shortest paths in G from s to t that pass through at least one
node in C.

The group betweenness centrality (GBC) of a group C
is the total fraction of shortest paths in G that pass through
the nodes in C. Specifically, the group betweenness centrality
B(C) of C is defined as

B(C) =
∑
s∈V

∑
t∈V,s6=t

σst(C)

σst
, (2)

where σst(C)
σst

is the ratio of the number σst(C) of shortest
paths passing through as least one node in C to the total
number σst of shortest paths in G from s to t.

Note that, similar to the studies in [1], [20], [26], [28],
[36], in the calculation of the group betweenness centrality of
C, the shortest paths that start from or end at the nodes in C
are included, as the information originating at a node in C is
seen by the node and thus it should be counted. Furthermore,
the inclusion of the shortest paths with end nodes in C just
has an addition of a constant n(n − 1) − (n −K)(n −K −
1) = 2Kn −K2 −K, and the additional constant 2Kn −
K2 − K is much smaller than B(C) = O(n2) [20] when
K = |C| � n.

C. Problem Definition

In this paper, we consider a top-K group betweenness
centrality problem. Specifically, given a network G = (V,E)
and a positive integer K, the problem is to find a group C of
K nodes in G, such that the group betweenness centrality of
C is maximized, i.e.,

max
C⊆V,|C|=K

{ B(C) }. (3)

The problem is NP-hard [28], implying that it is unlikely
to find an optimal solution for the problem in polynomial time
unless P=NP.

D. The State-of-the-art Algorithm for the Top-K GBC Prob-
lem

We briefly introduce the state-of-the-art algorithm [26] for
the problem. The basic idea of the algorithm is to randomly
choose L shortest paths from the network, and find a group C
of K nodes so that the number of shortest paths ‘covered’ by
group C is maximized, where a path is ‘covered’ by group C
if at least one node in the path is contained in C.

Given the number L of to-be-chosen shortest paths in G,
the path sampling procedure is briefly introduced [26], [27] as
follows. The starting node s and ending node t of a shortest
path are first randomly chosen with s 6= t. All shortest paths
from nodes s to t then are found by performing a balanced
bidirectional BFS (Breadth-First Search) [2], [27], where the
balanced bidirectional BFS indicates that, two BFSes from
nodes s and t are simultaneously performed in a way that the
two BFSes explore approximately the same number of edges,
and the search stops when all shortest paths from s to t are
found. The time complexity of such a bidirectional BFS is only
O(m

1
2+o(1)) with high probability in many realistic random

networks [2], though degrade to O(m) in the worst case.
Note that the average time complexity O(m

1
2+o(1)) is much

smaller than the time complexity O(m) of the traditional BFS
starting from only node s, where m is the number of edges
in a network. Finally, a shortest path from s to t is randomly
chosen from all the found shortest paths. It can be seen that
the time complexity for randomly sampling L shortest paths is
O(Lm

1
2+o(1)) with high probability in many realistic random

networks, and is no greater than O(Lm) in the worst case.
Having obtained L shortest paths, a group C of K nodes

can be found by applying the greedy strategy for the problem
of covering the maximum number of paths, and the found
group C is a (1− 1/e)-approximate solution to the coverage
problem [25]. Assume that L′ shortest paths are covered by the
found group C with L′ ≤ L. The group betweenness centrality
B(C) of C can be estimated as

B̂L(C) =
L′

L
n(n− 1). (4)

Notice that the estimated centrality B̂L(C) is biased for
the centrality expectation B(C), since the found group C
highly depends on the L chosen paths. However, the deviation
of B̂L(C) from B(C) becomes smaller with the increase of
the number L of sampled paths.

Denote by C∗ the optimal group of the problem. Let
opt be the value of group C∗, i.e., opt = B(C∗). Denote
by BL(C∗) the estimated centrality of group C∗ from the L
sampled shortest paths. Notice that the estimation BL(C∗) is
unbiased, as the group C∗ does not depend on the L paths.

The state-of-the-art in [26] samples too many shortest
paths to ensure that, the maximum deviation of the estimated
centrality of every group from its expectation is no greater than
a small given threshold ε

2opt with a large success probability,
for all potential nK groups with no more than K nodes.
Then, the deviation of the biased estimation B̂L(C) of the
found group C from its expectation B(C) is no more than
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the threshold ε
2opt, and the deviation of the unbiased estima-

tion BL(C∗) of the optimal group C∗ from its expectation
B(C∗)(= opt) is no greater than ε

2opt, too. Therefore, group
C is a (1−1/e−ε)-approximate solution with a large success
probability, as B̂L(C) ≥ (1− 1/e)BL(C∗) [25], [26].

IV. RANDOMIZED ALGORITHM

In this section, we devise a randomized algorithm for
the top-K group betweenness centrality problem, which uses
much less samples than the state-of-the-art in [26], while still
delivers a (1 − 1/e − ε)-approximate solution with a large
success probability 1 − γ, where ε is a given constant with
0 < ε < 1 − 1/e, and γ is a given error probability, e.g.,
ε = 0.2 and γ = 0.01.

Recall that opt is the optimal value of the top-K GBC
problem. Following the definition of the group betweenness
centrality in Eq. (2) of Section III, the value of opt is no
larger than n(n − 1). Let Qmax = dlogb n(n − 1)e, where b
is a positive constant with b > 1 (e.g., b = 1.5), and we will
discuss the choice of b later in Section IV-C. Assume that

n(n− 1)

bQ∗ ≥ opt ≥ n(n− 1)

bQ∗+1
, (5)

where 0 ≤ Q∗ ≤ Qmax − 1. Note that the value of Q∗ is
unknown.

Different from the state-of-the-art in [26] that conserva-
tively ensured that the maximum deviation of the estimated
centrality of every group from its expectation is no greater than
a small given threshold, the proposed algorithm in this paper
first samples some shortest paths and finds a tentative group
that covers the maximum number of paths, it then estimates
whether the centrality of the group is large enough. If so, the
algorithm stops; otherwise, it samples more shortest paths to
find a better tentative group. We describe the algorithm as
follows.

A. Find a Tentative Group

The proposed algorithm generates two sample sets S
and T of shortest paths. The first sample set S is used to
find tentative groups, and the second sample set T is used
to calculate unbiased estimated centralities of the groups.
Initially, S = ∅ and T = ∅. Both the numbers of samples
in sets S and T will grow in the execution of the algorithm.

The algorithm performs iteratively. At the qth iteration
with 1 ≤ q ≤ Qmax, we first obtain a guess gq on the optimal
value opt by setting

gq =
n(n− 1)

bq
. (6)

That is, the guesses gq of opt in the Qmax iterations decrease
exponentially, which are n(n−1)

b , n(n−1)b2 , . . . , n(n−1)
bQmax

, respec-
tively.

Let α = ε
2−1/e , and θ = (ln 2

γ + lnQmax)
2+α
α2 , which

are two constants.

We then randomly sample Lq − |S| shortest paths by
invoking the algorithm in [26], and add the Lq − |S| shortest
paths to S, where

Lq = θ
n(n− 1)

gq
= θbq. (7)

Notice that there are Lq shortest paths in S after the addition.
It can be seen that, the numbers of sampled shortest paths
in S in the Qmax iterations increase exponentially, which are
θb, θb2, . . . , θbQmax , respectively.

Note that the algorithm in [26] also finds a tentative group
Cq of K nodes to cover the maximum number of paths in set
S, and calculates a biased estimated centrality B̂Lq (Cq) of
B(Cq), see Eq. (4).

We obtain an unbiased estimation BLq (Cq) of B(Cq)
as follows. We independently sample Lq − |T | extra shortest
paths, and add the Lq − |T | shortest paths to T . There are
Lq shortest paths in T after the addition. We calculate the
number L′q of paths that are covered by the group Cq . Then,
the unbiased estimated centrality of B(C) is

BL(C) =
L′q
L
n(n− 1). (8)

We also calculate the relative error β between the biased
estimated centrality B̂Lq (Cq) and the unbiased estimated

centrality BLq (Cq) of B(Cq), where β = 1− BLq (Cq)

B̂Lq (Cq)
. Then,

BLq (Cq) = (1− β)B̂Lq (Cq).

B. Estimate Whether the Centrality of the Tentative Group is
Large Enough

When 1 ≤ q ≤ Q∗−1, it can be seen that the guess gq =
n(n−1)
bq ≥ b ·opt by Ineq. (5). We later show that, it is unlikely

that the unbiased estimated centrality BLq (Cq) is no less than
gq , i.e., the probability of the random event BLq (Cq) ≥ gq is
very small, since the guess gq is too large, i.e., no less than
b · opt. On the other hand, if the random event BLq (Cq) ≥ gq
occurs, we know that q ≥ Q∗ with a large success probability.

We use a counter cnt to record the number of times that
the random event BLq (Cq) ≥ gq happens. Assume that the
random event BLq (Cq) ≥ gq happens at the qth iteration for
the first time. Then, the random event will happen in later
iterations with a large success probability, as the value of gq
decreases exponentially when the value of q increases, see the
definition of gq in Eq. (6).

The value of cnt is very important to estimate whether
the group betweenness centrality B(Cq) of Cq is no less than
(1− 1/e− ε)opt, where opt is the optimal value. Specifically,
the value of cnt serves as the following three purposes.

(i) If cnt ≤ 1, this indicates that the number Lq of
sampled shortest paths is not enough, as the guess gq is no
less than opt (i.e., gq ≥ opt) with a large probability. We then
need to generate more samples in the next iteration.

(ii) If cnt ≥ 2, then q ≥ Q∗+1 with a large probability.
Following Ineq. (5), we know that the guess gq ≤ opt.
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(iii) The value of cnt can be used to estimate the extent
to which gq is smaller than opt, and in Section V-B, we will
show that

gq ≤
opt

bcnt−2
, ∀ cnt ≥ 2, (9)

and the number Lq of chosen paths now is θn(n−1)gq
≥

θn(n−1)opt bcnt−2 by Eq. (7).
When cnt ≥ 2, we estimate whether the centrality B(Cq)

is no less than (1 − 1/e − ε)opt as follows. We start by
calculate the smallest error ratio ε1 so that the probability that
B(Cq) ≥ BLq (Cq)− ε1opt is no less than 1− γ

4 . In Lemma 4
of Section V-C, we show that

ε1 =

2c1
3 +

√
4c21
9 + 8c1

2
, (10)

where c1 =
ln 4
γ

θbcnt−2 . It must be mentioned that the calculation
of ε1 depends on only the value of Lq , see Lemma 4. It can
be seen that the value of ε1 reduces when the value of cnt
increases.

Recall that C∗ is the optimal group and B(C∗) = opt. We
later show that the probability that BLq (C∗) ≥ B(C∗)−ε1opt
is no less than 1− γ

4 , see Lemma 5 of Section V-D.
We now estimate whether the centrality B(Cq) is no less

than (1− 1/e− ε)opt with a large success probability.

B(Cq)

≥ BLq (Cq)− ε1opt
= (1− β)B̂Lq (Cq)− ε1opt
= (1− β)(1− 1/e)BLq (C

∗)− ε1opt,
as B̂Lq (Cq) ≥ (1− 1/e)BLq (C

∗) [25], [26]
≥ (1− β)(1− 1/e)(B(C∗)− ε1opt)− ε1opt
= (1− 1/e− εsum)opt, as B(C∗) = opt, (11)

where εsum is the accumulative error ratio with εsum = β(1−
1/e)(1− ε1) + (2− 1/e)ε1. It can be seen that if the value of
εsum is no greater than ε, Cq then is a (1−1/e−ε)-approximate
solution with a large success probability.

Remark: Let ε = βmax(1 − 1/e)(1 − ε1) + (2 −
1/e)ε1. After re-writing the equation, we have βmax =

1 − 1−1/e−ε+ε1
(1−1/e)(1−ε1) . Since ε1 decreases with the growth of

cnt when cnt ≥ 2, ε1 decreases with the number q of
iterations performed in the algorithm if q ≥ Q∗ + 1. Then,
the value of βmax increases with q, which indicates that
the algorithm allows a larger maximum relative error βmax
between the biased estimation B̂Lq (Cq) and the unbiased
estimation BLq (Cq) of B(Cq).

On the other hand, the real relative error β between
B̂Lq (Cq) and BLq (Cq) becomes smaller with the increase on
the number Lq of chosen paths. In fact, our later experimental
results confirm that the relative error β decreases exponentially
with the increase of Lq . Then, β becomes smaller with
the increase of q. Therefore, the algorithm is very likely to
terminate, i.e., the probability that β ≤ βmax increases with
the growth of q.

C. The Choice of the Base b

Recall that the number of sampled shortest paths at the
qth iteration is Lq = θbq = (ln 2

γ + lnQmax)
2+α
α2 b

q =

c2(ln
2
γ + lnQmax)b

q , where b > 1, c2 = 2+α
α2 and Qmax =

dlogb n(n− 1)e.
On one hand, it can be seen that the term bq increases

more slower if the base b is smaller with b > 1, where Lq =
c2(ln

2
γ + lnQmax)b

q , and the algorithm is more likely to use
less samples when the algorithm stops. For example, assume
that the accumulative error ratio εsum at some iteration is just
slightly larger than the given error ratio ε. This indicates that
we just need slightly more samples to ensure that εsum is no
more than ε in the next iteration, and a small base b thus is
enough. Otherwise, if a larger base b is adopted, this indicates
that we will sample many samples in the next iteration.

On the other hand, if the base b is too small, the number
Qmax of iterations will increase as Qmax = dlogb n(n− 1)e.
Then, the number of samples in each iteration will increase,
as the term (ln 2

γ + lnQmax) in Lq increases. In addition, to
ensure that the probability of the random event BLq (Cq) ≥ gq
is small in the first Q∗−1 iterations (i.e., gq ≥ b·opt), the value
of b should not be too small; otherwise (b is too small), the
number Lq of samples should be very large to ensure that the
random event BLq (Cq) ≥ gq occurs with a small probability
when gq ≥ b · opt.

We now find the value of b as follows. In later Lemma 3
in Section V-B, we find a lower bound b′ on the base b to
ensure that the random event BLq (Cq) ≥ gq occurs with a
small probability when gq ≥ b · opt, where

b′ =
3c2 + 2 +

√
18c2 + 4

3c2 − 2
, (12)

and c2 = 2+α
α2 .

We also set a minimum value of b, e.g., bmin = 1.1.
Finally, the value of b is

b = max{b′, bmin}. (13)

For example, assume that the error ratio ε is 0.5. Then,
α = ε

2−1/e = 0.3063, and c2 = 2+α
α2 = 24.57. Following

Eq. (12), b′ = 1.35. Then, b = max{b′, bmin} = 1.35.
The randomized algorithm for the top-K group between-

ness centrality problem is presented in Algorithm 1.

V. ALGORITHM ANALYSIS

In this section, we first analyze the probability that
BL(C) deviates from B(C), see Section V-A.

We then show the following three claims.
(i) When cnt ≥ 2, the probability that the number Lq of

chosen shortest paths is at least θn(n−1)opt 2cnt−2 is no less
than 1− γ

2 , i.e., Pr[Lq ≥ θn(n−1)opt 2cnt−2] ≥ 1− γ
2 , see

Section V-B.
(ii) The probability that B(Cq) ≥ BLq (Cq) − ε1opt is no

less than 1− γ
4 , when Lq ≥ θn(n−1)opt 2cnt−2 and cnt ≥ 2,

where ε1 was defined in Eq. (10), see Section V-C.
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Algorithm 1 Algorithm AdaAlg for the top-K group be-
tweenness centrality problem
Input: A network G = (V,E), a budget K, an error ratio ε

with 0 < ε < 1− 1/e, and a high probability 1− γ
Output: A group C with K nodes

1: Let α← ε
2−1/e ;

2: Calculate the base b by Eq. (13);
3: Let Qmax ← dlogb n(n− 1)e; /* number of iterations */
4: Let θ ← (ln 2

γ + lnQmax)
2+α
α2 ; /* θ is a constant */

5: Let cnt ← 0; /* count how many times that the random
event BLq (Cq) ≥ gq occurs */

6: Let S ← ∅, T ← ∅; /* two sample sets of shortest paths
in the algorithm */

7: for q ← 1 to Qmax do
8: Let gq ← n(n−1)

bq ; /* gq is a guess of opt */
9: Let Lq ← θn(n−1)gq

= θbq; /* the number of needed
samples in both sets S and T */

10: Randomly sample Lq − |S| shortest paths, add the
Lq − |S| shortest paths to S, find a tentative group
Cq of K nodes to cover the maximum number of
shortest paths in set S, and calculate its biased estimated
group betweenness centrality B̂Lq (Cq), by invoking the
algorithm in [26].

11: Independently sample Lq − |T | extra shortest paths,
add the Lq − |T | shortest paths to T , and calculate the
unbiased estimated centrality BLq (Cq) of group Cq;

12: if BLq (Cq) ≥ gq then
13: cnt← cnt+ 1;
14: else
15: /* need more samples in the next iteration, as the

guess gq is at least b · opt with b > 1 */
16: end if
17: if cnt ≥ 2 then
18: /* the guess gq of opt is no more than opt

bcnt−2 */
19: Calculate the smallest error ratio ε1 so that the

probability that B(Cq) ≥ BLq (Cq)−ε1opt is no less
than 1− γ

4 by Eq. (10);

20: Let β ← 1− BLq (Cq)

B̂Lq (Cq)
; /* the relative error */

21: /* The probability that BLq (C∗) ≥ B(C∗) − ε1opt
is no less than 1− γ

4 ; */
22: Let εsum ← β(1− 1/e)(1− ε1) + (2− 1/e)ε1;
23: if εsum ≤ ε then
24: return group Cq and its estimated centrality

BLq (Cq).
25: else
26: /* the algorithm needs to sample more shortest

paths in the next iteration, as the accumulative
error ratio εsum is larger than ε */

27: end if
28: end if
29: end for

(iii) The probability that BLq (C∗) ≥ B(C∗)−ε1opt is also no
less than 1− γ

4 , when Lq ≥ θn(n−1)opt 2cnt−2 and cnt ≥ 2,
see Section V-D.
The three claims indicate that Cq is a (1 − 1/e − ε)-

approximate solution with a large success probability, if cnt ≥
2 and εsum ≤ ε, see Lemma 6 in Section V-E.

We finally analyze the worst-case expected time complex-
ity of Algorithm 1 in Section V-F.

Notice that both the samples in sets S and T of
Algorithm 1 are not independent, so we cannot apply the
Chernoff bounds, which are applicable to only independent
random variables. Instead, we introduce the notion of martin-
gales and a tail probability bound for martingales, which will
be used in our probability analysis.

A martingale is a sequence of random variables
X1, X2, . . . with finite expectations (i.e., |E[Xi]| < +∞), such
that the conditional expectation of Xl given X1, X2, . . . , Xl−1
is equal to Xl−1, i.e., E[Xl] = Xl−1 for l ≥ 2.

A martingale has a Chernoff-like tail bound as follows.
Lemma 1: (Theorem 18 in [6]) Let X1, X2, . . . be a

martingale, assume that |X1| ≤ M and |Xl − Xl−1| ≤ M ,
where 2 ≤ l ≤ L, M is a given positive constant, and L
is a positive integer with L ≥ 2. In addition, assume that
Var[X1] +

∑L
l=2 Var[Xl | X1, X2, . . . , Xl−1] ≤ ξ, where

ξ is a given constant, Var[X1] is the variance of X1, and
Var[Xl | X1, X2, . . . , Xl−1] is the conditional variance of Xl

given X1, X2, . . . , Xl−1. Then,

Pr[XL −E[XL] ≥ λ] ≤ exp(− λ2

2ξ + 2
3Mλ

) (14)

A. The Probability that BL(C) Deviates from its Expectation
B(C)

We analyze the probability that BL(C) deviates from
B(C) in the following lemma.

Lemma 2: Given a network G(V,E), a group C
with K nodes, and L randomly sampled shortest paths in
Algorithm 1, assume that Lc shortest paths are covered by
the group C. The group betweenness centrality B(C) of C
from the L paths can be estimated as BL(C) = Lc

L n(n− 1).
For any given positive constant λ, we have

Pr[BL(C)− B(C) ≥ λB(C)] ≤ exp(−L
λ2B(C)

(2 + 2
3λ)n(n− 1)

) (15)

Pr[BL(C)− B(C) ≤ −λB(C)] ≤ exp(−L
λ2B(C)

(2 + 2
3λ)n(n− 1)

). (16)

Proof: Let µ = B(C)
n(n−1) . Let random variable Yl =

1, if the lth shortest path is covered by group C; otherwise,
Yl = 0, where 1 ≤ l ≤ L. Then, the expectation and variance
of Yl are E[Yl] = µ and Var[Yl] = µ(1− µ), respectively.

Let Xl =
∑l
j=1(Yj − µ) with 1 ≤ l ≤ L. Then, the

expectation of Xl is E[Xl] =
∑l
j=1(E[Yj ]− µ) = 0.

Notice that the sampling process of the lth shortest
path is independent with the previous (l − 1) shortest path-
s, though the decision of sampling the lth shortest path
depends on the previous (l − 1) shortest paths. Since the
conditional expectation of Yl − µ given Y1, Y2, . . . , Yl−1 is
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E[Yl − µ | Y1, Y2, . . . , Yl−1] = µ − µ = 0, the conditional
expectation of Xl given X1, X2, . . . , Xl−1 then is

E[Xl | X1, X2, . . . , Xl−1]

=
l−1∑
j=1

(Yj − µ) +E[(Yl − µ) | X1, X2, . . . , Xl−1]

= Xl−1 +E[(Yl − µ) | Y1, Y2, . . . , Yl−1]
= Xl−1. (17)

Therefore, the random variables X1, X2, . . . , XL form a mar-
tingale. In addition, the conditional variance of Xl given
X1, X2, . . . , Xl−1 is

Var[Xl | X1, X2, . . . , Xl−1]

= E[(Xl −E[Xl])
2 | X1, X2, . . . , Xl−1]

= E[(Xl −Xl−1)
2 | X1, X2, . . . , Xl−1], by Eq. (17)

= E[(Yl − µ)2 | X1, X2, . . . , Xl−1]

= E[(Yl − µ)2 | Y1, Y2, . . . , Yl−1]
= E[(Yl − µ)2] = Var[Yl] = µ(1− µ). (18)

Then, ξ = Var[X1] +
∑L
l=1 Var[Xl | X1, X2, . . . , Xl−1] =

Var[Y1] +
∑L
l=1 Var[Yl] = µ(1 − µ) + (L − 1)µ(1 − µ) =

Lµ(1− µ).
Since |X1| ≤ 1 = M and |Xl − Xl−1| ≤ 1 = M , we

now prove Ineq. (15) as follows.

Pr[BL(C)−B(C) ≥ λB(C)]

= Pr[L
BL(C)

n(n− 1)
− L B(C)

n(n− 1)
≥ λL B(C)

n(n− 1)
]

= Pr[
L∑
l=1

Yl − Lµ ≥ λLµ]

= Pr[XL ≥ λLµ]

= Pr[XL −E[XL] ≥ λLµ], as E[XL] = 0

≤ exp(− (λLµ)2

2ξ + 2
3MλLµ

), by Ineq. (14)

= exp(− (λLµ)2

2ξ + 2
3λLµ

), as M = 1

= exp(− (λLµ)2

2Lµ(1− µ) + 2
3λLµ

), as ξ = Lµ(1− µ)

= exp(−L λ2µ

2(1− µ) + 2
3λ

)

≤ exp(−L λ2

2 + 2
3λ
µ), as 0 ≤ 1− µ ≤ 1

= exp(−L λ2B(C)

(2 + 2
3λ)n(n− 1)

). (19)

On the other hand, random variables
−X1,−X2, . . . ,−XL also form a martingale, and Ineq. (16)
can be shown similarly, omitted.

B. The Probability that Lq ≥ θn(n−1)opt bcnt−2

Lemma 3: Assume that the random event BLq (Cq) ≥ gq
occurs at the qth iteration in Algorithm 1, and the accumu-
lative times cnt of such event is no less than two, i.e., cnt ≥ 2.
Then, the probability that the number Lq of sampled shortest
paths is at least θn(n−1)opt bcnt−2 is no less than 1 − γ

2 , i.e.,
Pr[Lq ≥ θn(n−1)opt bcnt−2] ≥ 1− γ

2 .
Proof: We show that the probability q ≥ Q∗+cnt−1

is no less than 1 − γ
2 , where n(n−1)

bQ∗ ≥ opt ≥ n(n−1)
bQ∗+1 by

Ineq. (5). Then,

gq =
n(n− 1)

bq
, by Eq. (6)

≤ n(n− 1)

bQ∗+cnt−1 , as q ≥ Q∗ + cnt− 1

=
n(n− 1)

b(Q∗+1)+cnt−2

=
n(n− 1)

b(Q∗+1)

1

bcnt−2

≤ opt

bcnt−2
, as

n(n− 1)

bQ∗+1
≤ opt. (20)

Following the definition of Lq in Eq. (7), we have
Lq = θn(n−1)gq

≥ θn(n−1)opt bcnt−2.
To prove Pr[q ≥ Q∗ + cnt− 1] ≥ 1− γ

2 , we show that
Pr[q < Q∗+cnt−1] ≤ γ

2 as follows. Since q < Q∗+cnt−1,
we know that q ≤ Q∗ + cnt− 2, as q is an integer. Then, the
random event BLq (Cq) ≥ gq occurs at least once in the first
Q∗ − 1 iterations, as the event happens at most cnt − 1(=
Q∗ + cnt− 2−Q∗ + 1) times from the Q∗th iteration to the
(Q∗ + cnt− 2)th iteration.

We show that the probability that the random event
BLq (Cq) ≥ gq occurs at a given qth iteration with 1 ≤ q ≤
Q∗ − 1 is no larger than γ

2Qmax
. Then, by the union bound,

the random event BLq (Cq) ≥ gq occurs in the first Q∗ − 1

iterations in no more than (Q∗−1)γ
2Qmax

≤ γ
2 , as Q∗ − 1 ≤ Qmax.

Given the qth iteration, we now prove that
Pr[BLq (Cq) ≥ gq] ≤ γ

2Qmax
. Recall that gq = n(n−1)

bq

and Lq = θn(n−1)gq
= θbq = (ln 2

γ + lnQmax)
2+α
α2 b

q , where
θ = (ln 2

γ + lnQmax)
2+α
α2 , and α = ε

2−1/e .

Since 1 ≤ q ≤ Q∗ − 1 and n(n−1)
bQ∗ ≥ opt ≥ n(n−1)

bQ∗+1 ,
then gq ≥ bQ

∗−qopt ≥ b · opt, where b > 1.
The basic idea behind the proof that the random event

BLq (Cq) ≥ gq occurs with a small probability is that, since
the guess gq is at least b · opt ≥ b ·B(Cq), then it is unlikely
that the estimated centrality BLq (Cq) of B(Cq) is larger than
b · B(Cq), if the number Lq of samples is sufficiently large,
where b > 1. Specifically, we have

Pr[BLq (Cq) ≥ gq]

= Pr[BLq (Cq)−B(Cq) ≥ gq −B(Cq)]

≤ Pr[BLq (Cq)−B(Cq) ≥ gq − opt],
as B(Cq) ≤ opt and gq −B(Cq) ≥ gq − opt

= Pr[BLq (Cq)−B(Cq) ≥
gq − opt
B(Cq)

B(Cq)]
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≤ exp(−Lq
λ2B(Cq)

(2 + 2
3λ)n(n− 1)

)

by Ineq. (15) with λ =
gq − opt
B(Cq)

= exp(−Lq
(
gq−opt
B(Cq)

)2B(Cq)

(2 + 2
3
gq−opt
B(Cq)

)n(n− 1)
)

= exp(−Lq
(gq − opt)2

(2B(Cq) +
2
3 (gq − opt))n(n− 1)

)

≤ exp(−Lq
(gq − opt)2

( 23gq +
4
3opt)n(n− 1)

), as B(Cq) ≤ opt

= exp(−Lq(
3

2
− 9opt

2gq + 4opt
)
gq − opt
n(n− 1)

)

≤ exp(−Lq(
3

2
− 9

2b+ 4
)
gq − opt
n(n− 1)

), as gq ≥ b · opt

≤ exp(−θbq(3
2
− 9

2b+ 4
)
n(n−1)
bq − opt
n(n− 1)

),

as Lq = θbq and gq =
n(n− 1)

bq

= exp(−θ(3
2
− 9

2b+ 4
)(1− bqopt

n(n− 1)
)),

≤ exp(−θ(3
2
− 9

2b+ 4
)(1− 1

b
)),

as opt ≤ n(n− 1)

bQ∗ ≤ n(n− 1)

bq+1
and q ≤ Q∗ − 1

= exp(−(ln 2

γ
+ lnQmax)c2(

3

2
− 9

2b+ 4
)(1− 1

b
)),

as θ = (ln
2

γ
+ lnQmax)

2 + α

α2
and c2 =

2 + α

α2

≤ exp(−(ln 2

γ
+ lnQmax)c2(

3

2
− 9

2b′ + 4
)(1− 1

b′
)),

as b = max{b′, bmin} ≥ b′ by Eq. (13)

= exp(−(ln 2

γ
+ lnQmax)), as b′ is a root of the

equation c2(
3

2
− 9

2x+ 4
)(1− 1

x
) = 1 with

b′ =
3c2 + 2 +

√
18c2 + 4

3c2 − 2

=
γ

2Qmax
. (21)

The lemma then follows.

C. The Probability that B(Cq) ≥ BLq (Cq)− ε1opt

Lemma 4: When Lq ≥ θn(n−1)opt bcnt−2 and cnt ≥ 2, the
probability that B(Cq) ≥ BLq (Cq) − ε1opt is no less than
1− γ

4 , where ε1 was defined in Eq. (10).
Proof: It is sufficient to show that Pr[BLq (Cq) −

B(Cq) ≥ ε1opt] ≤ γ
4 . We have

Pr[BLq (Cq)−B(C) ≥ ε1 · opt]

= Pr[BLq (Cq)−B(C) ≥ ε1 · opt
B(C)

B(C)]

≤ exp(−Lq
λ2B(C)

(2 + 2
3λ)n(n− 1)

),

by Ineq. (15) with λ =
ε1 · opt
B(C)

= exp(−Lq
( ε1·optB(C) )

2B(C)

(2 + 2
3
ε1·opt
B(C) )n(n− 1)

)

= exp(−Lq
(ε1 · opt)2

(2B(C) + 2
3ε1 · opt)n(n− 1)

)

≤ exp(−Lq
ε21 · opt

(2 + 2
3ε1)n(n− 1)

), as B(C) ≤ opt

= exp(−θbcnt−2 ε21
2 + 2

3ε1
),

as Lq ≥ θ
n(n− 1)

opt
bcnt−2

= exp(−
ln 4

γ

c1

ε21
2 + 2

3ε1
), as c1 =

ln 4
γ

θbcnt−2

= exp(− ln
4

γ
), as ε1 =

2c1
3 +

√
4c21
9 + 8c1

2
by Eq. (10)

=
γ

4
. (22)

Note that ε1 is a root of the quadratic equation that x2

2+ 2
3x

= c1.
The lemma then follows.

D. The Probability that BLq (C∗) ≥ B(C∗)− ε1opt

Lemma 5: When Lq ≥ θn(n−1)opt bcnt−2 and cnt ≥ 2, the
probability that BLq (C∗) ≥ B(C∗) − ε1opt is no less than
1− γ

4 , where ε2 is defined in Eq. (10).
Proof: It is sufficient to show that Pr[BLq (C∗) −

B(C∗) ≤ −ε1 · opt] ≤ γ
4 . We have

Pr[BLq (C
∗)−B(C∗) ≤ − ε1 · opt]

= Pr[BLq (C
∗)−B(C∗) ≤ − ε1 ·B(C∗)],

as opt = B(C∗)

≤ exp(−Lq
ε21B(C∗)

(2 + 2
3ε1)n(n− 1)

), by Ineq. (16)

= exp(−θ ε
2
1

2
bcnt−2),

as Lq = θ
n(n− 1)

opt
bcnt−2 and B(C∗) = opt

=
γ

4
, by Ineq. (22). (23)

The lemma then follows.

E. Approximation Ratio Analysis

Lemma 6: Assume that at the random event BLq (Cq) ≥
gq occurs at the qth iteration in Algorithm 1, cnt ≥ 2, and
εsum ≤ ε. Then, Cq is a (1 − 1/e − ε)-approximate solution
with a probability 1− γ.

Proof: Assume that Lq ≥ θn(n−1)opt 2cnt−2 and
cnt ≥ 2. Since Pr[B(Cq) ≤ BLq (Cq) − ε1opt] ≤ γ

4
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and Pr[BLq (C
∗) ≤ B(C∗) − ε2opt] ≤ γ

4 by Ineqs. (22)
and (23), following the union bound, the probability that
the two random events B(Cq) ≥ BLq (Cq) − ε1opt and
BLq (C

∗) ≥ B(C∗)− ε2opt happen simultaneously is no less
than 1− (γ4 + γ

4 ) = 1− γ
2

By combining Ineq. (11), the probability that B(Cq) ≥
(1− 1/e− εsum)opt is no less than 1− γ

2 .
On the other hand, since the probability of the assumption

Lq ≥ θn(n−1)opt 2cnt−2 is no less than 1 − γ
2 by Lemma 3,

the probability that B(Cq) ≥ (1− 1/e− εsum)opt is at least
(1− γ

2 )(1−
γ
2 ) > 1−γ. When εsum ≤ ε, Cq is a (1−1/e−ε)-

approximate solution with a probability 1− γ.

F. Time Complexity Analysis

Theorem 1: Given an error ratio ε and an error prob-
ability γ, Algorithm 1 can find a (1 − 1/e − ε)-
approximate solution with a probability 1 − γ for the top-
K group betweenness centrality problem. In addition, it-
s worst-case expected time complexity is no more than

O(
log 1

γ+K(logK)(log logn)(log 1
µopt

)

ε2µopt
m

1
2+o(1)), where µopt is

the normalization of the optimal value opt with µopt =
opt

n(n−1) , n and m are numbers of nodes and edges in the
network, respectively.

Proof: The approximation ratio and the success
probability have been shown in Lemma 6. The rest is to
analyze the time complexity of Algorithm 1.

Since the termination of Algorithm 1 depends on
the estimated centralities of found tentative groups, one may
want to know whether the worst-case time complexity of
Algorithm 1 is larger than the time complexity of the state-
of-the-art in [26]. We show that the worst-case expected time
complexity of Algorithm 1 is no greater than that in [26].

Following the work in [26], if the number Lq of
sampled paths at qth iteration of Algorithm 1 is

O(
log 1

γ+K(logK)(log logn)(log 1
µopt

)

ε2µopt
), then it is very likely that

the deviation of the estimated centrality B̂Lq (C) of a found
tentative group Cq from its expectation B(Cq) is no more
than a small given threshold ε

2opt, e.g., Pr[ |B̂Lq (Cq) −
B(Cq)| ≤ ε

2opt ] ≥ 1 − γ
2 . In addition, for the optimal

group C∗ with B(C∗) = opt, we still have Pr[ |BLq (C∗)−
B(C∗)| ≤ ε

2opt ] ≥ 1 − γ
2 . Therefore, the centrality

of the group Cq is B(Cq) ≥ B̂Lq (Cq) − ε
2opt ≥ (1 −

1/e)BLq (C
∗) − ε

2opt ≥ (1 − 1/e)(B(C∗) − ε
2opt) −

ε
2opt ≥ (1− 1/e− ε)opt, and the probability of the random
event Cq ≥ (1−1/e−ε)opt is no less than 1−γ. Therefore, the
algorithm terminates at the qth iteration with high probability.

In addition, when the random event Cq ≥ (1−1/e−ε)opt
occurs, the accumulative error ratio εsum in Algorithm 1
is no greater than ε, where εsum = β(1 − 1/e)(1 − ε1) +
(2 − 1/e)ε1. Then, the relative error β is no greater than
εsum−(2−1/e)ε1
(1−1/e)(1−ε1) ≤

ε−(2−1/e)ε1
(1−1/e)(1−ε1) , where ε1 is proportional to

the value of ε. Notice that when the value of ε becomes
smaller, more samples Lq are needed to ensure that the relative
error β is no greater than ε−(2−1/e)ε1

(1−1/e)(1−ε1) , where the value of

ε−(2−1/e)ε1
(1−1/e)(1−ε1) is smaller when ε becomes smaller. That is, the
relative error β converges to zero with high probability when
the number of samples becomes larger.

VI. PERFORMANCE EVALUATION

In this section, we evaluate the performance of the pro-
posed algorithm, including the change of the relative error β,
the betweenness centralities of found groups, and its running
times.

A. Experimental Environment Settings

We adopt ten networks, see Table I, including eight
real-world networks and two synthetic networks generated
by the software NetworkX [22]. The first synthetic net-
work SyntheticNetwork-BA follows the well-known Barabási-
Albert (BA) model and the second network SyntheticNetwork-
WS follows the Watts-Strogatz (WS) model [9]. The number
K of to-be-found nodes for the top-K group betweenness
centrality problem is from 20 to 100. The error ratio ε is from
0.1 to 0.5, which is less than 1 − 1/e ≈ 0.632. The error
probability is γ is 1%. Then, the success probability 1 − γ
is 99%. Notice that we do not vary the value of γ, as the
number of sampled shortest paths is proportional to log 1

γ ,
thus is insensitive to the value of γ [26].

TABLE I: Eight real-world networks in the experiments
Dataset |V | |E| Type
GrQc [30] 5,244 14,496 undirected
Facebook [33] 63,731 817,090 undirected
Coauthor [19] 53,442 127,968 undirected
DBLP-2011 [15] 986,324 3,353,618 undirected
Epinions [30] 75,879 508,837 directed
Twitter [19] 92,180 377,942 directed
Email-euAll [30] 265,214 420,045 directed
LiveJournal [15] 5,363,260 54,880,888 directed
SyntheticNetwork-BA [9] 100,000 800,000 undirected
SyntheticNetwork-WS [9] 100,000 800,000 undirected

To study the performance of the proposed algorithm
AdaAlg, we compare with the following three benchmarks.

(i) Algorithm HEDGE [20] finds a (1 − 1/e − ε)-
approximate solution with a probability 1−γ, and the number
of sampled shortest paths is O(

log 1
γ+K logn

ε2µopt
), where µopt is

the normalization of the optimal value opt with µopt = opt
n(n−1)

and 0 < µopt ≤ 1.
(ii) Algorithm CentRa [26] recently reduced the number

of samples in [20] to O(
log 1

γ+K logK

ε2µopt
).

(iii) Algorithm EXHAUST finds an approximate solution
with its value very close to (1 − 1/e)opt, by applying Algo-
rithm HEDGE with a small error ratio ε (e.g., 0.03) and a small
error probability γ (e.g., 0.01%). Algorithm EXHAUST can be
used to show how good or bad the solutions found by the three
comparison algorithms AdaAlg, HEDGE, and CentRa are.

All algorithms are implemented by the programming
language C++, and their source codes are publicly available1.
The algorithms are run on a server with an Intel i9-9900K
CPU. The frequency of the CPU is between 3.6 GHz and

1https://github.com/Yu-Huai-M/maxGBC-AdaptiveSamplingAlgorithm
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(a) GrQc (b) Facebook (c) Coauthor (d) DBLP-2011 (e) Epinions

(f) Twitter (g) Email-euAll (h) LiveJournal (i) SyntheticNetwork-BA (j) SyntheticNetwork-WS

Fig. 1: The average and maximum relative error β between the biased and unbiased estimated centralities B̂L(C) and BL(C)

in 100 simulations, by varying the number L of sampled shortest paths from 500 to 16,000, where β = 1− BL(C)

B̂L(C)

(a) GrQc (b) Facebook (c) Coauthor (d) DBLP-2011 (e) Epinions

(f) Twitter (g) Email-euAll (h) LiveJournal (i) SyntheticNetwork-BA (j) SyntheticNetwork-WS

Fig. 2: The normalized GBCs (Group Betweenness Centralities) of different algorithms, by increasing the number K of nodes
from 20 to 100, when the error ratio ε is 0.3 and the error probability γ is 1%.

5 GHz. The Memory in the server is a 32 GB RAM with
DDR4 2,666 MHz. Each algorithm is run 20 times and its
average result is shown.

B. The Convergence of the Relative Error β

The proposed algorithm works only when the relative
error β between the biased and unbiased estimated centralities
B̂L(C) and BL(C) converges to zero with the growth of the
number L of sampled shortest paths, where β = 1 − BL(C)

B̂L(C)
.

Fig. 1 shows that both the average and maximum relative
errors β in 100 simulations significantly become smaller in
each of the eight networks, when the number L of sampled
shortest paths increases from 500 to 16,000. It can be seen
from Fig. 1 that both the average and maximum relative errors
β decrease approximately by half, when the number L of
sampled paths increases by twice. Fig. 1 also shows that the
average relative error β with K = 100 is larger than that

with K = 50 in all the eight networks. The rationale behind
this is that the found top-100 group C100 covers more paths
than the found top-50 group C50 in the total number L of
sampled paths, and the estimated centrality B̂L(C100) thus is
more biased than B̂L(C50).

C. The Betweenness Centralities of Found Groups by Different
Algorithms

We then investigate the normalized GBCs (Group Be-
tweenness Centralities) of the solutions found by different
algorithms, by increasing the number K of nodes from 20
to 100, when the error ratio ε is set at 0.3 and the error
probability γ is set at 1%. Fig. 2 shows that the normalized
GBC by each of the four mentioned algorithms EXHAUST,
HEDGE, CentRa, and AdaAlg increases with the growth of
the value of K, as more shortest paths will pass through the
nodes in a group when the group size increases. In addition, the
normalized GBCs of the three algorithms HEDGE, CentRa,
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(a) GrQc (b) Facebook (c) Coauthor (d) DBLP-2011 (e) Epinions

(f) Twitter (g) Email-euAll (h) LiveJournal (i) SyntheticNetwork-BA (j) SyntheticNetwork-WS

Fig. 3: The normalized GBCs (Group Betweenness Centralities) of different algorithms, by increasing the error ratio ε from
0.1 to 0.5, when the number K of found nodes is 100 and the error probability γ is 1%.

(a) GrQc, average time per
sampling is 8.4× 10−6 s

(b) Facebook, average time
per sampling is 2.1× 10−4 s

(c) Coauthor, average time per
sampling is 5× 10−5 s

(d) DBLP-2011, average time
per sampling is 1.4× 10−3 s

(e) Epinions, average time per
sampling is 8.7× 10−5 s

(f) Twitter, average time per
sampling is 8.3× 10−5 s

(g) Email-euAll, average time
per sampling is 1.7× 10−4 s

(h) LiveJournal, average time
per sampling is 1.2× 10−2 s

(i) SyntheticNetwork-BA, av-
erage time per sampling is
5.9× 10−5 s

(j) SyntheticNetwork-WS, av-
erage time per sampling is
6.03× 10−5 s

Fig. 4: The numbers of samples used by different algorithms, by increasing the number K of nodes from 20 to 100, when the
error ratio ε is 0.3 and the error probability γ is 1%.

and AdaAlg are very close to that of algorithm EXHAUST.
Although the normalized GBC by algorithm AdaAlg is the
smallest among the comparison algorithms, its value is at
least 93% of that by algorithm EXHAUST. Denote by εe
the empirical error ratio of algorithm AdaAlg. That is, the
value of the solution by the algorithm is (1 − 1/e − εe)opt.
To estimate the value of εe, notice that algorithm EXHAUST
finds a (1 − 1/e − 0.03)-approximate solution with a large
success probability, the value of the solution then is at least
(1−1/e−0.03)opt. We thus have (1−1/e−εe)opt

(1−1/e−0.03)opt ≥ 93% and
εe ≤ 7.3%, which is much smaller than its theoretical error
ratio ε = 0.3.

We also study the normalized GBCs of different algo-
rithms, by increasing the error ratio ε from 0.1 to 0.5, when
the number K of found nodes is 100 and the error probability
γ is 1%. Fig. 3 shows that the normalized GBC by each of
the three algorithms HEDGE, CentRa, and AdaAlg decreases

when the error ratio ε increases, as less numbers of shortest
paths are sampled in the three algorithms, thereby resulting in
weaker solutions. Fig. 3 demonstrates that the empirical ratio
of the solution delivered by algorithm AdaAlg to the solution
by algorithm EXHAUST is at least 98%, 97%, 93%, 92%, and
89%, respectively, in the eight networks, when the error ratio
ε is 0.1, 0.2, 0.3, 0.4, and 0.5, respectively. Since the value of
(1−1/e−εe)opt

(1−1/e−0.03)opt is no less than the empirical ratio, we know
that the empirical error ratio εe of algorithm AdaAlg is no
more than 4.3%, 4.9%, 7.3%, 7.9%, and 9.7%, respectively,
which are much less than their theoretical error ratios 0.1, 0.2,
0.3, 0.4, and 0.5, respectively.

D. The Numbers of Samples Used by Different Algorithms

We further evaluate the numbers of samples used by
different algorithms, by increasing the number K of nodes
from 20 to 100, when the error ratio ε is set at 0.3 and the
error probability γ is set at 1%. Notice that the algorithms
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(a) GrQc, average time per
sampling is 8.4× 10−6 s

(b) Facebook, average time
per sampling is 2.1× 10−4 s

(c) Coauthor, average time per
sampling is 5× 10−5 s

(d) DBLP-2011, average time
per sampling is 1.4× 10−3 s

(e) Epinions, average time per
sampling is 8.7× 10−5 s

(f) Twitter, average time per
sampling is 8.3× 10−5 s

(g) Email-euAll, average time
per sampling is 1.7× 10−4 s

(h) LiveJournal, average time
per sampling is 1.2× 10−2 s

(i) SyntheticNetwork-BA, av-
erage time per sampling is
5.9× 10−5 s

(j) SyntheticNetwork-WS, av-
erage time per sampling is
6.03× 10−5 s

Fig. 5: The numbers of samples used by different algorithms, by increasing the error ratio ε from 0.1 to 0.5, when the error
probability γ is 1% and the numbers K of found nodes are 20 and 100, respectively.

are run one by one and only a single thread is used, though
there are 16 threads in the CPU of our server. Fig. 4 shows
that both the numbers of samples used by algorithms HEDGE
and CentRa increase with K, as both algorithms need to
ensure that the maximum deviation of the estimated centrality
of every group from its expectation is no greater than a small
given threshold ε

2opt for all the groups with no more than K
nodes, and the number nK of such groups grows very quickly
with the increase on the value of K, thereby sampling more
paths. In contrast, the number of samples used by algorithm
AdaAlg first slightly decreases, and perhaps slightly increases
in some networks with the increase on K. The rationale behind
the phenomenon is as follows. On one hand, since the optimal
value opt increases with the growth of K, then the random
event BLq (Cq) ≥ gq in algorithm AdaAlg is more likely to
happen in an earlier iteration of the algorithm, i.e., a smaller
value of q, thereby sampling less shortest paths before the
random event. On the other hand, since the relative error β
between the biased and unbiased estimated centralities B̂L(C)
and BL(C) becomes larger when the number K of nodes
increases, see Fig. 1, algorithm AdaAlg needs to sample more
shortest paths to ensure that the accumulative error ratio εsum
is no more than the given error ratio ε, where β decreases with
the number L of sampled paths, and εsum is proportional to the
value of β. Fig. 4 also demonstrates that the gap between the
numbers of samples used by algorithms CentRa and AdaAlg
becomes larger when K increases, and the number of samples
used by algorithm AdaAlg is from 2.5 to 17 times smaller
than that of the state-of-the-art algorithm CentRa when K
increases from 20 to 100.

We finally study the numbers of samples used by different
algorithms, by increasing the error ratio ε from 0.1 to 0.5.
Fig. 5 shows that the numbers of samples used by the three
algorithms HEDGE, CentRa, and AdaAlg decrease with the
increase on the error ratio ε, as less numbers of shortest paths

need to be sampled for a larger error ratio. Fig. 5 plots that the
number of samples used by algorithm AdaAlg is about from
2 to 18 times smaller than that of the state-of-the-art algorithm
CentRa.

VII. CONCLUSIONS

Unlike existing randomized algorithms for the top-K
group betweenness centrality problem that ensured that, the
maximum deviation of the estimated centrality of every group
with no more than K nodes from its expectation is no greater
than a small given threshold, in this paper we proposed a
novel algorithm to estimate the centrality of a tentative group
adaptively, and the proposed algorithm immediately stops once
the centrality is large enough, thereby sampling much less
numbers of shortest paths. We theoretically showed that, even
the proposed algorithm used much less samples, it still can
find a (1−1/e− ε)-approximate solution with a large success
probability. Furthermore, experimental results with real-world
large-scale networks showed that, the number of samples used
by the proposed algorithm is from 2 to 18 times smaller than
the state-of-the-art, while the centrality of the group found by
the algorithm is comparable with the baseline, e.g., no more
than 4% smaller.
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