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Approximation Algorithms for Tree Alignment
with a Given Phylogeny

Lusheng Wang,1 Tao Jiang,2 and E. L. Lawler3

Abstract. We study the following fundamental problem in computational molecular biology: Given a set of
DNA sequences representing some species and a phylogenetic tree depicting the ancestral relationship among
these species, compute an optimal alignment of the sequences by the means of constructing a minimum-cost
evolutionary tree. The problem is an important variant of multiple sequence alignment, and is widely known as
tree alignment. We design an efficient approximation algorithm with performance ratio 2 for tree alignment. The
algorithm is then extended to a polynomial-time approximation scheme. The construction actually works for
Steiner trees in any metric space, and thus implies a polynomial-time approximation scheme for planar Steiner
trees under a given topology (with any constant degree). To our knowledge, this is the first polynomial-time
approximation scheme in the fields of computational biology and Steiner trees. The approximation algorithms
may be useful in evolutionary genetics practice as they can provide a good initial alignment for the iterative
method in [23].

Key Words. Approximation algorithm, Computational biology, Evolutionary tree, Phylogenetic tree, Steiner
tree, Tree alignment.

1. Introduction. Multiple sequence alignmentis one of the fundamental and most
challenging problems in computational molecular biology [15], [16]. It plays an essential
role in two related areas: finding highly conserved subregions among a set of biological
sequences, and inferring the evolutionary history of some species from their associated
sequences. A huge number of papers have been written on effective and efficient methods
for constructing multiple alignment. For a comprehensive survey, see [4], [5], and [26].

An important approach to multiple sequence alignment is thetree-alignmentap-
proach [1], [11], [19], [23], [27]. Here, we are givenk sequences representing some
genetically related species. The ancestral relationship among the species is described by
a phylogenetic treeor, simply,phylogeny. The tree is rooted and hask leaves, each is
labeled with a unique input sequence. The internal nodes of the tree correspond to the
hypothetical ancestral species and areunlabeled. We compute an alignment by recon-
structing each ancestral sequence and optimally aligning each pair of sequences induced
by the edges of the tree. Hence, the input sequences are comparedindirectly through
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their common ancestral sequences. To be different from phylogenetic trees, call the re-
sulting fully labeled tree anevolutionary tree.4 Define the cost of an edge(u, v) as the
weighted edit distance between the sequence labels of nodesu andv. In this sense, tree
alignment is actually the problem of constructing a minimum-cost evolutionary tree for
a given phylogeny. We assume that the degree of the given phylogenetic tree is bounded
by some small constantd. In fact, usuallyd = 2 (i.e., the tree is binary) in practice [11],
[19], [23], [27].

There is a more general and seemingly more difficult variant of tree alignment, which
is simply calledgeneralized tree alignmentin this paper. Here, we are only given a
set of DNA sequences and have to construct the hypothetical sequences as well as
the phylogeny [9], [18], [24]. While tree alignment can help judge the goodness of a
given phylogenetic tree, generalized tree alignment can help create initial phylogenetic
trees [9]. It is known that generalized tree alignment is MAX SNP-hard [17], [25]. By
the result in [2], this implies that we cannot hope for a polynomial-time approximation
scheme (PTAS), unless P = NP.

1.1. Previous Results. Sankoff proposed an algorithm to compute an optimal tree align-
ment using dynamic programming [19], [21]. The time complexity of this algorithm is
O(m(2n)k), wheren is the length of an input sequence,m is the number of internal
nodes, andk is the number of leaves. The algorithm also assumes that the score between
two letters is either 1 or 0. An algorithm that can handle more general score schemes
is reported in [11]. Some heuristic algorithms have also been considered in the past.
Altschul and Lipman tried to cut down the computation volume required by dynamic
programming [1]. Sankoffet al. gave an iterative improvement method to speed up the
computation [21], [23]. It is claimed that the algorithm usually produces a reasonable
alignment in five iterations. Waterman and Perlwitz devised a heuristic method when
the sequences are related by a binary tree [27]. Their method computes an “average” se-
quence for each pair of related input sequences, from bottom to top, and then constructs
an overall alignment by aligning each input sequence against the “average” sequence
constructed at the root. The running time of this algorithm isO(kn2). Hein proposed an
efficient algorithm based on the concept of asequence graph[11]. Nevertheless, none
of these algorithms have a guaranteed performance bound. It has recently been shown
that tree alignment is NP-hard even if the given phylogeny is a binary tree [25].

1.2. Our Results. In this paper, efficient approximation algorithms with guaranteed
performance bound for tree alignment are presented for the first time. We first give a
simple algorithm which produces an evolutionary tree by elaborately lifting the input
sequences from the leaves to their ancestors. It is shown that the evolutionary tree has a
cost at most twice the optimum. The time complexity of this algorithm isO(k3+ k2n2).
Augmenting the construction with a local optimization technique, we then extend this
algorithm to a PTAS. More precisely, we devise an algorithm which, for eacht > 1,
has a performance ratio 1+ 3/t and runs in timeO(kdt−1+2M(d, t − 1, n)), where

4 The distinction between a phylogeny and an evolutionary tree is nonstandard and is made only for the
convenience of presentation.
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Fig. 1.A phylogeny with nine species, which is divided into seven 3-components.

M(d, t − 1, n) is the time needed to align optimally a tree of deptht − 1 and is upper-
bounded byO(ndt−1+1). The result is interesting since

(i) To our knowledge, this is the first PTAS in the field of computational biology.
(ii) It shows a great contrast with the MAX SNP-hardness of generalized tree alignment.

1.3. Applications in the Study of Molecular Evolution. Our algorithms may also be
practical for the analysis of molecular evolution in the following sense: they can help set
up a good initial alignment for the iterative method of Sankoffet al. [23]. The combined
algorithm will always produce an alignment that has a cost not greater than 1+ ε times
the optimum and is hopefully satisfactory to geneticists.

To illustrate the iterative method in [23], consider the phylogeny in Figure 1, which
contains nine given species on its nine leaves. To construct an evolutionary tree, we
first assign the given sequences to each internal node (arbitrarily). Then we divide the
phylogeny into seven 3-componentsas shown in Figure 1, where a 3-component is a
star with a centerand at most three terminals. Local optimization is done for every
3-component as follows. From the labels of the three terminals, we can compute a label
of the center using dynamic programming to minimize the cost of the component [19],
[10]. The new center label can then be used to update the center label of an overlapping
3-component. The algorithm converges since each local optimization reduces the cost of
the tree by at least one. Thus, if the process is repeated long enough, every 3-component
will become optimal. However, this does not necessarily result in an optimal evolutionary
tree. Nonetheless, it seems the algorithm can produce a reasonably good evolutionary
tree after five iterations [23].

1.4. Applications in Steiner Trees. Tree alignment can be viewed as a special case of
the problem of Steiner trees under a given topology [12], [20]. It is known that a Steiner
minimal tree can be computed in polynomial time for a given topology in the rectilinear
(i.e., Manhattan) space [7], [20]. This implies that the variant of tree alignment where
the space is6n and the distance is Hamming distance is solvable in polynomial time.
The same result trivially holds if the space is a graph. (Here the graph is part of the input
and the running time is polynomial in the size of the graph.) For the Euclidean plane,
the Steiner minimal tree can be found inO(n2) time if the given topology is a Steiner
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topology [12], [13]. For arbitrary topology, no exact algorithm is known and an iterative
dynamic programming algorithm is given in [20].

The construction of our approximation algorithms in fact works for Steiner trees
under a given topology in any metric space. As a corollary, we obtain a PTAS for the
problem in the Euclidean plane for arbitary topology. It is worth mentioning that, when
the topology is not given, the best we know is that planar Steiner minimal trees can be
approximated with ratio 2/

√
3−ε, for someε > 0 [6]. At the moment, it is open whether

the planar Steiner problem has a PTAS. It has been observed that Karp’sprobabilistic
ε-approximation schemefor the traveling salesman problem can be modified to work for
the planar Steiner problem [12], [14]. We note in passing that the Steiner problem on
graphs is MAX SNP-hard [3].

Some standard definitions are given in Section 2. The ratio 2 approximation algo-
rithm and polynomial-time approximation scheme are presented in Sections 3 and 4,
respectively.

2. Basic Definitions and Notations. A sequenceis a string over some fixed alphabet
6. For DNA sequences, the alphabet6 contains four lettersA,C,G, andT representing
four distinct nucleotides, and for protein sequences,6 contains 20 letters, each repre-
senting a unique amino acid. Analignmentof two sequencesx and y is obtained by
inserting spaces into or at either end ofx and y such that the two resulting sequences
x′ andy′ are of the same length. That is, every letter inx′ is opposite to a unique letter
in y′.

Suppose thatn is the length of the sequencesx′ andy′. The value of the alignment
is defined as

∑n
i=1 µ(x

′(i ), y′(i )), wherex′(i ) andy′(i ) denote the two letters at thei th
column of the alignment, andµ(x′(i ), y′(i )) denotes thescoreof these two opposing
letters under some givenscore schemeµ. There are several popular score schemes for
amino acids and for nucleotides [9]. A standard assumption about the score schemeµ

is that it is a metric [9], [22]. Namely:

(i) It satisfiestriangle inequality, i.e., for any three lettersa, b, and c, µ(a, c) ≤
µ(a, b)+ µ(b, c).

(ii) µ(a,a) = 0 for every lettera.

An optimal alignmentof two sequences is one thatminimizesthe value over all possible
alignments. The weightededit distance dist(x, y) between sequencesx andy is defined
as the minimum alignment value ofx andy. The distance is often called themutational
distancein the study of molecular evolution [19].dist(x, y) can be easily computed in
time O(|x| · |y|) using dynamic programming [22].

We considerrooted orderedtrees. Thedegreeof a node is its number of children.
The degree of a tree is the maximum degree of its nodes. As in all the earlier papers in
this area, we only consider trees with degrees bounded by some small constantd. To
simplify the presentation, we further assume that each internal node inT has exactly
d children in our discussion. The extension of our results to the general case is fairly
straightforward.

Throughout this paper we use the following notation. For a treeT , let r (T) be the
root of T , c(T) the cost ofT , L(T) the set of the leaves ofT , and I (T) the set of the
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internal nodes inT . The parent of a nodev is represented asp(v). For each nodev in
treeT , Tv denotes the subtree ofT rooted atv. A leaf that is a descendant of nodev is
called adescendant leafof v. DefineS(v) to be the set of labels of all descendant leaves
of v. Note that the label of a leaf never changes during an alignment process.

We end this section with the notion ofpolynomial-time approximation schemes. An
approximation schemefor a minimization problem is an algorithmA which takes as
input both an instanceI and an error boundε, and has the performance guarantee

RA(I , ε) = A(I )

OPT(I )
≤ 1+ ε,

where A(I ) is the solution given byA and OPT(I ) is the optimal solution. Such an
algorithm A can be viewed as a family of algorithms{Aε | ε > 0}. A polynomial-time
approximation scheme is an approximation scheme{Aε}where the algorithmAε runs in
time polynomial in the size of the instanceI , for any fixedε. For more details, see [8].

3. An Approximation Algorithm with Ratio 2. As mentioned earlier, our basic idea
is to construct an evolutionary tree by elaborately lifting the given sequences from the
leaves to their ancestors. Call an evolutionary tree alifted tree if the label of each internal
node equals the label of some child of the node. Below, we first show that there is a lifted
tree of small cost and then compute the minimum-cost lifted tree inO(k3+ k2n2) time.

From now on, letX = {s1, . . . , sk} be a set of sequences and letT be a phylogeny
for X (i.e., the leaves ofT are uniquely labeled with the sequencess1, . . . , sk). Let
Tmin denote an optimal evolutionary tree forT . For each nodev in Tmin, the closest
descendant leafof v, denotedl (v), is a descendant leaf ofv such that the path fromv to
l (v) is the shortest (i.e., with the minimum-cost) among all descendant leaves ofv. For
convenience, letsl(v) denote sequence label ofl (v). Define an evolutionary treeTl as
follows: for each internal nodev in T , assign the sequencesl(v) to v. Clearly, the tree
Tl can be made a lifted tree if we break ties carefully while assigningl (v).

LEMMA 1. c(Tl ) ≤ 2(1− 1/k)c(Tmin), where k is the number of leaves in T.

PROOF. Consider a counterclockwise walk along the outside of the optimal treeTmin

which travels twice, once in each direction, through all the edges except those in the two
boundary (leftmost and rightmost) paths. Since the order of the children does not matter,
we can choose the two boundary paths such that their cost is the greatest. Therefore, the
total cost of this walk isc(Tl ) ≤ 2(1− 1/k)c(Tmin), wherek is the number of leaves
in T . The walk can be also thought of as a path that links all the leaves into a chain,
from left to right. Take an arbitrary nodev and consider the subtreeTmin

v rooted atv. Let
v1, . . . , vd be the children ofv. These children induced subtreesTmin

v1
, . . . , Tmin

vd
. For

a nodev, denote the rightmost and leftmost descendant leaves ofv by f (v) andg(v),
respectively. For eachi = 1, . . . ,d − 1, to connect the two leavesf (vi ) andg(vi+1),
the walk uses a path

Pv,i : f (vi )→ vi → v→ vi+1→ g(vi+1).
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Fig. 2. (a) The pathPv,i in the walk. (b) The pathP′
v,i .

(See Figure 2(a).) It is easy to see that

∑
v∈T

d−1∑
i=1

c(Pv,i ) = c(Tl ) ≤ 2(1− 1/k)c(Tmin).

Defined − 1 new pathsP′v,i : l (v) → v → vi → l (vi ), where 1≤ i ≤ d and

l (vi ) 6= l (v). (See Figure 2(b).) LetP′(1)v,i andP′(2)v,i denote the subpaths ofP′v,i : l (v)→ v

andv → vi → l (vi ), respectively.P(1)
v,i andP(2)

v,i denote the subpaths ofPv,i : f (vi )→
vi → v andv→ vi+1→ g(vi+1), respectively. By the definition ofl (v), we have

c(P′(1)v,i ) ≤ c(P(2)
v,i ), c(P′(2)v,i ) ≤ c(P(1)

v,i ),

and

c(P′(1)v,i ) ≤ c(P(1)
v,i−1), c(P′(2)v,i ) ≤ c(P(2)

v,i−1).

Thus,

c(P′v,i ) ≤ c(Pv,i ) and c(P′v,i ) ≤ c(Pv,i−1).

Therefore, ∑
1≤i≤d

l (vi )6=l (v)

c(P′v,i ) ≤
d−1∑
i=1

c(Pv,i ).(1)

Now consider the treeTl . The edges betweenv and itsd children cost totally

d∑
i=1

dist(sl(v), sl(vi )).

By the triangle inequality, we havedist(sl(v), sl(vi )) ≤ c(P′v,i ). It follows from the
above that

c(Tl ) =
∑
v∈T

d∑
i=1

dist(sl(v), sl(vi ))
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≤
∑
v∈T

∑
1≤i≤d

l (vi )6=l (v)

c(P′v,i )

≤
∑
v∈T

d−1∑
i=1

c(Pv,i ).

Therefore,c(Tl ) ≤ 2(1− 1/k)c(Tmin).

SinceTl is actually a lifted tree, we can immediately conclude

COROLLARY 2. There exists a lifted tree with cost at most2c(1− 1/k)Tmin, where k is
the number of leaves in T.

ComputingTl is not easy since it is derived from the optimal treeTmin. However, in
the following we describe a simple algorithm that constructs an optimal lifted treeT∗,
i.e., one that has the smallest cost among all the lifted trees. From the above corollary,

c(T∗) ≤ c(Tl ) ≤ 2c

(
1− 1

k

)
Tmin.

The idea is to use dynamic programming.
For eachv ∈ T , i = 1, . . . , k such thatsi ∈ S(v), let D[v, si ] denote the cost of an

optimal lifted tree forTv with v being assigned the sequencesi . It is possible to compute
D[v, si ] recursively. For each leafv, we defineD[v, si ] = 0 if the label ofv is si . Let v
be an internal node, and letv1, . . . , vd be its children. Suppose thatsi ∈ S(vp), where
1 ≤ p ≤ d. Clearly, p is unique. ThenD[v, si ] can be computed as follows: For each
q = 1, . . . ,d andq 6= p, find a jq such thatsjq ∈ S(vq) andD[vq, sjq ] + dist(si , sjq) is
minimized. Then

D[v, si ] = D[vp, si ] +
∑
1≤q≤d
q 6=p

(D[vq, sjq ] + dist(si , sjq)).

(See Figure 3.) The full algorithm is described in Figure 4.
Let n be the maximum length of any sequence inX. Line 3 of Algorithm 1 takes

O(k2n2) time. Each execution of line 7 takesO(k) time. Since line 7 is executedO(k2)

times, Algorithm 1 requiresO(k3 + k2n2) time in the worst case. Hence, we have the
following theorem.

Fig. 3. (a) The subtreeTv . (b) The lifted subtree, wheres1 ∈ S(v1), si ∈ S(v2), ands3 ∈ S(v3).
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1. begin
2. for each pair(i, j ), 1≤ i < j ≤ k, do
3. computedist(si , sj ).
4. for each level ofT , with the bottom level first,do
5. for each nodev at the leveldo
6. for i = 1 to k
7. if si ∈ S(v) then computeD[v, si ].
8. Select ans ∈ X such thatD[r (T), s] is minimized.
9. Compute the lifted tree with costD[r (T), s] by back-tracing.

10. end.

Fig. 4.Algorithm 1.

THEOREM3. Algorithm1outputs an evolutionary tree with cost at most2(1−1/k)c(Tmin)

in time O(k3+ k2n2).

4. A Polynomial-Time Approximation Scheme. We extend Algorithm 1 to a PTAS
by considering constant-size components of the tree and augmenting the “lifting” tech-
nique with local optimization which is also used in the iterative improvement method in
Section 1.3. An overiew of the approach is given below.

Recall that, if we label each nodev in the treeT with the sequencesl(v), we obtain
an evolutionary treeTl with cost at most twice the cost of the optimal evolutionary tree
Tmin. Let t > 0 be an integer. For eachv ∈ T , define thedepth-t component Tv,t as the
subtree ofTv containing only the topt + 1 levels. Clearly,Tv,t has at mostdt leaves and
at most(dt − 1)/(d − 1) internal nodes. For a subtreeTv,t , v 6= r (T), we can obtain
an evolutionary subtreeT ′v,t by assigning to each nodeu ∈ L(Tv,t ) ∪ {v} the sequence
assigned tou in the treeTl , which issl(u), and constructing the sequences for the other
nodes inTv,t such that the cost of the subtree is minimized by dynamic programming.
Obviously,c(T ′v,t ) ≤ c(Tl

v,t ), whereTl
v,t is the depth-t subtree ofTl rooted atv. This

prompts us to partition the treeT into depth-t components, and construct an optimal
evolutionary subtreeT ′v,t for each componentTv,t .

We partitionT as follows. Let setVi contain all nodes at leveli of T . (The root is
at level 0.) We can partition the internal nodes (excluding the root) ofT into t groups
G0, . . . ,Gt−1, where

Gi =
⋃

j≡i (modt)

Vj .

For eachi = 0, . . . , t−1, letT ′r (T),i denote the evolutionary subtree obtained by assigning
to each nodev ∈ L(Tr (T),i ) the sequencesl(v) and each other node inTr (T),i a sequence
so that the cost ofT ′r (T),i is minimized. Clearly, for eachi , 0≤ i ≤ t − 1, the union of
subtrees

⋃
v∈Gi

T ′v,t ∪ T ′r (T),i forms an evolutionary tree, denoted asT ′i . We first show
that the total cost of all these evolutionary subtrees is bounded byt + 3 times the cost of
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the optimal evolutionary tree, i.e.,

t−1∑
i=0

T ′i =
∑
v 6=r (T)

c(T ′v,t )+
t−1∑
i=0

c(T ′r (T),i ) ≤ (t + 3)c(Tmin).(2)

Therefore, there exists an evolutionary treeT ′i with costc(T ′i ) ≤ (1+ 3/t)c(Tmin).
Again, computingT ′i is not easy since it relies on the optimal treeTmin. Call an

evolutionary tree adepth-t component treewith respect to some fixedGi if every node
v ∈ Gi is assigned a sequence which labels some node inL(Tv,t ). In other words, the
labels of the nodes inGi are all lifted from the leaves. Since in the treeT ′i every node
v ∈ Gi is assigned the sequencesl(v), T ′i is a depth-t component tree with respect toGi .
Hence, we can design a dynamic programming algorithm to identify the optimal depth-t
component tree with respect toGi , for eachi , and select the best tree as our output which
costs at most(1+ 3/t)c(Tmin).

Now, we first prove inequality (2). For each nodev, letρ(v) be the length of the path
from v to l (v), leth(v) be the total length of the edges fromv to its children, and lets(v)
be the sequence label assigned tov, in the optimal treeTmin. In particular, ifv is a leaf,
thenρ(v) = 0 andh(v) = 0. The following lemma holds.

LEMMA 4. Letv 6= r (T) be a node in T and have childrenv1, . . . , vd, then

c(T ′v,t ) ≤
∑

u∈I (Tv,t )

h(u) +
∑

u∈L(Tv,t )

ρ(u) + h(v) +
d∑

i=1

ρ(vi ).(3)

PROOF. Let T ′′v,t be the evolutionary subtree obtained by labeling each nodeu ∈
L(Tv,t ) ∪ {v} with the sequencesl(u) and each other nodeu in Tv,t with the sequence
s(u). (See Figure 5.) By the triangle inequality, we have, for each nodeu ∈ L(Tv,t ),

dist(s(p(u)), sl(u)) ≤ dist(s(p(u)), s(u))+ ρ(u).
Thus,

c(T ′′v,t ) ≤
d∑

i=1

dist(sl(v), s(vi ))+
∑

u∈I (Tv,t )−{v}
h(u) +

∑
u∈L(Tv,t )

ρ(u).(4)

Fig. 5. (a) The subtreeT ′′(v, 2). (b) The subtreeTmin
v .



Approximation Algorithms for Tree Alignment with a Given Phylogeny 311

An explanation of this inequality is given in Figure 5(b). Again, by the triangle inequality,

dist(sl(v), s(vi )) ≤ dist(s(vi ), s(v))+ ρ(v).
Moreover,

d∑
i=1

dist(s(vi ), s(v)) = h(v).

Hence, we can conclude

c(T ′′v,t ) ≤
∑

u∈I (Tv,t )

h(u)+
∑

u∈L(Tv,t )

ρ(u) + dρ(v).

Sinceρ(v) ≤ dist(s(vi ), s(v))+ ρ(vi ) for eachi = 1, . . . ,d,

c(T ′′v,t ) ≤
∑

u∈I (Tv,t )

h(u) +
∑

u∈L(Tv,t )

ρ(u) +
d∑

i=1

dist(s(vi ), s(v))+ ρ(vi )

≤
∑

u∈I (Tv,t )

h(u) +
∑

u∈L(Tv,t )

ρ(u) + h(v) +
d∑

i=1

ρ(vi ).

Since the cost ofT ′v,t is minimized, we havec(T ′v,t ) ≤ c(T ′′v,t ).

Note that, if the nodev is near the bottom level ofT , the real deptht ′ of Tv,t could
be less thant . In this case the above inequality (3) becomes

c(T ′v,t ′) ≤
∑

u∈I (Tv,t ′ )

h(u)+
∑

u∈L(Tv,t ′ )

ρ(u) + h(v)+
d∑

i=1

ρ(vi ).(5)

Similarly, let T ′′r (T),i denote the evolutionary subtree obtained by assigning to each
nodev ∈ L(Tr (T),i ) the sequencesl(v) and to each other nodev the sequences(v). Note
that now the rootr (T) is labeled withs(r (T)) instead ofsl(r (T)) in the subtreeT ′′r (T),i .
Then inequality (4) becomes

c(T ′r (T),i ) ≤ c(T ′′r (T),i ) ≤
∑

u∈I (Tr (T),i )

h(u)+
∑

u∈L(Tr (T),i )

ρ(u).(6)

Summing up inequalities (3) or (5) for allv ∈ T , and inequality (6) fori = 0, . . . , t−1,
we have ∑

v 6=r (T)

c(T ′v,t ) +
t−1∑
i=0

c(T ′r (T),i ) ≤ (t + 1)
∑
v∈T

h(v) + 2
∑
v∈T

ρ(v).(7)

The coefficients in the above inequality are established from the following observations:

1. The termh(v) in inequality (3) is counted once for everyv.
2. The term

∑
u∈I (Tv,t )

h(u) in inequalities (3), (5), and (6) totally contributes at mostt
h(v)’s for eachv.
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3. For eachv in the topt levels ofT , there is aρ(v) contribution from (6) but at most
a contribution of 1 from inequality (3) or (5). For eachv below levelt , there is no
ρ(v) contribution from inequality (6) but at most twoρ(v)’s from inequality (3) or
(5). Therefore, eachv contributes at most twoρ(v)’s.

Now, we want to upper-bound the right-hand side of inequality (7) in terms ofc(Tmin).
Obviously, ∑

v∈T

h(v) = c(Tmin).(8)

To establish the relation between
∑

v∈T ρ(v) andc(Tmin), we need the following lemma,
which is a variation of Lemma 3.2 in [6].

LEMMA 5. Let U be a tree such that every internal node has at least two children.
There exists a one-to-one mapping e from the internal nodes of U to the leaves such that
for each internal nodev:

(i) e(v) is a descendant ofv.
(ii) The paths from internal nodesv to e(v) are edge-disjoint.

PROOF. We prove it by induction on the depth of the tree. First, we strengthen the
lemma by adding:

(iii) There is another leafe′(r (U )) such that the path fromr (U ) to e′(r (U )) is edge-
disjoint from the paths in (ii).

The lemma is trivial for trees with depth 1. Suppose that (i)–(iii) hold for any tree
with depthi > 0. Consider a treeU with depthi + 1. Let the root ofU haved ≥ 2
children:v1, . . . , vd. To construct the mappinge for the internal nodes inU , we preserve
the mappings for the subtreesUv1, . . . ,Uvd , and assigne′(v1) ase(r (U )) ande′(v2) as
e′(r (U )).

Let ebe such a mapping for treeT . For each nodev, let τ(v) denote the length of the
path fromv to e(v) in Tmin. (τ(v) = 0 if v is a leaf.) It follows from the above lemma
that ∑

v∈T

τ(v) ≤ c(Tmin).

By the definition ofρ(v), ∑
v∈T

ρ(v) ≤
∑
v∈T

τ(v) ≤ c(Tmin).(9)

The above inequality is crucial for our result. Inequalities (7)–(9) immediately imply the
following lemma:

LEMMA 6.

t−1∑
i=0

Ti =
∑
v 6=r (T)

c(T ′v,t )+
t−1∑
i=0

c(T ′r (T),i ) ≤ (t + 3)c(Tmin).
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By Lemma 6, there exists ani , 0≤ i ≤ t − 1, such that

t · c(T ′i ) ≤ (t + 3)c(Tmin).

Thus, the following lemma holds.

LEMMA 7. There exists a depth-t component tree with cost at most(1+ 3/t)c(Tmin).

Although T ′i approximatesTmin with the desired bound, the trouble is again that
it is not easy to computeT ′i . Now we describe an algorithm to construct aminimum-
costdepth-t component treêT , i.e., the cost ofT̂ is the smallest among all the depth-t
component trees (with respect to someGi ). The basic idea is to combine dynamic
programming with local optimization.

Consider aTv,t . Let u be a child ofv and letL(Tu,t−1) = {w1, . . . , wm} be the set of
leaves inTu,t−1. (Note that the componentTv,t may not be full.) For eachi = 1, . . . ,m,
letsi ∈ S(wi ) be a sequence. Then, for each sequences, T̂(v, t, u, s, s1, . . . , sm) denotes
the evolutionary subtree obtained fromTu,t−1 ∪ {(v, u)} by labelingv with sequences
and each nodewi with sequencesi , and constructing a sequence for each other node in
Tu,t−1 so that the cost of̂T(v, t, u, s, s1, . . . , sm) is minimized.

The top subtreeTr (T),i , 0≤ i ≤ t−1, is treated similarly and the resulting evolutionary
subtree is denoted̂T(r (T), i, u, s, s1, . . . , sm).

Let v be a node at leveli of T , ands ∈ S(v). DefineT̂(v, s) as the minimum-cost
evolutionary subtree obtained fromTv such that the nodev is labeled with the sequence
s and the evolutionary subtree itself forms a depth-t component tree with respect to
Gj , where j ≡ i (modt). We useD[v, s] to denote the cost of̂T(v, s). Similar to the
previous section,D[v, s] can be computed recursively from bottom to top.

If v is a leaf,D[v, s(v)] = 0. Let v be an internal node and letu1, . . . ,ud be the
children ofv. For eachi = 1, . . . ,d, let L(Tui ,t−1) = {wi,1, . . . , wi,m}. Suppose that
s ∈ S(wp,q), where 1≤ p ≤ d and 1≤ q ≤ m are unique. ThenD[v, s] can be
computed as follows: For eachi = 1, . . . ,d and eachj = 1, . . . ,m, find ansi, j such
thatsi, j ∈ S(wi, j ) if i 6= p or j 6= q, andsi, j = s otherwise, and moreover

c(T̂(v, t, ui , s, si,1, . . . , si,m))+
m∑

j=1

D[wi, j , si, j ]

is minimized. Then

D[v, s] =
d∑

i=1

c(T̂(v, t, ui , s, si,1, . . . , si,m))+
d∑

i=1

m∑
j=1

D[wi, j , si, j ].

For eachi = 0, . . . , t − 1, let D[i ] be the cost of the optimal depth-t component tree
with all the roots of all their depth-t components inGi . D[i ] can be computed from the
top subtreeTr (T),i and the valuesD[v, s] of the nodes at leveli of T in a way similar to
above. Clearly, min{D[i ]|0≤ i ≤ t − 1} = c(T̂).

The actual algorithm for computinĝT is given in Figure 6. Suppose that comput-
ing eachc(T̂(v, t, u, s, s1, . . . , sm)) or c(T̂(r (T), i, u, s, s1, . . . , sm)) (i.e., local op-
timization) requires at mostM(d, t − 1, n) time. Clearly, M(d, t − 1, n) is upper-
bounded byO(ndt−1+1) [19]. Thus an execution of line 5 takeskdt−1

M(d, t − 1, n)
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1. begin
2. for each level, with the bottom level first,do
3. for each nodev at the leveldo
4. for eachs ∈ S(v) do
5. computeD[v, s].
6. for i = 0 to t − 1 do
7. computeD[i ].
8. Select ani to minimizeD[i ].
9. Compute the evolutionary treêT from D[i ] by back-tracing.

10. end.

Fig. 6.Algorithm 2.

time. Line 5 is repeated a total ofO(k2) times. Line 7 is executedt times, each taking
at mostkdt−2+1M(d, t − 2, n) time. Therefore, the time complexity of Algorithm 2 is
O(kdt−1+2M(d, t − 1, n)). (In fact, it is easy to show that the algorithm runs in time
O((k/dt )d

t−1+2M(d, t − 1, n)).)

THEOREM8. For any t, Algorithm2 has a performance ratio Rt ≤ 1+ 3/t and runs
in time O(kdt−1+2M(d, t − 1, n)).

COROLLARY 9. Tree alignment has a PTAS.

5. Remarks. It is unclear whether Corollary 9 holds for phylogenies with unbounded
degrees. Interestingly, we can show that for a score scheme that does not satisfy the
triangle inequality, constructing an optimal evolutionary tree is MAX SNP-hard even
when the given phylogeny is a star [25].

Also, the high complexity of Algorithm 2 excludes even moderatet from consideration
in practice. It would be of great interest to improve the efficiency of the algorithm.

Acknowledgment. We thank the referees for many valuable comments and sugges-
tions.
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