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Mechanism Design 

Single objective
• Profit
• Myerson optimal mechanism 

• Social welfare
• Vickrey-Clarke-Groves mechanism 

...... 



Public Resource Allocation

Public Resource
• Supply-demand imbalance
• Heterogeneous agents

Multi-objective mechanism design
• Efficiency
• Fairness

A good mechanism in practice
üEasy implementation



Efficiency

Social
Social welfare maximization

Individual
Market equilibrium



Fairness

Fairness defined based on utility

Fairness defined based on 
allocation (non utility-based)



Utility-based Fairness

• Envy-free: everyone likes his more than others
• Egalitarian: same utility for everyone
• Proportional fairness: utility proportional to contribution
• Max-min: always maximize the minimum utility



Opportunity Fairness (non utility-based)

• Defined only on allocation (independent of utility)
• Lottery



Problem 1: Vehicle License Allocation
(Chen, Qi, Wang WINE’17)
(Chen, Qi, Wang & Wang ‘22)

Background : many big cities started the vehicle licenses control due to 
the terrible traffic and air quality problem.



Who Did?

In each time period, only a small number of plates can be allocated to the potential 
car buyers.



Vehicle licenses allocation is a tough problem



Efficiency



Current Mechanism 1: Auction
• Representative: Shanghai(1994-2013.3), Singapore(1990-now)

• Pros: efficiency

• Cons: low affordability, unfair for poor



Equality



Current Mechanism 2: Lottery
Representative: Beijing(2010-now), Guiyang(2011-now)
• Pros: fairness
• Cons: low efficiency and wining probability, no value exploration



Beijing’s Data
Waiting time: over 30 years!



Make a Balance



Current Mechanism 3: Reserve-price Lottery
Representative City: Shanghai(2013.4-now)
Pros: easy implementation (winners in lottery pay the reserve price)
Cons: hard to set price, no exploration, inefficiency



Current Mechanism 4: Simultaneous Auction 
and Lottery
• Representative City: Guangzhou, Hangzhou, Shenzhen...
• Each player chooses either auction or lottery first.
• Pros: consider both fairness and efficiency
• Cons: hard to compute the equilibrium, untruthful



Which one is optimal?



Key Result

First auction then lottery (AtL), is the best choice!

üEfficiency 
üEquality 
üEasy implementation



The Problem

• How to optimally allocate k homogeneous goods to n (> k) unit-
demand players with efficiency & equality trade-off?



The Model

• k homogeneous goods, n unit-demand players;

• Suppose w.l.o.g. v1 ≥ v2 ≥ · · · ≥ vn are the true private values;

• No need random & independent assumption on values;

• Maximizing efficiency while guaranteeing certain level of equality;

• Pre-computed probabilities q1, q2, . . . , qn before knowing values;

• As simple as possible.



Start with Two-group Mechanism



Two-group Framework



Efficiency Measure 



Equality

§ Gini index: G=A/(A+B)
§ Equality=1-G



A Unified Framework



Question

How to compute optimal mechanism under the framework?



Math Formula of optimal two-group
mechanism



Challenges

Determine n1, t1

before knowing any information about the values vi



Slight change, Big difference



Main Result: Optimal mechanism  
(Chen, Qi, Wang & Wang Recent work)



Main Result: Optimal mechanism 



Random Values
(Chen, Qi & Wang WINE’17)

• Assume players’ values v are i.i.d. from F (f )



Random Values



Main Result





Procedure of Our Optimal Mechanism



Good?

Mechanism ”Auction then Lottery” is always Pareto optimal when:
1. there are two group of probabilities;
2. the values vi satisfy some natural conditions.

What about its general performance?



Benchmark: The real optimal solution



Approximation Ratio



Main Result: Approximate Optimality
(Chen, Qi, Wang & Wang Recent work)



Better Approximation at Certain Conditions



Better Approximation at Certain Conditions



Simulation: Comparison under distribution



Comparison under distribution



Comparison under distribution



Comparison under different values



Comparison under different values



Problem 2: Public Housing
(Zhou, Qi, Wang, Wang WINE’17)



Public Housing in Hong Kong



Current Allocation Rules



Current Waitlist System in Hong Kong



Objective

Previous research has shown that lottery is outcome equivalent
to waitlist with specific parameter (deferral number).

Our objective: optimize the waitlist mechanism under several metrics 
(idle waiting time, social welfare, etc)



Our Work

We investigate a unified waitlist mechanism where agents could have 
various numbers of deferral chances, and derives the optimal choice.

• consider agents’ optimal strategies
• characterize the equilibrium state



Agent’s Problem



Agent’s Strategy



Evaluation Metrics



Evaluation Metrics



Under the same waiting time, we can gain 10% of the social welfare by increasing the deferral
number from 2 to 5 .

Main Result



Problem 3: Public Facility
(Jalota, Pavone, Qi, Ye WINE’19)

61

A pandemic adds capacity restrictions to shops, gyms, schools, and public spaces 
such as parks and beaches, which seem limitless under normal circumstances

The beginning of the story…



We want to achieve an intermediate outcome 
between these contrasting scenarios
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We want to develop market-based mechanisms to 
achieve a middle-ground between these opposing 
outcomes
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Price Public Goods to Match 
Supply and Demand

Everyone receives their most 
preferred bundle of goods 

under the set prices



The classical fisher market model

• Set budget constraints for agents, capacity constraints for resources
• Find the equilibrium price set, under which each agent buys the

optimal bundle of goods.
• Each agent’s budget is fully used and each good with positive price is

sold out.



Agents maximize their utilities subject to budget 
constraints
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Classical Fisher Markets provide a framework to derive 
prices through a centralized optimization problem
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The optimality conditions of the social and 
individual optimization problems are equivalent
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However, Fisher markets do not account for additional 
constraints, e.g., knapsack constraints, that commonly 
arise in public goods allocation problems
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On a given day, I would like to 
go to one park, one library 

and one coffee shop



A potential allocation in Fisher markets may 
be…
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A potential allocation in Fisher markets may 
be…

70



Fisher fails

What’s next?



We extend the Fisher market framework to 
account for additional linear constraints
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Resource Allocation under 
budget and capacity constraints

Resource Allocation under 
budget, capacity and (e.g., 

knapsack) constraints

Existing generalizations of Fisher markets are limited to spending constraints of 
buyers and earning constraints of sellers



Application

Supply side
•Purchasing limits
•E.g., House, car plate

•Demand side
•Course selection, covid-19 public resource
allocation



Fisher markets with additional linear constraints 
have different properties from classical Fisher 
markets
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2. Market Equilibrium may not be 
Unique

3. People do not purchase goods with 
maximum bang-per-buck

1. Market Equilibrium may not Exist

4. May exist Giffen good



We show that under mild conditions the equilibrium 
exists and characterize the optimal solution of IOP
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Theorem 2. Market Equilibrium may 
not be Unique, and even not convex!

Theorem 1. People purchase goods in 
the descending order of their virtual 

products’ bang-per-buck ratios







We gave an example where the equilibrium price set is a curve in
the 3-dimension space, which is not convex intuitively.



Can the Fisher Market social optimization problem with 
additional constraints be used to set equilibrium prices?
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Theorem 4: The dual variables of the capacity constraint of 
SOP-I may not be an equilibrium price. 
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Remark: It is an equilibrium if the constraints are homogeneous. 



A robust approach to account for physical constraints 
in Fisher Markets can be achieved through Budget 
Perturbations
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A robust approach to account for physical constraints 
in Fisher Markets can be achieved through Budget 
Perturbations
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A robust approach to account for physical constraints 
in Fisher Markets can be achieved through Budget 
Perturbations
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Budget	Perturbations	allow	more	constrained	agents,	e.g.,	medical	
workers	during	a	pandemic	to	have	“higher	priority”	to	get	their	goods

	X



Theorem 5: The dual variables of the capacity constraint 
of BP-SOP are the market equilibrium price iff
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To determine the perturbation constants we use a 
fixed-point iterative procedure
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Methods to compute market equilibrium

Convex optimization
Tatonnement process
Primal-dual
Auction based approach
…

Centralized vs. distributed



Alternating Direction Methods (ADMs)

A new class of distributed tatonnement algorithms
Alternating Minimization Algorithm (AMA)
• Agents distributed solve their individual optimization problems at each

iteration
• The step sizes of the price updates based on utilities

Alternating Direction Method of Multipliers (ADMM) Algorithm
• The step size is independent of utilities

Both algorithms O(1/k) convergence rate for fisher market with
homogeneous linear constraints
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Set Prices that Clear the 
Market, i.e., all goods are sold, 

and all budgets are used

Maximize a Social Objective 
while each person obtains their 
most preferred bundle of goods

We design a market mechanism that derives market 
clearing prices while supporting additional constraints



Thank you!


