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Optimal Path Embedding in Crossed Cubes

Jianxi Fan, Xiaola Lin, and Xiaohua Jia, Senior Member, IEEE

Abstract—The crossed cube is an important variant of the hypercube. The n-dimensional crossed cube has only about half diameter,
wide diameter, and fault diameter of those of the n-dimensional hypercube. Embeddings of trees, cycles, shortest paths, and
Hamiltonian paths in crossed cubes have been studied in literature. Little work has been done on the embedding of paths except
shortest paths, and Hamiltonian paths in crossed cubes. In this paper, we study optimal embedding of paths of different lengths
between any two nodes in crossed cubes. We prove that paths of all lengths between [*}!] + 1 and 2" — 1 can be embedded between
any two distinct nodes with a dilation of 1 in the n-dimensional crossed cube. The embedding of paths is optimal in the sense that the
dilation of the embedding is 1. We also prove that ["T“} + 1 is the shortest possible length that can be embedded between arbitrary two

distinct nodes with dilation 1 in the n-dimensional crossed cube.

Index Terms—Crossed cube, graph embedding, optimal embedding, interconnection network, parallel computing system.

1 INTRODUCTION

INTERCONNECTION networks play an important role in
parallel computing systems. An interconnection network
can be represented by a graph G = (V,E), where V
represents the node set and E represents the edge set. In
this paper, we use graphs and interconnection networks
(networks for short) interchangeably.

Graph embedding is a technique in parallel computing
that maps a guest graph into a host graph (usually an
interconnection network). There are many applications of
graph embedding, such as architecture simulation, processor
allocation, VLSI chip design, etc. Architecture simulation is
the simulation of one architecture by another. This can be
modeled as a graph embedding, which embeds the guest
architecture (represented as a graph) into the host architec-
ture, where the nodes of the graph represent the processors
and the edges of the graph represent the communication links
between the processors [22], [25], [33], [34]. In parallel
computing, a large process is often decomposed into a set of
small subprocesses that can execute in parallel with commu-
nications among these subprocesses. According to these
communication relations among these subprocesses, a graph
can be obtained, in which the nodes in the graph represent the
subprocesses and the edges of the graph represent the
communication links between these subprocesses [8]. Thus,
the problem of allocating these subprocesses into a parallel
computing systems can be again modeled as a graph
embedding problem. The problem of laying out circuits on
VLSI chips can also be reduced to graph embedding problems
(3], [30], [31].

Graph embedding can be formally defined as: Given two
graphs G1 = (V4, Ey) and G, = (14, Ey), an embedding from
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G to G is an injective mapping ¢ : Vi — V5. We call G; the
guest graph and Gy the host graph. An important perfor-
mance metric of embedding is dilation. The dilation of
embedding ¢ is defined as

dil(Gy, Ga, ) = max{dist(G2, ¥(u), ¥(v))|(u,v) € By},

where dist(Go, 1(u),(v)) denotes the distance between the
two nodes 9(u) and ¥(v) in G. The smaller the dilation of
an embedding is, the shorter the communication delay that
the graph G, simulates the graph G.

Embedding ¢ from G; to G, is optimal if ¢ has the
smallest dilation among all the embeddings from G to Gb.
Clearly, dil(Gy,Gs,v%) > 1. When dil(Gi,Ge,¢) =1, ¢ is
surely optimal and G; is a subgraph of G, in this case.
Finding the optimal embedding of graphs is NP-hard.

Most of the works on graph embedding consider paths,
trees, meshes, and cycles as guest graphs because they are
the architectures widely used in parallel computing systems
(1], [2], 6], [16], [19], [20], [21], [22], [23], [25], [32], [33], [34].
In this paper, we will study the path embedding problem.
Some special paths take important roles in parallel comput-
ing. A shortest path (routing) between two nodes in an
interconnection network is an optimal communication path
in terms of delay. Edge-disjoint paths between two nodes
are fundamental of routing in high-speed networks [5], [26],
while node-disjoint paths are significant for fault-tolerant
routing [17], [18]. A longest path—Hamiltonian path can be
used in dual-path and multipath multicast routing algo-
rithms to alleviate congestion or avoid deadlock incurred by
traditionally tree-based multicast algorithms in parallel
computing systems [4], [27], [28]. This paper addresses the
issue of path embedding in crossed cubes, which takes
paths as guest graphs and crossed cubes as host graphs.

The crossed cube is an important variant of the
hypercube [9]. It has drawn a great deal of attention [7],
[9], [10], [11], [12], [14], [15], [23], [24], [25], [33]. It has the
same node number and edge number as the hypercube with
the same dimension, but has only about half the diameter
[7], [9], wide diameter [7], and fault diameter [7] of those of
the hypercube. Embedding of shortest paths, Hamiltonian
paths, cycles, and trees as guest graphs into crossed cubes
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were studied in literature [7], [9], [23], [25], [33]. In [7], [9],
Efe and Chang et al., respectively, provided an embedding
of shortest paths (i.e., shortest routing algorithms) between
any two nodes in the n-dimensional crossed cube. They also
showed that cycles of all lengths from 4 to 2" can be
embedded into the n-dimensional crossed cube. Huang et al.
gave fault-tolerant Hamiltonian path embedding in [23].
Yang et al. further provided fault-tolerant cycle embedding
in the n-dimensional crossed cube [33]. In the case of tree
embedding, Kulasinghe and Bettayeb gave a perfect result.
They proved that a complete binary tree of 2" — 1 nodes can
be embedded into the n-dimensional crossed cube [25]. All
these embeddings in crossed cubes have dilations 1 and,
thus, they are all optimal.

There is little work reported on path embedding in
crossed cubes in literature. The most notable work on path
embedding in crossed cubes is the shortest path embedding
(shortest routing) [7], [9] and the Hamiltonian path
embedding [23]. In this paper, we will discuss the optimal
embedding of paths of different lengths between any two
nodes in crossed cubes. The original contributions of this
paper are as follows:

1. For any two distinct nodes x and y in the n-dimensional
crossed cube, and any integer | with f%] +1<I<
2" — 1, a path of length [ can be embedded between x and y
with a dilation of 1 in the n-dimensional crossed cube. The
embedding is optimal in the sense that its dilation is 1.

2. There exist two distinct nodes = and y in the
n-dimensional crossed cube such that no path of length
[241] can be embedded between x and y with a dilation of
1 in the n-dimensional crossed cube. This conclusion
demonstrates that [“51] + 1 is the shortest possible length
that can be embedded between arbitrary two distinct nodes
with a dilation of 1 in the n-dimensional crossed cube.

In interconnection networks, the Hamilton-connectivity
(i.e., any two distinct nodes are connected by a Hamiltonian
path) is an important property. The results obtained in this
paper show a stronger connectivity for crossed cubes. We
prove that, in the n-dimensional crossed cube, any two
distinct nodes are connected not only by a Hamiltonian
path, but also by many other paths of consecutive lengths.
This property is not well-known in the existing interconnec-
tion networks.

The rest of this paper is organized as follows: Section 2
provides the preliminaries. Section 3 discusses embedding
paths of lengths from [%f!] 41 through 2" —1 in the
n-dimensional crossed cube. Section 4 proves that the
existence of two nodes that no path of length [“5!] can be
embedded between these two nodes with a dilation of 1 in the
n-dimensional crossed cube. In Section 5, we give conclusions.

2 PRELIMINARIES

Let V(G) and E(G) denote the node set and the edge set of a
graph G, respectively. Given V' C V(G), the subgraph
induced by V' in G is denoted by G[V’]. A path P between
node u and node v in G is denoted by P:u=u",
u®, ..., u® =y. Nodes u and v are the two end nodes of
path P. The length of path P is denoted by len(P). Path P can
also be denoted by: u = u® u® ... u=Y P ultl) 40+2)

., u® = v, where the path P, is called a subpath of Pbetween
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u and u'?, ie., u® wD . ul) (i <j). The path P,
starting from u() and ending with u/), can be denoted by
path(P,u® u1)). For the path P, if u = v (k > 3), then Pis a
cycle. If (z,y) is an edge in a cycle C, we use C — (z,y) to
denote the path after deleting the edge (u,v) in C.

Let dist(G, z, y) denote the distance between two nodes x
and y of G. The diameter of G is defined as diam(G) =
max{dist(G, z,y)|z,y € V(G),z # y}.

If z is a node in the path P, then we denote it as = € P.
Otherwise, it is denoted as = ¢ P. Similarly, if (z,y) is an
edge in the path P, then we denote it as (z,y) € P.
Otherwise, it is denoted as (z,y) ¢ P. If V' C V(G) and no
node in V' is in P, then we write as V' (| P = (.

A binary string x of length n is denoted by x,_12z,_2
...21xo, where z,_, is the most significant bit and z is the
least significant bit. The ith bit z; of x can also be written as
bit(z, ). The complement of z; is denoted by 7;. Letting z be
a binary string of length £, the binary string of length ik
obtained by concatenating one by one i strings z is denoted
by 2.

The n-dimensional crossed cube (denoted by C@),) is an
n-regular graph that contains 2" nodes and n2""! edges.
Every node of CQ), is identified by a unique binary string,
which is also called address, of length n. In this paper, we
would not distinguish between nodes and their binary
addresses. The n-dimensional crossed cube can be recur-
sively defined as follows [9], [25].

Definition 1. Two binary strings, © = x1xo and y = y1yo, of
length two are said to be pair related (denoted by x ~ y) if and
only if (x,) € {(00,00), (10, 10), (01,11), (11,01)}.

Definition 2. CQ, is the complete graph on two nodes whose
addresses are 0 and 1. CQ,, consists of two subcubes CQ°_,
and CQ)._,. The most significant bit of the addresses of the

nodes of CQ°_, and CQL_, are 0 and 1, respectively. The

nodes u = Uy_1Up_2 . .. ULUY ANA V = Vy_1Vp_s . . . V1V, Where

Up—1 =0 and v,_1 = 1, are joined by an edge in CQ), if and

only if

1. up_g = v,_9 if n is even, and
: —1
2. Uiy ~ Vo, for 0 < i < B,

Given z,y € V(CQ,),0<i<n—1land n>1, if z; =y,
for all je{i+1,i+2,...,n—1}, bit(z,i) = bit(y,7) and
(z,y) € E(CQ,), then we write as z'y. By Definition 2, if
(z,y) € E(CQ,), then there exists an i such that0 <i <n—1
and z'y, and for any j with 0 < j <n — 1, there exists w €
V(CQ,,) such that 2w Mk >1,n>2 and yis a binary string
of length k, let V' = {yx|z is a binary string of length n — k}.
Thesubgraphinduced by V' in CQ,,i.e., CQ,[V’],is written as
CQ"_,. Obviously, by Definition 2, CQ?_, is isomorphic to
CQn—k

In Fig. 1, Fig. 1a, and Fig. 1b are two different drawings
of CQj3; Fig. 1c is CQ4. We can easily find the symmetric
property of CQs.

In [9], Efe gave an O(n?) algorithm to find a shortest path
between any two distinct nodes in CQ,,. In [7], Chang et al.
improved this algorithm. They gave an O(n) algorithm,
which we call CSH algorithm, to get more shortest paths
between any two distinct nodes in CQ,. CSH algorithm
introduces definitions of distance-preserving pair related and
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000 010 100 110
100 110 000 010
111 101 011 001
001 011 101 111
(a) (b)
1001
0011 LU 1011
0101 0111 1111 1101
0110 0100 1100 1110
0010 0000 1000 1010

(©)

Fig. 1. (a) and (b) Two different drawings of CQs. (c) CQy4.

pair related distance. These two definitions are iterated as
follows [7]:

Let u and v be two distinct nodes in CQ,,. The ith double
bit of nodes u is defined as a 2-bit string wus;;iuy; for
0 <i < [3] — 1, and as simply a single bit uy; for i = |}] and
n odd. Bit [ is called the most significant differing bit between
wand v if ug = vs forall swithl4+1 < s <n—1and u; # v.
Let i* = |L] be called the most significant differing double bit. A
function p on u, v is defined as follows:

pj(u,v) =0forall j >i" 41,
- |

2 if ugp U9 = Vojr 11 U0,

1 otherwise.

Further, for j <i* —1, pj(u,v) can be defined using the
notion of distance-preserving pair related (abbreviated as d.p.
pair related) as follows:

Definition 3. uyjiug; and voj1v9, for j < i* — 1, are distance-
preserving pair related if one of the following conditions holds:

n—1
1. (u2j+1u2j, 'U2j+1'l)2j) S {(01, 01), (11, 11)} and Z,E:T]il
pr(u,v) is even, .
2. (u2j+1u2]‘, U2j+11)2]') S {(017 11), (11, 01)} and ZIE:TAH
pr(u, ) is odd, and
3. (’U,QJ;HUQJ', U2j+17}2j) € {(007 OO), (10, 10)}
We write U2j+1U2j df' V2j+1V2; if U2;j+1 U2 and VU241V, are
d.p. pair related, and wus;1u; °/" vsj1v2; otherwise.
Then, pj(u,v) for j<i*—1 is recursively defined as
follows:

: d.p.
pi(u, ) = 0 if wgjyiug; %P vaj1vj,
’ 1 otherwise.

The pair related distance between v and v is defined,
denoted by p(u,v), as

122
p(u,v) = pi(u,v).
=0
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Furthermore, Chang et al. proved an important result as
follows:

dist(CQp, u,v) = p(u,v).

This result will be used in the proofs of this paper.
For details on the CSH algorithm, see [7].

3 EMBEDDING PATHS OF LENGTHS FROM [“H] + 1
TO 2" —1

In this section, we will prove that paths of lengths from
[%1] 4 1 through 2" — 1 can be embedded between any two
distinct nodes with a dilation of 1 in CQ,, for n > 3. In other
words, there exists paths of all lengths from [%1] + 1 through
2" — 1 between any two distinct nodes in CQ),, for n > 3. The
following lemma shows the diameter of CQ,,.

Lemma 1 [7], [9]. If n > 1, then diam(CQ,) = [*5].

In fact, arbitrarily selecting two distinct nodes in CQ,,, we
have |V(CQ,)| =2". Thus, in this problem, we have to
consider (%) (2" — [%!] — 1) paths of all lengths from [%5] +
1 through 2" — 1 between z and y in C'Q,,. Even given a little
integer n = 10, one has to consider more than 10% paths
between x and y. This is not realistic. In order to simplify the
proof, we adopt the induction on the dimension n of the
crossed cube to prove this result in Theorem 1. Before
beginning this proof, we need to give some preliminary
lemmas. The following lemma is on the existence of a special
cycle of length 4.

Lemma 2. If n > 3 and ™=y for z,y € V(CQ,), letting x1u
and yLv, then (u,v) € E(CQ,) and, thus, C : x,u,v,y,x is a
cycle of length 4 that contains the edge (x,y) in CQp.

Proof. Let x = 0zy—2 ... 2120, Y = 1yn—2 . .. y1%0. Then, by the
definition of the crossed cube, we have (z1x¢,y1%0) €
{(00,00), (10,10), (01,11), (11,01)}. In fact, we need only
verify the truth of the lemma for (ziz,y1y0) € {(00,
00), (01, 11)}. That is easy and, therefore, omitted. ]

To find the embedding of paths of lengths from [%H] +1
to 2" —1, three special cases need to be dealt with
separately. The three special cases are when n is odd and:
1) dist(CQy,z,y) =[] and n>5; 2) dist(CQy,z,y) =
(] —1 and n>5; 3) dist(CQy,z,y) =[] —2 and
n > 7. The results for the three cases are given, respectively,
in Lemmas 3, 4, and 7. They will be used in the proof of
Theorem 1.

Lemma 3. Ifn > 5andnisodd, z = 0x,_» ... 2119 € V(CQY_))
and y =1y, o...y1y0 € V(CQL_,) with Ty axy_3" yy o
Yn—3 and Tp—2Tp-3 df' mynﬁb and diSt(CQ'na Z, y) = I—nTH-L
then there exists a path of length [“5X] + 1 between x and y in
CQ,.

Proof. Notice that ["1] — 1 = 51| = |%]. By the definition of
function p;(u,v), we have p;(z,y) =1, i=0,1,..., [*]
—1.For ;2 and y; vy, we need only deal with the cases that
T1%0 = Y1Yo, 1o = Y1¥o, T1To = Y1%o, and x1x0 = y1Yo-

Case 1. z1x9 = y1y9. We have the cases as below.

Case 1.1. z1xp € {01,11}. Then, yi1yo € {10,00}. Let
z%ulv. Then, bit(v,1)bit(v,0) = y1yo € {10,00}. There-
fore, po(v,y) =0. Obviously, p;(v,y) = pi(z,y) =1 for



bit(z, 1)bit(z,0) =
= bit(w, 1)bit(w,0) = F17 = 1175 € {10,00}.
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ie{1,2,...,[%}] — 1} and, thus, dist(CQy,v,y) = [“H]
—1. By using the CSH algorithm, we can get a shortest
path P between v and y in CQ, and dist(CQ,,z,y) =
dist (CQy,u,y) # dist(CQ, z,y) for every node z in P.
So, {z,u} (P = 0. Then,

z,u, P

is a path of length [“!] + 1 between z and y in CQ,.

Case 1.2. zixzp € {10,00}. Then, y1yo € {01,11}. Ex-
changing the position of « and y, this case is actually
reduced to Case 1.1.

Case 2. x179 = y1yo. We have the following cases.

Case 2.1. 7179 € {00,10}. Then, y10 € {10,00}. Let z%u
2=24 0. Then, bit(w,1)bit(w,0) =11y €{00,10} and py
(w,y) = ppug 5 (w,y) = 0. Clearly, pi(w,y) = pi(z,y) =1
for i € {0,1,...,[%] — 1} — {0, [=H] — 2}. As a result,
dist(CQn, w,y) = ["51] — 2. By using CSH algorithm, we
can get a shortest path P, whose length is [%}1] —2,
between w and y in CQ,,. We can easily verify that for any
z€ P and 2 € {z,u,v}, dist(CQ,, z,v) # dist(CQ,, 2, y).
Therefore, {x,u,v} (| P = (. Then,

z,u,v, P

is a path of length [*1] + 1 between z and y in CQ,,.

Case 2.2. xlxo € {01,11}. Then, y1yo € {11,01}. Let

2224 % and wly. Then,

bit(v, 1)bit(v, 0) = bit(w, 1)bit(w, 0)
= Z1@ = 170 € {10,00}.

It can be easily verify that py(v, w) = Pt o (v,w) =0and
pi(v,w) = pi(z,y) =1 for ie{0,1,..., [ -1} — {0,
[1] — 2}. By using the CSH algorithm, we can construct
a shortest path P/, whose length is [%1] — 2, between v
and w in CQ,,. By the CSH algorithm, for any z € P/, we
have

bit(u, 1)bit(u, 0) = bit(v, 1)bit(v,0)

Therefore, z ¢{z,y,u}. That is, {z,y,u} (P = 0. Then,

/
CL',U,P,y

is a path of length [%1] + 1 between z and y in CQ,.

Case 3. i1z = wyyo. If z1mo € {00,10}, then let
y u" 29%y. Otherwise, z1z9 € {01,11}, let zlu/2=2

04/. Similar to Case 2.1, we can construct a path of
length [+1] + 1 between z and y in CQ,,.

Case 4. x129 = y1%0. Then 901960 € {01,11}, (w120, y190)
€ {(01,01), (11,11)}, and 321217 pu(z, y) is odd. Let z v,
y%v. Then, bit(u, 1)bit(u,0) = bit(v, 1) bit(v,0) € {00, 10},
po(u,v) = 0, and dist(CQy, u,v) = [%1] — 1. By using the
CSH algorithm, we can get a shortest path P, whose length
is [%} — 1,between wand vin CQ,,. By the CSH algorithm,
for any z € P, we have bit(z, 1)bit(z, 0) = bit(u, 1)bit(u, 0)
€ {00,10} and, thus, 2120 = y1yo # bit(z, 1)bit(z,0). As a
sequence, {z,y} () P = 0. Then,

Lemma 4. Ifn > Sandnisodd, z = 0z,_5 . .
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z, Py
is a path of length [%1] + 1 between z and y in CQ,. O

. X1 € V(CQg—l)
and y= 1yn72- -Y1Yo S V(CQ}?,]) ZUlth Tp—2Tp-3 d,{k Yn—2Yn—3
and Tp—2Tp-3 d.Np Yn—2Yn—3, and diSt(CQm %y) = [nTH] - 1/

then there is a path of length [%] + 1 between x and y in CQ,,.

Proof. We separately consider the two cases that py(z,y) = 1

and po(z,y) = 0.

Case 1. py(z,y)=1. Since p;(z,y)=1 for ze{[”“} 1,
[m41] — 2}, [%51] = diam(CQ,) > dist(CQu2,y) = Y17
pi(z,y) > 3. Considering that nis odd, n > 7. We consider
the cases as below.

Case 1.1. z1z0 € {00,10}. Then, y1yo € {710,211, 771}.

Case 1.1.1. 190 = 7710. Let y2ulv%w. Then, py(z, w) =
0 and p;(z,w) = pi(z,y) fori € {1,2,..., [%] — 1}. Thus,
dist(CQn, z, w) = [%1] — 2. By using the CSH algorithm,
we can get a shortest path P between z and w in CQ),.

Similar to the proof in Lemma 3, we can deduce that
{y,u,v} (P = 0. Then,

P7 /U7 u’ y

is a path of length [%1] + 1 between z and y in CQ,,.

Case 1.1.2. y;90 = z11. Let y2u%v1lw. Then, similar to
Case 1.1.1, we can construct a shortest path P’ between z
and w in CQ, and by using the path P’ we can get a path
of length [%51] + 1 between z and y in CQ,,.

Case 1.1.3. y1yp =7z71. Let yiu2=20%zlw. Then,
po(z,w) = p(%FQ(x,w) =0 and p;(z,w) = pi(z,y) for i €
{0,1,..., [=H]—1}—{0, [21]—2}. Thus, dist(CQ,,z,w)
= [21] — 3. By using CSH algorithm, we can get a
shortest path P” between z and w in CQ,, and we can
deduce that {y, u,v,z} (| P” = 0. Then,

Pﬂ Z? ’U7 u7y

is a path of length [*1] + 1 between z and y in CQ,.
Case 1.2. z1x € {01,11}. Then, y130 € {00,10,01,11}.
In fact, exchanging the position of x and y, the case for
1% € {00,10} can be reduced to Case 1.1. So, we only
consider the cases for ¥,y € {01, 11}. For y1yo € {01, 11},
let y%ulvlw. Similar to the proof in Lemma 3, we can
constructa path oflength [*1] + 1betweenzand yin CQ,,.
Case 2. py(xz,y) =0. Then, pi(z,y)=1 for i€
{1,2,...,[%4] — 1}. We deal with the following cases.
Case 2.1. x170 € {00,10}. Let ylu®2vlw. Then,
po(@, w) = prany_y(z,w) = 0 and p;(z,w) =1 for i € {0, 1,
L[ =13 = {0, [%1] — 2}, Thus, dist(CQy,x,w) =
[21] — 2. By using the CSH algorithm, we can get a
shortest path P between z and w in CQ, and we can
deduce that {y,u,v} (P = 0. Then,

P7 v7 u?y

is a path of length [%] + 1 between z and y in CQ,,.
Case 2.2. xz9 € {01,11}. Let xlu, ylv. Then,
po(u,v) = po(z,y) =0. Let P':u=2,21,...,2,=v be a
shortest path got by using CSH algorithm between u and v
inCQ,.Supposing that z;_1 2 z; fori € {1,2, ..., k}, wewill
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u/ - ,U/ u/ R ’l),
/ /
w C/ w C/
w xr VA w T z P
C C
L]
v U Y v U Y
0 1 0 1
CQn— 1 CQn—l CQn—l CQn—l
(a) (b)
/ C’ / u’ C’ /
u v v
w’ w’
w i 2 Yy w T z b Jpr
C p C
v u v u Y
0 1 0 1
CQn—l CQn—l CQn—l CQn—l

(d)

Fig. 2. A path of length (%} + 1 between z and y in CQ,, where a straight line represents an edge and a curve line represents a path between two
nodes.

prove z ¢ P'. Since py(u,v) =0, by the CSH algorithm, j17# Lemma 7. If n>7 and n is odd, x =0z, 9...212) €

1 and, thus, x # z;. Further, for 2 <i <k, by the CSH
algorithm, dist(CQ,,u, z;) = dist(CQ,, 20, 2;) =1 > 2 >
1 = dist(CQ,, 20, x). Therefore, x # z; fori € {2,3,...,k}.
And, it is clear that = # zy = u. To sum up, = ¢ {20, 21,
...,2p}. That is, « ¢ P'. Similarly, we can prove y ¢ P’
Thus,

z, Py

is a path of length [%31] + 1 between z and y in CQ,. O

The proof of Lemma 7 need to use the following lemma:

Lemma 5. If n>3, 2%y for z,ye V(CQ,), letting

2Out=LyQywly and ¢4/ 221y Q' Ly, then 2=y, 7 ==,

and C : x,u,v,w,y,x and C':y,u', v, W', x,y are the two
cycles of length 5 that contain the edge (x,y) in CQy.
Furthermore, u ¢ {v',w'} and v’ ¢ {v, w}.

Proof. Let z=0x,5...2129, ¥y =1y, _2...91y0. Then,

(120, 1Y0) € {(210,210), (z11,771)}. By Definition 2, we
can verify that z =y, 7 = z,and C': z,u, v, w,y,z and C" :
y,u', v, W, z,y are the two cycles of length 5 that contain
the edge (z,y) in CQ,. Further, if (x,z0, y1y0) = (210, 2,0),
then bit(u, 1)bit(u,0) = 211, bit(v/, 1)bit(v,0) = z71, and
bit(w/, 1 blt(’wl7 0) = .’13710, while if (.’1}1.’1}0, ylyo) = (.Tll,l‘ill),
then bit(u, 1)bit(u,0) = 210, bit(v/, 1)bit(v',0) = 770, and
bit(w', 1)bit(w’,0) = Z71. Thus, u ¢ {v/,w'}. Similarly, we
can also verify that ' ¢ {v, w}. ]

The following lemma will also be used in the proof of

Lemma 7 and Theorem 1.
Lemma 6 [15]. If n > 2, for any (z,y) € E(CQ,) and any

integer | with 4 <1 < 2", there exists a cycle C of length | in
CQ,, such that (z,y) is in C.

V(CQ?L—l) and Y= 1yn—2~ - Yr1yo € V(CQ}L_l) with Tp—2Tn-3
de Yn—2Yn—3 Eli’ld Lp—2Lp—3 de Yn—2Yn—3, and dlSt(Can €T, y)
= [=2] — 2, then there is a path of length [“5X] + 1 between x
and y in CQ,,.

Proof. Let z = z. Then, 2 € V(CQ,,_,), piy_1(2,y) = 0, and

pi(zy)=pi(z,y),i=0,1,..., [%] — 2. Hence, dist(CQ},_;,
zy) =[] -3>1 and, thus, y# z. Without loss of
generality, we assume that z € V(CQ",) (similarly prove
inother cases ). Thenz € V(CQM%)and y € V(CQL'Y,). Let
20u=Ly iy’ and 294/ ==L/ Y/ 1 2. By the conditions in
the lemma, we can easily verify that y,,_» = bit(u,n — 2)
= bit(v',n — 2) = bit(w’,n — 2). Therefore, y ¢ {u,v,w'}.
By Lemma 5, we have z' =z and 7 = z and, thus, C:
z,u,v,w,z,z and C':z, v/, v, W', z,x are two cycles of
length 5 in CQ,, such that u ¢ {v/,w'} and v/ ¢ {v, w} (see
Fig.2a).Since dist(CQ}_;, 2 y) = [%}] — 3 > 1, we may let
P be a path of length [%!] — 3 between zand y in CQ),_,.
Note that P is also a shortest path between z and y in
CQ! _,. We deal with the following cases.
Case 1. u ¢ P. Then,

T, w,v,u, P

is a path of length [%!] + 1 between z and y in CQ,, (see
Fig. 2b).

Case 2. u € P. Since (z,u) € E(CQ!_|) and P is a
shortest path between z and y in CQ}_,, P must be:
2,U,...,y. We can further claim that w' ¢ P. Otherwise, P
must be z,u,...,w,...,y. Thus, len(path(P,zw')) > 1.
On the other hand, since P is a shortest path between z
and yin CQ! _,, the subpath between z and v’ in P must

be a shortest path between z and w' in CQ!_,;.
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Considering that (z,w') € E(CQ}._,), the length of the
subpath between z and ' in P should be 1. So, we obtain

a contradiction. Thus, we have the following cases:
Case 2.1. v/ ¢ P. Then,

! / /
z,u,v,w, P

is a path of length [21] 4 1 between x and y in CQ,, (see

2
Fig. 2¢).

Case 2.2. v/ € P. Then, P is zu,...,v,...,y. Since
(z,v) ¢ E(CQL_;) (Otherwise, z,v/,w',z is a cycle of
length 3in CQ}._,, but there is no cycle of length 3 in CQ,,
for all n > 1, which can be proved similar to the proof of
Lemma 5 in [13]), z,w', v’ is a shortest path between z and
v in CQ}_,. Thus, dist(CQL_,, z,v/) = 2. Considering that
P is a shortest path between z and y in CQ! ,, the
subpath between z and v/ in P must be a shortest path
between z and v/ in CQ!_,. Therefore, len(path(P, z,v'))
—2. Since (zu) € B(CQL,), (u)) € V(CQ!_,) (See
Fig. 2d). Let P’ =path(P,v,y). Then, len(P’) = "]
—5. Thus,

z,w,v,u, z,w, P
is a path of length [%51] + 1 between z and y in CQ,. O

Further, Lemma 8 shows a property on distance-
preserving pair related, which will be used in the proof
of Theorem 1.

Lemma 8. If n>3 and n is odd, x =0x,_5... 2120 €
V(CQY_ ) and y =1y, ... y1y0 € V(CQL ), u™Lx, and
v2=Ly such that bit(v,n—2)#bit(z,n — 2) and bit(u,n — 2)
#bit(y,n—2), then m:n”,gdf‘ Yn—2Yn_3 ANd T, oXy,_3 df‘
Yn—2Yn—3-

Proof. According to the definition of function p, we can
easily claim that (z,—o@,—3, Yn—2yn—3) € {(00, 10), (10, 00),
(01,01),(11,11)}. We can easily verify 7, gz, 3"
Yn—2Yn—3 and z,_o%p—3 df' Yn—2Yn—3- ad
So far, we have introduced a series of lemmas. Now, let us

give a proof that there exists paths of all lengths from [“] + 1

through 2" — 1 between any two distinct nodes in CQ,, for

n > 3. Even with the the help of these lemmas, we point out,

we still have to deal with many cases in this proof.

Theorem 1. If n > 3, for any z,y € V(CQ,),  # vy, and any
integer I, (“ZLW +1 <1< 2"—1, there exists a path of length
[ between x and y in CQ,,.

Proof. we use induction on n.

We can easily verify the truth of the theorem for n = 3.
Suppose that the theorem holds for 3 <n <7-1, we
will prove that the theorem holds for n = 7 (7 > 4).

When n =, for any z,y € V(CQ;), = # y, and any
integer | with [7] +1 <1< 27 —1, without loss gen-
erality, we separately identify the two cases that both =
and y are in CQ"_,, and z and y are, respectively, in
CQ"_, and CQ!_, to construct a path of length [ in CQ,.

First, we consider the case that both = and y are in

CQE_I. In this case, we further deal with the following
cases according to the value of I:
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Case 1. [H]+1<1<27!'—1. By the induction
hypothesis, there exist paths of lengths [7] + 1, [7] +2,
..., 2771 —1 between z and y in CQ"_,. Noticing that
[7] +1 < [FH4] + 1, there exist paths of lengths I between
z and y in CQ"_; and, thus, in CQ-.

Case 2. 271 <i<2"—1. Let I, =[5}, L =[5
Then, 5] +1 <272 1<l <L <27'—landl +1l =
[ — 1. By the induction hypothesis, there exists a path P,
of length [; between z and y in CQC_,. Select an edge
(u,v) in P, (see Fig. 3a). Let v/=tu and v/ =!v. Then,
u', v € V(CQL_,) and «' # . By the induction hypoth-
esis, there exists a path P, of length [, between ' and v/
in CQl_l. Then,

path(Pla z, u)a P27 path(Pla v, y)

is a path of length [; + [, + 1 = [ between z and y in CQ-.

Next, we consider the case that x in CQ(L] and y in
CQ:! ,. In this case, we further deal with two cases
according to whether = and y are adjacent as follows:

Case 1. (z,y) € E(CQ). By Lemma 6, for any !’ with
4 <I' <27, there exists a cycle C of length ! that contains
the edge (z,y) in CQ-. So, for any I” with 3 <" <27 —1,
thereisapathC — (z, y) oflength " betweenz and yin CQ.
Since 7 >4, [F] 41 > 4. Thus, there exists a path of
lengthlwith [Z] + 1 <1 < 27 — 1betweenzand yin CQ-.

Case 2. (z,y) ¢ E(CQ.). We have the following cases
according to the range of I.

Case 2.1. [H]+1<1<27" Let 2=!. Then, z ¢
V(CQ!_)) and z#y. Let ' =1—1. We deal with the
following cases:

Case 2.1.1. 7 is even. Then, [J]+1= 2] </ <
27-1 — 1. By the induction hypothesis, there exists a path
P of length I between z and yin CQ!_,. Thus,

x, P
is a path of length I'+1=1 with [ +1<i<27!

between z and y in CQ,.

Case2.1.2.7isodd. Then, 7>5. For [t +2 <1 <271,
[F1+1=[3+1<V <2 -1 Similar to Case 2.1.1,
we can get a path of length I’ + 1 = [ between = and y in
CQ;. In order to show that there exists a path of length
I = [7] + 1 between z and y in CQ-, let v™Ly. Then, v €
V(CQY_,) and v # x. We consider the following cases:

Case 2.1.2.1. bit(v, 7 — 2) = bit(z, 7 — 2) or bit(z, 7 — 2)
= bit(y, 7 — 2). Then, there exists an ¢ € {0,1} such that
{v,z} C V(CQY.,) or {z,y} C V(CQ ). Without loss of
generality, we assume that there exists an i € {0,1} such
that {v, z} C V(CQ",). By the induction hypothesis, there
exists a path P of length [51] + 1 between z and v in
CQ% ,. Thus,

Py
is a path of length [71] + 2 = [751] + 1 between z and y
in CQ-.

Case 2.1.2.2. bit(v, 7—2) #bit(z, 7 — 2) and bit(z, 7 — 2)
# bit(y, 7 — 2). By Lemma 8, we have T 2x,_3 WPy oy s

and =, 27,3 df' Ur—2Y-—3. Considering that diam(CQ,) =
[7H] for 7 > 1, we deal with the following cases:
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Fig. 3. A path of length [ between z and y in CQ,, where a straight line represents an edge and a curve line represents a path between two nodes.

Case 2.1.2.2.1. [F] -2 <dist(CQ,,x,y) < [, If
dist(CQ;,z,y) = [5] — 2, we can deduce T # 5. Suppos-
ing on the contrary that =05, dist(CQ;,z,y) = [>3*]
—2 = 1. Hence, (z,y) € E(CQ-), contradictory to (z,y) ¢
E(CQ;). So, we have 7 > 7 if dist(CQ,, z,y) = [ZF] — 2.
By Lemma 7, there exists a path of length [Z1] +1
between = and y in CQ; for dist(CQ,x,y) = [F1] — 2.
For (CQ;,z,y) € {[%],[%2] —1}, by Lemma 3 and
Lemma 4, there exists a path of length [Z2] + 1 between
z and y in CQ,.

Case 2.1.2.2.2. 2 < dist(CQ-, z,y) <[] — 3. Notice
that [5'] = [51] — 1. Since 2™z, we have ppy_(2,9)
= 0, ppesy3(201) = prss o (2,) = 1. Therefore, pi(z,y) =
pi(z,y) for i =0,1,...,[3] =3 and 1 < dist(CQ!_,, 2,y)
< [%H] — 4. Let P be a shortest path obtained using the
CSH algorithm between z and y in CQ! ,. Then,
len(P) = dist(CQ!_,,zvy). By Lemma 2, there exists a
cycle z,u,w, z, x of length 4 that contains the edge (z, 2)
in CQ.. The following proof will separately discuss
according to whether w € P.

If w¢ P. Let m=[=] —dist(CQL_,,2y). Then,
4<m<[H] -1<271 — 1. By Lemma 6, there exists
a cycle C of length m that contains the edge (z,u) in
CQ"_, (see Fig. 3b). Thus,

C - (z,u),w,P

is a path of length (m—1)+2+4dist(CQ._,z,y) =
[=] + 1 between z and y in CQ-.

Otherwise, since P is a shortest path between zand y in
CQ!_,, path(P,z,w) is a shortest path in CQ!_;. And,
considering that (z,w) € V(CQ!_,), P mustbe z,w,...,y.
Let P’ =path(P,w, y). Then, len(P") =dist(CQ._;,z,y) — 1.
Let m' = [=}] —dist(CQ!_1,2,y) +2. Then, 6 <m/ <
[7H] +1 < 27! — 1. By Lemma 6, there exists a cycle C’

of length m/ that contains the edge (z,u) in CQ°_, (see
Fig. 3c). Thus,

C' — (z,u), P

is a path of length (m/ — 1) + 1 + (dist(CQL_,,z,y) — 1) =
[7] + 1 between z and y in CQ-.

Case 2.2. 277! 4+ 1 <[ < 27 — 1. By Definition 2, we can
select u € V(CQY_,) — {z}, v € V(CQ!_,) — {y} such that
(u,v) € E(CQ,). Let |, = [5], I, = | 5. Then, [3] +1 <
272 <y <3 <27!'—1 and l; + 1, =1—1. By the in-
duction hypothesis, there exist a path P, of length [,
between z and u in CQ"_; and a path P, of length I,
between v and y in CQ!_; (see Fig. 3d). Then,

P17 P2
isa path of length [; 4+ ls + 1 = [ between z and y in CQ),.0

The similar result was obtained independently by
Yang et al. in [35]. However, the result in [35] deduces the
existence of paths of lengths greater than or equal to
[%+1] + 2, but does not include [%1] + 1.

4 NONEXISTENCE OF EMBEDDING PATHS OF
LENGTHS [“H]

In Section 3, we have given the embedding of paths of
length from [%H]+1 through 2" —1 between any two
distinct nodes with a dilation of 1 in CQ,. The following
theorem will prove that [%H] +1 is the shortest possible
length that can be embedded between arbitrary two distinct
nodes with a dilation of 1 in CQ,,.
Theorem 2. If n > 2, then there exists two nodes z, y € V(CQ,)
such that x # y and there is no path of length ["“1] between
and y in CQ,.
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Proof. The theorem obviously holds for n = 2. Selecting
=001, y=111 for n =3 and selecting =z = 0001, y =
1101 for n =4, we can easily verify the truth of the
theorem for n = 3,4 also. For n > 5, we separately deal
with two cases as follows:

Case 1. [2H] is even. Select z = xn,lxn 9...T1Xp =

2
0" ', y=yn-1Yn-2...y1y0 = 1". Then, 21 Zlipl(z y) =
[2:1]—1is odd. By the definition of function p, py(z,y) = 0.
Suppose that there exists a path P of length ["3!]
between z and y in CQ,. Let P be z = z©, z(),
2 =y, where 2 =2 2® 22k =01, for
., [, and 2 2z, We can claim that j; ¢ {0,1}.
Supposing on the contrary that j; € {0,1}, then we have
po(a),y)= landpz( Ly) = pi(,y) fori = 1,2, %]
and, thus, Y5 pi(a, ) = S pifa,y) = [441] — 1.

So, the length of P is greater than

154
i=0

[n IJ

—Zm

contradictory to that the length of P is [%].

Further, if nis odd, then j; # n — 1. Otherwise, we have
Py (@M, y) =0, pluyy_; (21, y) = 2,and pi(2,y) = 1 for
i=0,1,..., %] — 2. Similar to the above discussion, we
can deduce that the length of P is greater than [“}], a
contradiction.

Moreover, if j; € {2,3,.
that j; is not odd and if j; is even, then ZL

dist (CQ,, 2V, y)

y) + oz, y) = inTHi’

2|55 - 13, we can claim

pi(z”,y)is
odd. Otherwise, we have p;(z1),y) = pl(z y) fori=1,2,

.., [%51] and py(zV,y) = 1. Thus, we can get the same

contradiction as the above discussion.
In summary, j; satisfies one of the two conditions as
follows:

1. ji is even with 2 < j; < 2|23 —
pi(z©),y) is odd;
2. j1€{n—1,n—2}and n is even.

1andz

”+1

By the definition of function p, we have the following
conclusions:

a. If j; satisfies the condition 1, then p; (zV, y) =
2
po(z,y) =0, P (2 W y) = 2withgcn1 1:55,1)2 =00
if n is even, pjuy(z M y) = 1 with zn)l =0ifnis
odd, and p7(ac<1),y) =1 with xQHlxgl) =00 for
’LG{O, ’ a" |_” ! 1} {0’5
b. If 5, satisfies the condition 2, then p()(x(l),y) =0,
l“i( D, y)=1with :cnl)lacf,,lf)Q €{01,10},and p;(zV,
y) = 1 with 2l 28} = 00 for i € {0,1,2,..., 25!
-1} —{0}.
Now, we separately deal with the following cases:
Case 1.1. n is odd. Then, |27!] =271 = [2H] — 1. We

assume that py,(z™,y) = 0 for k = 0,]2 ,%,...,%" with
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2™ 0 0101...00 00 00... 00 Ol ......
~—~
LHEIJ kl k.l/
MY — 1 11 11...11 00 00... 00 11 ......
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Fig. 4. ¥ = max{z <[5 |pi(2™, y) = 1} and k" = max{i < k'|p;(z™
y) = 0}, where ZL k’i+1 /)1(r(

y) is odd.
~1
1<m< LnTJ—l

and for the even integers j with 2<j;<n-—2 and
1<I<m, pluy (2™ y) = 1 with = 7’1 =0, and p; (2™ y)
=1 with 207 20" =00 for € {0,1,..., |%2]—1}—

{0,4.5,.... 5} Let almlstgtmt A =01, jij+
1,592,792+ 1, ..., jm, jm + 1} and B = {j|j is odd with 2 <

j<n-—2and pj: i(x (m) ) = 1} U{]|j isevenwith2 < j <
n-—2, p%( z ),y) =1, and Z ijl( (™ ) is even}. We

will prove that j,,41 ¢ AU B U{n — 1} as follows:
Supposing on the contrary that j,, .1 € A|JBU{n — 1},
we have the following cases:

Case 1.1.1. j,,41 € A. By the definition of function p, we
have Plims1) (D ) =1, py (™), y) =1 for i' € {0,1,
LY = {04, %, 2, and py (2, y) = 0 for k €
{0,:21 2o {25}, Then, dist(CQ,, 2™, y) =
Z}:ZOJ pi(zm ) y) = f%] — m. Thus, the length of P is
greater than or equal to len(path(P, 2, z(™*1)) tdist
(CQu, 2™ y) = (m+ 1) + ([%52] — m) = [%52] + 1, con-
tradictory to that the length of P is [%]
Case 1.1.2. j,,41 € B. By the definition of function p, we
have py(z*V) y) =1 for i’E{O,l,.. 1254} — {0, 4,
Lo ) Let K =max{i|p;(z), y) = O and 0<i< L]},

27
Then, K€ (0.4.4,.5) and Y5, a0,y =

S pi(a™ . y). Thus, pp (20" y) =1 and pi(z"),y)
= Ofork € {0, ’21 ,JQQ e ,% — {K'}.SimilartoCase1.1.1,we

can conclude that the length of P is greater than or equal to
[2+1] 4 1, contradictory to that the length of P is [251].
Case 1.1.3. jn1 =n—1. Let ¥ =max{i < [%}]|
pi(z™ y) =1} (see Fig. 4). Then, xékilxék, =00 and
ok Yy = pp(z™y) = 0 with xé@lx%) =01 for k=
K4+1,K+2,...,[%5 — 1 and, thus, py(z™V,y) =2.
Further, let k" = max{z <K |pi(x™ ) =0}. Then, py(x"+1),
y) = pr(z™,y) = 1 with m;glmgz” =00 for i’ = k' +1,
K'+2,...,K — 1and, thus, ZL k/i+1 pi(xm ) ) = Zijkliﬂ
pi(z™y). Obviously, if ZZ g1 Pi(w (m) 4)) is odd, then
iy} aln) = 01; otherwise, 23y Hx(w) = 11. Without loss
of generality, supposing that Zi:kﬂ 1 pi(z™y) is odd,
then x(;:,) xé’,z,) =01. So, ppr(z™*V) ) = 1. Further, we

/Jrl
have p;(z™ y) = p;i(z™,y) for i= 0,1,... K" —1.

Similar to the discussion in Case 1.1.1, the length of P is
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greater than or equal to len(P,z(), z("+1) 4 dist(CQ,,
) y) = (m+ 1) + (2] — m)= %] + 1, contradic-
tory to that the length of P is [%1].

Tosum up, jm+1 issuch an even integer that2 < j,,41 <

n —2and ZL et pi(#™ y)is odd with :r]mHH 5”:)1— 00.

According to ‘the definition of function p, we have
pp(zH) ) =0 for ke {04 2 . dma} Plust) (D) )

99990 s 9
=1 with =z ”LH)—O and p;(z™Y,y) = pi(z™,y) = 1

with 20" Va2 — 00 for i€ {0,1,..., |%52] — 1} — {0,

L2 Jme1
219 g S

According to the above discussion, we have

D= 001)"7) and, thus, (=70, o) € B(CQ,).
Not1c1ng that |25 = [2H] -1, we have 2172 )
€ E(CQ,). Further, since (z("7'1-2 z("71-0) € P and
27171 4)) € P, there exists a cycle y, (511-2) ) (5=,
yin CQ,, whose length is 3, which contradicts to that there
isnocycle oflength 3in CQ),, (the method of proof is similar

to that of proof for Lemma 5 in [13]).
Case 1.2. n is even. Then, [27| =[%1]—2. We
assume that one of the following two conditions holds:

1. pr(z™ y) =0 for ke {0,%,%,... J”’} with 1<
m < [%51] — 1 and the even integers j; with 2 <
f1<n-3and1 <! <mandl # k/,pL%J(ac(’”),y) =
2 with 22", =00, and py(z™,y) =1 with
xg:nilx;@ =00 for ' € {0,1,..., ["5*| —1} {0,

2. pk(x(m),y) =0 for k € {O,’Q‘,’;,...,’“T*%”T“, iz

.} with 1<m< (%! -1 and the even
integers j, with 2<j,<n-3, pW'J( ™ y) =1
with jye{n—1,n—2} and z™2!") € {10,01},

and p; (2™, y) =1 with 2} 2\ = 00 for

i ef{0,1,. .., |22 -1}
0, J1 J2 JK=1 Jr+1 Jr+2 Jm
9Ty g g g [0

where 1 < ¥ <m.
Let x(™) Iz 2(m+1) We deal with the following

cases.

Case 1.2.1. Case 1 holds. Let A’ = {0,1,j1,71 + 1, j2,
Jo+ 1, dmydm+ 1} and B = {j|j is odd with 2 < j <
n —3and pj 1( (m) y) =1} U{j\jisevenwithQ <j< n-
37%( x(m), )—1 and Z[ 1 pi(z™ y)is even}. Then, si-
milar to the discussion in Case 1.1.1 and Case 1.1.2, we

have j,,41 ¢ A’'JB'. So, jn,+1 satisfies one of the following
two cases.

Case 1.2.1.1. j,4; is such an even integer that 2 <
Jm+1 <n-3and Z[ jMHp,(m(m),y) is odd with xJ 11
1‘; = 00. Then, we have py(z™*V,y) =0 for k € {0,

5.5, 5t and pi(a0Y, y)=p (2" ),y) with
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m+1 m+1 m
wyr oy = a2 = 00

forie{0,1,..., %51} —{0, 4, %,... . 252}
Case 1.2.1.2. j,, 1 €{n—1,n — 2}. Then, we have Pl
(a0, ) =1 with 2"Vl Y € (10,01}, pr(al™V) y)=

0 for ke{0,4,%,... =}, and p(a™),y)=p,(x),y)

with 2:n++11)$(27;z+1) = xgﬁgl (27 =00 for i € {0,1,..., %}

-1} — {04, 2, .. L},

Case 1.2.2. Case 2 holds. Let A" ={0,1,51,51 +1,...,
Je—1s -1+ 1, g, e + 1 gy, ez + 1,y Gy G+ 1}
and B' = {j|j is odd with 2 < j<n—3 and p%(x“”),y)
=1} U{jljisevenwith2 < j<n —3, p,( (m) ) =1, and
ZU jli . pi(z™ ) is even }. Then, similar to the discussion
in Case 1.1.1 and Case 1.1.2, we have j,.1 ¢ A'JB.

Further, we can show that j,, 1 ¢ {n —

1,n — 2}. Suppos-
ing on the contrary that j,,41 € {n —1
2D e 100, 11} 1 2" TV 2" = 11, similar to the

discuss in Case 1.1.3, we can obtain a contradiction. If

n — 2}, we have

xf{ﬁl) ,(:SU =00, we have ppuy (™D y) =2 and
pi(z™HY )= p;i(z™, y) fori =0,1..., 25| —1. Hence,
[71:1 ll 1
dist(CQu, ™V y) = >~ py(a™ N y) = sz ™, y) +1
=0
1
[ -m.

As a result, the length of P is larger than or equal to

len(P, 2, ™) 4 dist(CQ,, 2™, y)

”*H—)—ﬂiﬁ+1

=(m+1)+([

contradictory to that the length of P is [";“1]. Then, j,11

must be such an even integer that 2 < j,,41 <n —3 and

D ”EIJ pi (x(m)7y) is odd with z™

2™ = 00. Further,

i:j”'-'zAl*'l Jm +1 Im
we have py (2™, y) =0 for k € {0,"5‘,%,”’2*1 , L ]—”2“,

. .7'm-1},pw7,J (20D y) = 1 with jp € {n —1,n — 2} and

APl = 2l € (10,01}
pi(z™ y) = 1 with acgi?)xz';ﬁl) = wgfl 22" =00 for i €
{0,1,..., |_n§ 1} {0712171227 wil/Jk{zﬂflk,gﬁa"'ajmTH .
According to the above discussion, we have
e {01(01) 741 10(01) 7141} and, thus, (2%,
y) € E(CQ,). Noticing that [*F|=["]-2, we have
(2" ) e B(CQ,). Further, since (z("7'1-2) z("71-1)

€ P and (717D y) € P, we get a cycle y, (*11-2),
(54-1)
x 2

and pi(al™,y) =

, Y in C’Qn, whose is length 3, a contradiction.

Case 2. ["1] is odd. Select z =z, 1%, ...217) =
0",y = Ypn_1Yn_o - .. Y150 = 1"201. Similar to Case 1, we
can prove that there is no a path of length [%1] between
and y in CQ, when n > 5. Thus, the proof is omitted. O
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This theorem shows that [%!] + 1 is the shortest possible
length that can be embedded between arbitrary two distinct
nodes with a dilation of 1 in the n-dimensional crossed cube,
which implies that this range of path lengths is optimal.

5 CONCLUSIONS

In this paper, we have studied embedding of paths of
different lengths between any two nodes in crossed cubes.
We have proven that paths of all lengths between [%f1] + 1
and 2" —1 can be embedded between any two distinct
nodes with a dilation of 1 in the n-dimensional crossed
cubes. We have also proven that [%!] 41 is the shortest
possible length that can be embedded between arbitrary
two distinct nodes with a dilation of 1 in the n-dimensional
crossed cube. The embedding of paths is optimal in the
sense that its dilation is 1.
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