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Minimum-Latency Beaconing Schedule in Multihop
Wireless Networks

Peng-Jun Wan* Xiaohua Xu*

Abstract— Minimum-latency beaconing schedule (MLBS) in
synchronous multihop wireless networks seeks a schedule for
beaconing with the shortest latency. This problem is NP-hard
even when the interference radius is equal to the transmission
radius. All prior works assume that the interference radius is
equal to the transmission radius, and the best-known approxi-
mation ratio for MBS under this special interference model is 7.
In this paper, we present a new approximation algorithm called
strip coloring for MLBS under the general protocol interference
model. Its approximation ratio is at most 5 when the interference
radius is equal to transmission radius, and is between 3 and 6
in general.

I. INTRODUCTION

Beaconing in wireless networks is a primitive communica-
tion task in which every node locally broadcasts a packet to
all its neighbors. Assume that all communications proceed in
synchronous time-slots and each node can transmit at most one
packet of a fixed size in each time-slot. A beaconing schedule
assigns a time-slot to every node subject to the constraint
that the nodes assigned in each time-slot are interference
free. The latency of a beaconing schedule is the number of
time-slots during which at least one transmission occurs. The
problem of computing a beaconing schedule with minimum
latency in a wireless network is referred to Minimum-Latency
Beaconing Schedule (MLBS). The problem MLBS is a classic
and fundamental problem in wireless networks, and variants
of this problem have been extensively studied in [1], [2], [4],
[10], [11], [13], [14], [15], [16].

In this paper, we study the problem MLBS under the
following model for wireless networks. All the networking
nodes are located in a plane and are each equipped with an
omnidirectional antenna. Each node has a fixed transmission
radius which is normalized to one and an interference radius
p > 1. The communication range and the interference range
of a node v are the two disks centered at v of radius one
and p respectively (see Figure 1). A node v can receive the
message successfully from a transmitting node w if v is within
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the transmission range of u but is outside the interference
range of any other transmitting node. Such interference model
is referred to as the protocol interference model [7] and is
widely used because of its generality and tractability.

Fig. 1. The protocol interference mode: each node has a unit transmission
radius and an interference radius p > 1.

Under the above networking model, the communication
topology of a wireless network in a unit-disk graph [3] in
which there is an edge between two nodes if and only if their
distances is at most one. We assume that the communication
topology is always connected. Then, any pair of nodes with
distance at most max {1, p — 1} interfere with each other, and
pair of nodes with distance greater than p+ 1 do not interfere
with each other. We also define the interference topology of a
wireless network as follows: For any pair of nodes u and v,
there is an edge between u and v in the interference topology
if one of the three conditions holds: (1) » and v are within
each other’s communication range (see Figure 2(a)), (2) some
node w other than u and v is within «’s communication
range and v’s interference range (see Figure 2(b)), and (3)
some node w other than u and v is within v’s communication
range and u’s interference range (see Figure 2(c)). Then a
beaconing schedule for a wireless network is equivalent to a
proper vertex coloring of its interference topology with the
latency corresponding to the number of colors. Hence, the
problem MLBS for a wireless network seeks the minimum
vertex coloring of its interference topology.

All the prior works on MLBS [1], [2], [4], [10], [11], [13],
[14], [15], [16] implicitly assumed that p = 1. When p = 1,
the interference topology is the square of a unit-disk graph
representing the communication topology. Sen and Huson [13]
proved that minimum coloring of a square of a unit-disk graph
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Fig. 2. Three possible scenarios of intereference between a pair of nodes u
and v.

is NP-hard. The classical greedy coloring known as first-fit
coloring in the smallest-degree-last ordering [8] was adopted
by Sen and Malesinska [14] to produce a coloring of the square
of unit-disk graph. While this greedy coloring has polynomial
approximation ratio when applied to general graphs, it is a 7-
approximation when restricted to squares of unit-disk graphs
[16]. The bound 7 is the best-known upper bound on the
achievable approximation ratio for MLBS with p = 1. It has
been open for years whether there is an algorithm for MLBS
with p = 1 whose approximation ratio is smaller than 7.

In this paper, we propose an algorithm called strip coloring
for MLBS with arbitrary p > 1, which exploits a key
structural property of the interference topology. For p = 1,
its approximation ratio is at most 5 , which is smaller than the
best-known bound 7 on achievable approximation ratio. For
p > 1, its approximation ratio ranges from 3 to 6 depending on
the value of p. The following notations will be used throughout
this paper. The Euclidean distance between two nodes v and
v is denoted by |luv]||. The disk of radius r centered at a node
v is denoted by D (v, ). The topological boundary of a point
set A is denoted by JA. Let G = (V, E) be an arbitrary graph.
We use x (G) and w (G) to denote its chromatic number and
clique number of G respectively. In general, x (G) > w (G).
If x (G) = w(G), then G is said to be perfect.

The remaining of this paper is organized as follows. In Sec-
tion II, we introduce a function and present several properties
of this function. In Section III, we describe the algorithm
strip coloring and analyze its approximation ratio. Finally,
we conclude this paper in Section III by discussing on some
further relevant results.

II. PRELIMINARIES

Define a function h (p) over [1,00) as follows: if 1 < p <

3+V13
— then

4 1
arccos 5 -+ arccos 2

h =
(p) = cos 5 ;
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if /2413 < p < 2, then

1 1
h(p) = sin (arccos — — arcsin 7) ;
2p p

if p > 2, then

—1 1
h(p)=(p—1)sin (arccos p2 — arcsin 7) .
p

P

A straightforward calculation yields that if 1 < p < 3+§/E,

then
RN AR S A
s 4\ 2 Py

We first present the geometric interpretation of the value
h(p).

Lemma 1: Suppose that 1 < p < 4/ “T\/ﬁ Let pq be a line
segment with p—1 < ||pg|| < 2. w and v are the two points on
the opposite side of pg such that ||up|| = |lug|]| = ||vg]| = 1
and ||vp|| = p (see Figure 3). Then the distance between g
and wo strictly increases with ||pg|| and equals to h (p) when

llpqll = p.

p

Fig. 3. Figure for Lemma 1.

Proof: By law of cosine,

bl =5 (i - )
2|lpdll 2 Ipgl|

Since p > 1, cos Lpqu strictly increases with ||pg|| when
0 < |lpgll < 2. So, Zpqu strictly decreases with ||pg]|.
Clearly, Zpqu strictly decreases with ||pgq||. So, Zugv strictly
decreases with ||pg||. Thus, the distance between ¢ and uv
strictly increases with ||pg]|.

cos Zpqu =



When ||pg|| = p, we have

1
Zuqu = Zpqu + Zpqu = arccos g + arccos 55
P

Hence the distance between ¢ and uv is

cos £uqu =h(p).
2
|
Lemma 2: Suppose that p > \/3+§/ﬁ. Consider a
right triangle Apuv with Zpuv = %, [jpul| = 1 and
lpv|| = p (see Figure 4). Let ¢ be a point on the circle

0D (v,max {1, p — 1}) which lies on the different side of wv

from p and Zuvq < Z. Then the distance between ¢ and

2
uv strictly decreases with ||pg||, and equals to h(p) when

Ipqll = p.

max {1, p—1}

o,

p

Fig. 4. Figure for Lemma 2.

Proof: By law of cosine, Zpvq strictly increases with
llpg||. Since Zuvg = Zpvg — Zpvu and Lpvu is fixed, Luvg
also strictly increases with ||pg|, and so does the distance
between ¢ and uv. When ||pg| = p,

Zuvqg = Lpvq — Lpvu

max {1,p — 1}
2p

and hence the distance between ¢ and uv is

= arccos — arcsin —,

max {1, p — 1} sin Zugv = h (p) .

Next, we give some useful properties of h (p). We begin
with the following lemma.

Lemma 3: arccos ”T_pl — arcsin% strictly increases with p
when p > 1.

Proof: Let
0 J— p - .
= arccos — arcsin —.
Sett= 7. Then, 0 <t <1 and
0 = arccos —— — arcsint,
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and the derivative of 6 over ¢ is

e N
dt \/1_ (ﬁ)z N
2
B 1 R
—t\2 1—t2
2/1- (55 Vv
1 1

Hence, % < 0 when 0 < ¢ < 1. This implies that 6 strictly

decreases with ¢ when 0 < £ < 1,and consequently strictly
increases with p when increases p > 1. ]

It’s easy to verify that h (p) is continuous. The lemma below
shows the monotonicity of h (p).

Lemma 4: h(p) is strictly increasing. In addition, 22 is

. . . ptl
also strictly increasing when p > 2.

Proof: When 1 < p < \/HT‘/E,
5 L[5\t (1Y
s 4\ \2 Py

Since p + % strictly increases when p > 1, h(p) strictly

increases when 1 < p < 4/ ?’J“T‘/ﬁ
When |/ 35Y13 < p < 2,

h(p) =

1 1
h(p) =sin (arccos — — arcsin 7> ,
2p p

Hence, h (p) strictly increases when 4/ % <p<2

When p > 2, h(p) strictly increases. Since Z%i
increases and

h(p) Pl p_lfarcsinl>
2p p)’
h(p)

p+1 - p+1
o strictly increases with p when p > 2 by Lemma 3. ®

strictly

sin <arccos

Next, we give some inequalities satisfied by h (p).
Lemma 5: The following statements are true.

1) For any p > 1,

h(p) < ?max{l,p—l}.

2) Forany 1 < p <2,

p+1
5 <h(p) < i

3) When p is less than (resp., equal to, greater than)
\/3+T‘/ﬁ 2\/(max{1, p— 112 — h(p)” is greater than
(resp., equal to, less than) /p2 — 1.
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Proof: (1) By Lemma 3, arccos o=l arcsin% strictly  Replacing p with ¢ + 1, we have

2p
increases on [2,00). Since

i ( p—1 i 1) T
lim |{ arccos —arcsin— | = —.
2p p 3

p—00

we have

p 1
arccos —— — arcsin — < —
p

for any p > 2. Thus when p > 2,

. p—1 o1

h(p) = (p—1)sin (arccos — arcsin 7>

()= (p—1) = :
<(p—1)sing:§(p—1).

Since h (p) strictly increases on [1,2] by Lemma 4, we have

h(p)gh(2)<§.

for any 1 < p < 2. So the first part of the lemma holds.
(2) We prove the second part in two cases.

Case lilﬁpﬁ@. In this case,
5 L[5\ (1Y
8 4\ \2 Ty
Lett:p—l.Then,te{O,\/@_l}_

We first show that

h(p) =

Replacing p with ¢ + 1, we have

5 4 N2 5\ 1\?

- 1 — (= -

G-m0) -(G) (]

2 2 2
5 4 9 5 1
- 2 —( = 14+ ——
(2 25(t+ )> (2) +<t+ +t+1)
1665 4 160t° 4 781" + 908> + 164t> + 241 + 756
625 (t 4 1)°

> 0.

Hence,

AR (ONCDE

which implies that

e ()

So,

Now, we show that

()
—(2>2_<t+1+,;+11)2—<2_<t+22>2)

t .
=————— (" +10t" + 37> + 32> — 28t — 48) .
16 (t+1)

We claim that #° + 10t* 4 373 + 32t2 — 28t — 48 is negative
on [0,0.9], which contains [0, 1/ %ﬂ - 1]. When ¢ > 0,
2 +10t* + 37t3 4+ 32t is strictly convex, and so is t° +10t* +
37t3 + 32t%2 — 28t — 48. Thus, the maximum of t° + 10t* +
37t3 4+ 32t2 — 28t — 48 on [0,0.9] is achieved at the endpoints,
which are both negative by straightforward calculation. Thus,
our claim holds. Hence,

5\2 N\N? 5 [p+1)?
(EREEEEC!

which implies that
5 1 [/5)\° L1 2< p+1\?
s 4\ \2 Fry i )

+1
h(p)<pT.

Case 2: 1/ % < p < 2. In this case,
1 1 1
hp) = 1-—)(1-=)—- )
(®) \/< 4,02> ( ,02) 2p?

So,

Thus,
3+4/13 VI3—1 3 _ p+1
hip) 2 h 5 |1 52 35

On the other hand,

2
1 p+1 1 1
<2p2+ 4> ( 402>< p2>
~ p 4207 — 1502 + 4p + 24
- 16p2
(p+5)(p+1) (p—2)" +4

= 6,7 >0,

which implies that

1 1 1 p+1
1-——)(1-=) <=+
\/( 4p2) ( p2) 272 4

Thus, +1
o
h
(p) <=
> : _ . /3+V13
(3). It’s easy to verify that when p = +T’

W/ 1—h(p)?=+p>—1
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Since \/p? — 1 — 24/1 — h(p)” strictly increases on [0,2], if Using the quartic formula, we obtain

p < \/% then

Vo2 =1 <21 h(p)*
if \/BJ“ﬁ < p <2 then

V2 —1>2\/1—h(p)

Next, assume that p > 2. Consider a right triangle Apuv with
Zpuw =, ||pul| = 1 and ||pv|| = p. Let ¢ be a point on the
same side of puv as u such that ||qv|| = p — 1 and ||pg|| = p.
By Lemma 2, the distance between ¢ and uv equals to h (p).
Since

llqull > |lpall — llpull = p — 1 = |[qv]| ,
we have,
2 2 2
V=1 = fuell = /llgull® = b (p)? + / llgo]* -
>2y/(p—1)" = h(p)”.
So, the third part of the lemma holds. [ |

For each p > 1, let

In the remaining of this section, we compute k (p). It’s easy
to verify that &k (1) = 4. By Lemma 5(2), we have k (p) = 5
on (1,2]. By Lemma 5(1), for any p > 2 we have

p+1

N p+1 2
hip) = B (p-1)

>\/§.

By Lemma 4, £ h( ) is strictly decreasing on [2, c0). Hence

<ol 24
hip) = h(2)

Let p1, p2 and ps3 be the values greater than two at which
are equal to 4,3 and 2 respectively. Then,

<.

sl *

p+1
h(p)

it p € (1,p1);
if p=1orpé€[p1,p2);
if p € [p2,p3);
if p € [p3,00).

k(p) =

DN W R Ot

Next, we compute the numerical values of pi,p2 and ps. A
straightforward calculation yields that

21 , 52 24

4 3
_9,8 _ 2 2L 22
P1 =201~ 7P + 17 1 =0,
56 120 57
4
2 _ _
P2~ 3P p3 + 93 72~ 93 =0,
. 5 7
p3—4p5 — Sp5+Tps — 5 =0.

2 2

25—c1 4 50+01 + 40
\/ 11 V114/25—c1
)

p1 =
1117—c 2234+c 2976
14_\/ 3 2+\/ 3 2+\/1117—c2

o 3

P2 - 23 ’
2
pg:,/3f+—+%+1
where

1 12
\/ 2675 + —80@ 0+ \/ 2675 — —980 /330,
3 3
o = 23 (\/25 021 + 2592v/83 + \/25 021 — 2592\/83) .

The numerical values of p1, p2 and p3 are 2.0632, 2.5689, and
4.2462 respectively.

III. STRIP COLORING

In this section, we present an algorithm called strip coloring
for computing a vertex coloring of the interference topology
denoted by H. Our algorithm design exploits a key structural
property of H. Recall that a graph G = (V,E) is said
to be a cocomparability graph if there is a vertex ordering
[v1,v2, -+ ,v,] of V such that if i < j < k and v;v, € E
then either v;v; € E or v;v,, € E. Such ordering is referred
to as its cocomparability ordering. Every cocomparability
graph is perfect [6], and its minimum vertex coloring can be
computed in polynomial time by solving a maximum bipartite
matching [5]. We discover that H has the following restricted
cocomparability:

Lemma 6: Let U be any subset of of nodes which lie in
a horizontal strip of height h (p). Then, the subgraph H [U]
of H induced by U is a cocomparability graph with the
lexicographic ordering being its cocomparability ordering.

Proof: Suppose that v, vy and vs are three nodes in U
in the lexicographic order satisfying that v; and v3 interfere
with each other. We prove by contradiction that either v; or
vs interferes with vo. Assume to the contrary that neither vq
nor vs interferes with vo. Then, both ||vgvy || and ||vavs|| are
greater than max {1, p — 1}. Let w be the intersection point
between the segment vyvs and the vertical line through wv,.
Then,

Joswl]l < ki (p) < max{L,p—1}.

So wow is shorter than both vsv; and wvews, which imply
that both Zvsviv3 and Zvowgv, are acute. Furthermore, the
distance between vy and vyvs is no more than ||vewl|, and
hence is at most h (p). By Lemma 5(1),

fovws]l > 24/ (max {1,p — 1)* = h (p)?
>max{l,p—1}.



Thus, either D (v1,1) N D (vs, p) contains at least one node
other than vy or D (vs, 1)ND (v1, p) contains at least one node
other than vs. By symmetry, we assume the former holds. We
will prove that

D (v1,1)N D (vs, p) C D (va,p),

which implies that v and v also interfere with each other.

Since [jv1vs]| > p — 1, D (v1,1) and 0D (vs, p) intersect
at two points. Let p be the intersection point of 9D (v, 1) and
0D (vs, p) which lies on different side of vv5 from vy (see
Figure 5). Then,

D (v1,1) N D (vs, p) C D (v, p)

if and only if ||pva|| < p. For i = 1 and 3, let ¢; be the point
on 9D (v;,max {1,p — 1}) satisfying that (1) the distance
between ¢; and the line vivsz is h (p), (2) ¢; lies on the different
side of vyvs from p, and (3) the perpendicular foot ¢, of ¢;
on the line v;v3 is on the segment vy vs. Since

lovws]l > 24/ (max {1,p — 1})* — b (p)?
— lJorgill + losds |

qy is closer to vy than g}. Thus,
[v1gsll > [lvrqr || = max{1,p -1} .

This implies that g3 is outside D (vy, max {1, p — 1}). Simi-
larly, g; is outside D (v3, max {1, p — 1}). Then, vs lies inside
the rectangle ¢1¢}q5gs. So, ||pv2|| < p if the distances from p
to the four vertices of the rectangle ¢1¢}¢5gs are all at most
p. Clearly, for ¢ = 1 and 3,

Ipg; || < max {[|puv: |, [[pvs]|} = p.

Since both p and g; lies on the same side of the perpendicular
bisector of vivs, which is also the perpendicular bisector of
¢193, we have |pq1]| < |lpgs||- Therefore, it is sufficient to
show that ||pgs|| < p. Consider the triangle Apvsgs. Since
v3q3 and pvs have fixed length, ||pgs|| strictly increases with
Zpvsqs by the law of cosine. Since

Zpu3qs = Lv1v3q3 + Lv1v3p

and Zvjvzqs is also fixed, ||pgs|| also strictly increases with
Zvivgp. We consider two cases.

Case 1: 1 < p <4/ % By Lemma 5(3),

2\ (max {1,p = 11)? = h(p)” > VP — 1.

Hence, Zpvyvs is always acute, and Zv;jvsp strictly decreases
with ||v1vs]]. So, ||pgs]| also strictly decreases with ||v;vs]|. By
2

Lemma 1, when |Jvivs|| = 24/1 —h(p), |pgs|| = p. Thus,

llpgs|| < p in this case.
Case 2: p > \/@ By Lemma 5(3),

2/ (max {1,p — 11)* — h (o) < /7 — 1.

Thus, Zvivsp achieves its maximum when pv; is perpendic-
ular to vivs. So, ||pgs|| achieves its maximum when pvy is
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Fig. 5. Figure for the proof of Lemma 6.

perpendicular to v1vs. By Lemma 2, the maximum of ||pgs||
is p. Thus, ||pgs|| < p in this case. [ |

Now, we are ready to describe the algorithm strip coloring.
For simplicity, each color is represented by a pair (A1, A2)
where 0 < A\; < k(p) and Az is a positive integer. We first
compute the minimal axis-parallel rectangle surrounding all
the networking nodes. Then, we partition such rectangle into
top-closed bottom-open horizontal strips in the manner that the
upper boundary of the top-most strip aligns with the top of the
rectangle, the heights of all strips except the bottom-most one
are all equal to %, and the height of the bottom-most strip is

at most %pl) (see Figure 6). Number the successive strips from
top to bottom using integers 0, 1, - - -, and let V; denote the set
nodes in the strip 4. By the definition of k (p), the height of
each strip is at most h (p). By Lemma 6, each H [V;] is a
cocomparable graph and hence a minimum coloring of H [V}]
with w (H [V;]) colors can be computed in polynomial time.
So, we compute a minimum coloring of each H [V;] using the
colors

{(imod (k (p) +1),X2) : 1 < Xy <w (H[V])}.

The entire coloring of all nodes is valid since for any 7 and
j with i < j and (¢ — j) mod (k (p) + 1) = 0, any node in a
strip ¢ and any node in a strip j are separated by a distance
greater than p 4 1 and thus are not adjacent in H.

Next, we show that strip coloring uses at most
(k(p)+1)w (H) colors. Since H [V;] is a subgraph of H,
w(H [V;]) < w(H). Therefore, all colors used by the strip
coloring belong to the set

{A1,22):0< M <Ek(p),1 <X <w(H)}.

This implies that the strip coloring wuses at most
(k(p) + 1) w (H) colors. In summary, we have the following
theorem.

Theorem 7: The  strip  coloring uses at  most
(k(p)+1)w(H) colors, and its approximation ratio is
at most k (p) + 1.



p+1
(p+1)/k(p)
Fig. 6. Illustration of strip coloring.
Note that
6 ifpe(Lp);
5 ifp=1orp€[p1,p2);
k(p)+1= .
) 4 if p € [p2,pa);
3 if p € [p3,00).
For p = 1, the strip coloring is a 5-approximation, an

improvement upon the best-known 7-approximation.

IV. DISCUSSIONS

We can still apply the greedy first-fit coloring on the
interference topology H. For p > 1, we can prove that
its approximation ratio is bounded by a packing parameter
71 (p) which is the maximal number of points whose pairwise
distances are greater than max{l,p — 1} in a half-disk of
radius p + 1. While still being bounded by a constant, 7 (p)
is at least 7, which is worse than the bound & (p) + 1 on the
approximation ratio of the strip coloring.

Using the similar argument used in the proof of Lemma 6,
we can prove that when all the networking nodes lie in a strip
of height at most

max {1, p — 1}% (nm{;;—u)27

the interference topology is cocomparable, and thus its mini-
mum coloring can be solved in polynomial time.
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