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"
Allocation Problem

m Set [m] of m items, each comes in unit supply

m Set [n] of n agents

m Allocation X = (X, ... ,X;), where X;; is the amount of item j
allocated to agent i such that },; X;; = 1,Vj

m EBach agent i has linear (additive) valuation: v;(X;) = 2 v;;X;;
where v;; 1s value (utility) from a unit amount of item j

J. Garg (GTSC'22)
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Allocation Problem

m Set [m] of m items, each comes in unit supply

m Set [n] of n agents

m Allocation X = (X, ... ,X;), where X;; is the amount of item j
allocated to agent i such that },; X;; = 1,Vj

m EBach agent i has linear (additive) valuation: v;(X;) = 2 v;;X;;
where v;; 1s value (utility) from a unit amount of item j

Question: How to “fairly” and “‘efficiently” allocate items to agents?
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Spectrum of Problems

1tems

divisible indivisible
P\ P

goods bads goods bads

Each f; = fairness notion

J. Garg (GTSC'22)
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"
Divisible Goods

m Set [m] of m divisible goods, each comes in unit supply
m Set [n] of n agents

m Allocation X = (X, ... ,X;), where X;; 1s the amount of good
j allocated to agent i such that }; X;; = 1,V

m EBach agent i has linear (additive) valuation: v;(X;) = 2 v;;X;;
where v;; is value from a unit amount of good j

Question: How to “fairly” and “efficiently” allocate goods to agents?

J. Garg (GTSC'22)



Example: Half moon cookie

| like both chocolate
and vanilla

| HATE chocolate

J. Garg (GTSC'22)



Agreeable (Fair)

Envy-free: No agent envies
other’s allocation over their own

Proportional: Each agent i
vi([m])

n

gets value at least

[3,2,0]

[1/2, 1/2, 1/2] @

[0, 2, 3] @
[1/2,1/2, 1/2]

Allocation
in red

J. Garg (GTSC'22)

Non-wasteful
(Efficient)

10



Agreeable (Fair)

Envy-free: No agent envies
other’s allocation over their own

Proportional: Each agent i
vi([m])

n

gets value at least

[3,2,0]

[1/2, 1/2, 1/2] @

[0, 2, 3] @
[1/2,1/2, 1/2]

Allocation
in red
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Non-wasteful
(Efficient)

Pareto-optimal: No other
allocation is better for all.
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Agreeable (Fair)

Envy-free: No agent envies
other’s allocation over their own

Proportional: Each agent i
vi([m])

n

gets value at least

[3,2,0]

(1, 1/2, 0] @
[0, 2, 3]
[0, 1/2, 1] @

Allocation
in red

J. Garg (GTSC'22)

Non-wasteful
(Efficient)

Pareto-optimal: No other
allocation is better for all.
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Agreeable (Fair) Non-wasteful
(Efficient)

Envy-free Pareto-optimal

Proportional

Competitive Equilibrium
(with equal income)

J. Garg (GTSC'22)
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Fisher’s Model (1891)

m Set [m] of m divisible goods, each comes in unit supply

m Set [n] of n agents i 4

m Each agent i has
budget of B; dollars >

Ry

valuation function v;: RI* — R, over bundle of goods

(non-decreasing, non-negative)

J. Garg (GTSC'22) 14
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Competitive Equilibrium (CE)
Given prices p = (pq, ..., Prm) of goods

m Agent i demands an optimal bundle, 1.e., affordable bundle
that maximizes their utility

X; € argmaxy. p.x<p; Vi (x)

m p is at competitive equilibrium (CE) 1f market clears

Demand = Supply

J. Garg (GTSC'22)
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CE: Linear Valuations

i%i O P1
v;(X;) = E V;iiXij i—L—Qj 1,
J ’; P
@
Utility per unit W O

Optimal bundle: can spend at most B; dollars.

Intuition

spend wisely: on goods that gives max. utility-per-dollar %
j

J. Garg (GTSC'22) 16



a‘b\gl\ib

vi(X;) = E VijXij el
J &
Utility per unit s

Optimal bundle: can spend at most B; dollars.

Vik
X <[<max—>] B;
kD

utility per dollar
(bang-per-buck)

J. Garg (GTSC'22)

MBB

Maximum
bang-per-buck

17



i%i O P1
v;(X;) = E |Uij|Xij i—L—Qj 1,
J —] : P
@
Utility per unit s O

Optimal bundle: can spend at most B; dollars.

i = \Mx o, )
j —
itt
1. Spends all of B;.
(p.Xi) = B;
2. Only on MBB goods
v. .
X;; >0 =—=MBB
Pj

J. Garg (GTSC'22) 18



CE Characterization

Prices p = (p4, ..., Pmy) and allocation X = (X4, ...

are at equilibrium 1ff

m Optimal bundle: For each agent i
p - X; =B,

Xij>0= I max - for all good j
Dj k Dk

m Market clears: For each good j,

L

J. Garg (GTSC'22)
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Example

m 2 Agents (% : :3: ), 2 Goods (;?‘,‘ ) with unit supply
m Each agent has budget of $3 and a linear utility function

Prices

J. Garg (GTSC'22)
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" JdEE
Example

m 2 Agents (% : :3: | ), 2 Goods (\j“,‘ ) with unit supply
m Each agent has budget of $3 and a linear utility function

Prices

Demand # Supply

Not an Equilibrium!

J. Garg (GTSC'22)
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Example

m 2 Agents (%, :3: | ), 2 Goods ( 4 ,‘ ) with unit supply
m Each agent has budget of $3 and a linear utility function

Prices

J. Garg (GTSC'22)
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" J
Example

m 2 Agents (%, :3: | ), 2 Goods ( 4 ,‘ ) with unit supply
m Each agent has budget of $3 and a linear utility function

Prices
4
Demand = Supply
2
Equilibrium!

J. Garg (GTSC'22)
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Efficiency: Pareto optimality

m An allocation Y = (Y3, Y,, ..., Y,,) Pareto dominates another
allocation X = (X4, X5, ..., X;) if
v;(Y;) = v;(X;), for all agents i and
v, (Yy) > vy (X}) for some agent k

m X is said to be Pareto optimal (PO) if there is no Y that Pareto
dominates it

J. Garg (GTSC'22)
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First Welfare Theorem

Theorem: Competitive equilibrium outputs a PO allocation
Proof: (by contradiction)
m Let (p, X) be equilibrium prices and allocations
m Suppose Y Pareto dominates X. That is,
v;(Y;) = v;(X;),Vi € [n], and v, (Yy) > v, (X)) for some k

m Total costof Yis );(p-Y;) < Zj Dj

m & demands X, at prices p and not Y}, because?

m Money agent i needs to purchase Y;? |

J. Garg (GTSC'22)
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" A
Competitive Equilibrium with Equal Income
(CEEI)

Problem: Fairly allocate a set of goods among agents
without involving money

m Give every agent (fake) $1 and compute competitive
equilibrium!

J. Garg (GTSC'22)
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"
Envy-Free (EF)

Allocation X 1s envy-free if every agent prefers their own bundle
than anyone else’s. That 1s, for each agent i,

v;(X;) = v;(Xy), Vk € [n]

Theorem: CEEI is envy-free

Proof: Let (p, X) be a CEEL
m Since the budget of each agent i is $1, (p - X;) = 1.
m Can agent i afford agent k’s bundle (X})?

m But she demands X; instead. Why?

vi(Xi) = v (Xy) u

J. Garg (GTSC'22)
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Proportionality (Prop)

Allocation X 1s proportional if every agent gets at least the
average of their total value of all goods. That 1s, for each agent i,

v; (Xl) > vi([m])

n

Theorem: CEEI is envy-free

Proof: (EF = Prop)

m Let (p,X) be a CEEI

m X is EF. That is, v;(X;) = v;(X}),Vk € [n]. Sum-up over all k

n-v;(X;) = z v;(Xy) = v (Z Xk) = v;([m])

k k

J. Garg (GTSC'22) 28



"
Summary

CE allocation 1s:
m Pareto optimal (PO)

with equal incomes (CEEI)
m Envy-free
m Proportional

J. Garg (GTSC'22)
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"
Existence of Competitive Equilibrium

m Equlibrium exists under a very general class of utility functions

m For linear valuations, Eisenberg-Gale convex program exactly
capture all equilibria:

max 2 B;log 2 Vi Xij
i€[n] JE€[m]
le[n]

X;j=0,  Vij

J. Garg (GTSC'22)
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Efficient (Combinatorial) Algorithms

Polynomial time

m Flow based [ppsvos, DM13, DGM16]

Strongly polynomial time

m Scaling + flow [0rlin10, Veghl6, GV19]

J. Garg (GTSC'22)
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CE Characterization

Prices p = (p4, ..., Pmy) and allocation X = (X4, ...

are at equilibrium 1ff

m Optimal bundle: For each agent i
p - X; =B,

Xij>0= I max - for all good j
Dj k Dk

m Market clears: For each good j,

L

J. Garg (GTSC'22)
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Competitive Equilibrium — Flow
F=(F,...E)

Fi; = X;jp; (money spent)

ZjFij = B;
F;>0= ] =[maxvﬂ]
Dj k Dk

L— Maximum bang-per-buck (MBB)

zFij = pj
i
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Network Flow Characterization

price budget
' o N
P1
D2

B;
MBB

By,

A

J. Garg (GTSC'22)
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DPSV Algorithm

budget

surplus = unused budget

m Start with tiny p so that max flow = X p;

m Invariants: prices ff, max-flow = ¥, iPj = |lsurplus|l;§ |lsurplus|,{

m Progress: ||surplus||,

J. Garg (GTSC'22) 35



"
Agenda

1tems

divisible indivisible
T~ P

goods bads goods bads

Each f; = fairness notion

J. Garg (GTSC'22)
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Divisible Bads

m Set [m] of m divisible bads, each comes in unit supply
m Set [n] of n agents

m Allocation X = (X, ... ,X;), where X;; is the amount of bad j
allocated to agent i such that },; X;; = 1,Vj

m EBach agent i has linear (additive) disutility: d;(X;) = X d;;X;;
where d;; is disutility from a unit amount of bad j

Question: How to “fairly” and “efficiently” allocate bads to agents?

J. Garg (GTSC'22)

37



Agreeable (Fair) Efficient

Envy-free: No agent envies
other’s allocation over their own

Proportional: Each agent i

gets disutility at most di([m])

n

[100, 1]
[1/2, 1/2]
Allocation
in red
[1, 100]
[1/2, 1/2]

J. Garg (GTSC'22)
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Agreeable (Fair)

Envy-free: No agent envies
other’s allocation over their own

Proportional: Each agent i

gets disutility at most di(im])
(100, 1] @
[0, 1]
Allocation
in red
[1, 100] @
[1, 0]

J. Garg (GTSC'22)

Efficient

Pareto-optimal: No other
allocation is better for all.

39



Agreeable (Fair) Efficient

Envy-free Pareto-optimal

Proportional

Competitive Equilibrium
(with equal income)

J. Garg (GTSC'22) 40



" A
Fisher’s Model for bads

m Set [m] of m divisible bads, each comes in unit supply
m Set [n] of n agents

m Each agent i needs to earn
at least B; dollars
disutility function d;: R* — R, over bundle of bads

J. Garg (GTSC'22)
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Competitive Equilibrium (CE)
Given prices p = (pq, ..., Prm) of goods

m Agent i demands an optimal bundle, 1.e., bundle that
minimizes their disutility
Xi € argminy. ,.x=>p, d;(x)

m p is at competitive equilibrium (CE) 1f market clears

Demand = Supply

J. Garg (GTSC'22)
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CE: Linear Valuations

ﬁi%n O P1

(X.) = E Y., g A
d;(X;) = ldllel] ivi——0Oj
J H D

disutility per unit i O wm

Optimal bundle: needs to earn at least B; dollar.

Intuition
dij

earn wisely: on bads that gives min. disutility-per-dollar -
J

J. Garg (GTSC'22) 43



=X

Wk

di(X;) = E di X =)
oo <3

Disutility per unit i{m

Optimal bundle: needs to earn at least B; dollar.

L ($ earned)
disutility per dollar

(pain-per-buck)

J. Garg (GTSC'22)

MPB
Minimum
pain-per-buck

44



@.i%, O P1

(Y. = E Y. . Ly b
dl(Xl) — |dl]|Xl] i vk —Qj
T 2 .

Disutility per unit W O Pnm

Optimal bundle: needs to earn at least B; dollar.

d;: X N —
ijXij = || min—= || b5;
3 Pk

itf

1. Earns exactly B;
(p-Xi) = B;

2. Only on MPB bads

dij
Dj

J. Garg (GTSC'22) 45



CE Characterization

Prices p = (p4, ..., Pmy) and allocation X = (X4, ...

are at equilibrium 1ff

m Optimal bundle: For each agent i
p - X; =B,

Xij >0=— g mln— for all bads j
pj k Dk’

m Market clears: For each bad j,

L

J. Garg (GTSC'22)
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Network Flow Characterization

price earning

e

0\15

By,

NN A

J. Garg (GTSC'22)
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"
Like the goods case

CE allocation in bads 1s:
m Pareto optimal (PO)

with equal incomes (CEEI)
m Envy-free
m Proportional

Existence: Yes [BMSY17, CGMM21]

Computation?

J. Garg (GTSC'22)
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DPSV Algorithm [for goods]

budget

surplus = unused budget

m Start with tiny p so that max flow = X p;

m Invariants: prices ff, max-flow = ¥, iPj = |lsurplus|l;§ |lsurplus|,{

m Progress: ||surplus||,

J. Garg (GTSC'22) 49
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DPSV-type Algorithm for bads?

price earning
. .-
S P2 = >MPB< D1 5, t
o >< .
Q @ surplus = unused budget

m Start with tiny p so that max flow = X p;

m Invariants: prices 1} , max-flow = ), ipj = ||surp1us||11I ||surplus|| 21}

m Progress: ?

J. Garg (GTSC'22) 50
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Recent breakthroughs

Difficulty: Non-convex and disconnected set of equilibria

Enumeration-based algorithm [BS19]
Simplex-like algorithm [CGMM21]
FPTAS for CEEI [CGMM22]

Polynomial-time for bivalued instances (d;; € {1, a}) [GMQ22]

@ Complexity of computing exact equilibrium
Special cases: 2-ary (d;; € {1,a;})

tri-valued (d; j € {1,a,b})

J. Garg (GTSC'22)
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" J
Summary: Divisible Items

m n agents, m divisible items (goods/bads)
m Agent i has linear valuation function v;(X;) = 2 v;;X;;

m Goal: fair and efficient allocation X = (Xy, ..., X},)

Fairness:

Envy-free (EF) Prop
Proportionality (Prop)

Efficiency:
Pareto optimal (PO)

CEEI Existence: Yes

CEEI Complexity: Open for bads!

J. Garg (GTSC'22) 52



"
Agenda

1tems

divisible indivisible
P\ T~

goods bads goods bads

Each f; = fairness notion

J. Garg (GTSC'22)

53



"
Indivisible Goods

m n agents, m indivisible goods (like cell phone, painting, etc.)
m Agent i has additive valuation function v;(X;) = X ey, Vij

m (Goal: fair and efficient allocation X = (X4, ..., X;,)

Fairness:
Proportionality (Prop)
Envy-free (EF)

Efficiency:
Pareto optimal (PO)

J. Garg (GTSC'22)
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"
Indivisible Goods

m n agents, m indivisible goods (like cell phone, painting, etc.)
m Agent i has additive valuation function v;(X;) = X ey, Vij

m (Goal: fair and efficient allocation X = (X4, ..., X;,)

Fairness:
Proportionality (Prop) — Propl @
Envy-free (EF) — FEF1

Efficiency: @
Pareto optimal (PO)

J. Garg (GTSC'22) 55



" JdEE
Existence & Computation

Additi . .
dditive Existence Computation
Valuations
Polynomial time
v
oLl .20 [BK19, AMS20, GM19]
v Pseudo-polynomial time
EF1HPO - ormpswie) [BKV18, GM21]

@ Complexity of finding an EF1+PO allocation

J. Garg (GTSC'22)



"
Indivisible Goods

m n agents, m indivisible goods (like cell phone, painting, etc.)
m Agent i has additive valuation function v;(X;) = X ey, Vij

m (Goal: fair and efficient allocation X = (X4, ..., X;,)

Fairness:
Proportionality (Prop) — Propl @
Envy-free (EF) — FEF1

Efficiency: @
Pareto optimal (PO)

J. Garg (GTSC'22) 57



" J
Proportionality up to one good (Propl)

Proportionality (Prop): Allocation X = (X3, ..., X;,) 1s proportional
if each agent gets at least 1/n share of all goods:

v, (X)) = v"(im]), Vi

J. Garg (GTSC'22)
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" J
Proportionality up to One Good (Propl)

Proportionality (Prop): Allocation X = (X3, ..., X;,) is proportional if each agent
gets at least 1/n share of all items:

v;([m])

v (X;) = Vi

m Propl: X is proportional up to one good if each agent gets at least
1/n share of all goods after adding one more good from outside:

v U (gD 2 v (mD),  3g € [m]\ X, Vi

@'\\\ \ /-
o W

J. Garg (GTSC'22) 59



" A
Propl + PO + ... [BK19, GM19]

Input: [n], [m], v;;'s

Step 1 (Prop + PO):

m Assume that all goods are divisible
m (p,X): CEEI

m X is envy-free = proportional

0

we can assume that support of X 1s acyclic
Support(X) = {(i,)) | X;; > 0}

J. Garg (GTSC'22)
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" A
Propl + PO + ... [BK19, GM19]

Input: [n], [m], v;;'s

Step 1 (Prop + PO):

m Assume that all goods are divisible

m (p,X): CEEI

m X is envy-free = proportional

m we can assume that support of X 1s acyclic
Support(X) = {(i,)) | X;; > 0}

Step 2 (Rounding):

m In each component of Support(X):

Make some agent the root
Assign each good to its parent agent

J. Garg (GTSC'22)
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Analysis
Propl:
m X: CEEI allocation; Y: rounded allocation
o) 2 2

m Consider X’ where X;; = [X;;]
m v (X;) = vi(X;)
m Relation between Y; and X;?

PO:

m Consider a market M = [n], [m], v;;'s, where agent i has budget ), jev; Dj
Claim: (p,Y)1sa CE of M

J. Garg (GTSC'22)
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Indivisible Goods

m n agents, m indivisible goods (like cell phone, painting, etc.)
m Agent i has additive valuation function v;(X;) = X ey, Vij

m (Goal: fair and efficient allocation X = (X4, ..., X;,)

Fairness:
Proportionality (Prop) — Propl @
Envy-free (EF) —— FEF1

Efficiency: @
Pareto optimal (PO)

J. Garg (GTSC'22) 63



" JdEE
Envy-Freeness up to One Good (EF1) [B11]

m An allocation (X, ..., X;;) 1s EF1 if for every agent i
vi(Xi) = Ui(Xj \g), Hg (S X], V_]

That 1s, agent i may envy agent j, but the envy can be eliminated 1f
we remove a single good from j's bundle

J. Garg (GTSC'22) 64



" J
Envy-Freeness up to One Good (EF1) [B11]

m An allocation (X, ..., X;;) 1s EF1 if for every agent i
vi(Xi) = Ui(Xj \g), Hg (S X], V_]

That 1s, agent i may envy agent j, but the envy can be eliminated 1f
we remove a single good from j's bundle

m Existence?

J. Garg (GTSC'22)
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EF1 + PO

Valuations Computation

Pseudo-polynomial time
[BKV18, GM21]

Polynomial time
[GM21]

General Additive

k-ary (v;; € {ai,...,aL}), k constant

Polynomial time

Constantly-many agents [GM21]

Q_@] Complexity of finding an EF1+PO allocation

m Approach: Achieve EF1 while maintaining PO
PO certificate: competitive equilibrium!

J. Garg (GTSC'22)

m Difficulty: Deciding if an allocation 1s PO 1s co-NP-hard [KBKZ09]

66
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Competitive Equilibrium (CE)

m m divisible goods, n agents m Each agent has budget of B;
m Utility of agent i : X; v;;X;;

B p;: price of item j, F;;: money flow from agent i to good j
Equilibrium (p, F):
, Vij Vik
1. Optimal bundle: F;; > 0> — = max—
Dj k Dk

Maximum bang-per-buck (MBB) condition
2. Market clearing:

ZFU — Bi,Vi and ZFU — p], V_]
J i

J. Garg (GTSC'22) 67
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EF1+PO [Bkvis, GM21]

m Approach: Achieve EF1 while maintaining PO

m Starting allocation X = (X, ..., X,,):
Each item j 1s assigned to an agent with the highest valuation

Set price of item j as p;= max v;;
l

m p(X;): total price of all goods in X; = total valuation of i

J. Garg (GTSC'22)
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Example

Claim: (X, p) is (integral) CE when agent i has a budget of p(X;)

p
Equilibrium (p, F): budget ﬁ s
35 [15, 10, 20] @— —
1. Optimal bundle (MBB): % 20
- . 20
Fij > 0= l=maxﬁ [1,20, 10] @ ﬁ20

Dj kK Dk
2. Market clearing:

EFLJ — p(Xl),Vl and ZFU — p], ‘v’]
J i

J. Garg (GTSC'22)
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Scaling Valuations with Prices

m Envy-freeness is scale-free
m (X,p): CE
Pk

m Let’s scale v;; « v;j - min—
k Vik

— vij < p] andvl-j = p] lf_] EXi

Prices can be treated as valuations at CE!

J. Garg (GTSC'22)
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" S

Price-Envy-Free Bkvis;

m (X,p):CE
m X i1s Envy-Free (EF) if
v; (X)) = vi(X;),
vi(X) =pX)  p(X) = vi(X)),

J. Garg (GTSC'22)

Vi,
Vi, j
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" A
Price-Envy-Free Bkvis;

m (X,p):CE
m X is Envy-Free (EF) 1f
v; (X)) = vi(X;), Vi, j
vi(X) =pX) p(X)=vi(X;), Vij
m X 1s Price-Envy-Free (pEF) 1f
p(X)) = p(X;), Vi, J

J. Garg (GTSC'22)
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"
Price-Envy-Free Bkvis;
m (X,p):CE
m Xis Envy-Free (EF)if  v;(X;) = v;(X;),
vi(X) =pX)  p(X;) =vi(X))

m X is Price-Envy-Free (pEF) if

p(X) = p(X;), Vi, j

m pEF = EF + PO

J. Garg (GTSC'22)

Vi, j

Vi,

73



"
Price-Envy-Free Bkvis;
" (X,p):CE
m Xis Envy-Free (EF)if  v;(X;) = v;(X;), Vi, j
vi(X) =pX) p(X)=vi(X;), Vi)
m X is Price-Envy-Free (pEF) if

p(Xy) = p(X;), Vi, j
m pEF = EF + PO

p
budget

15
EF? 35 [15, 10, 20] @7 — ﬁ
35 = v, (4;) > vy (4,) = 10 >< 4 20
20 [1,20, 10] @
20 = v,(4,) = v,(4,) = 11 ﬁ 50

J. Garg (GTSC'22)
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Price-Envy-Free Bkvis;

m (X,p):CE
m X is Envy-Free (EF) if v;(X;) = v;(X;), Vi, j

@ Ny
~
vi(X) =pX) pX)=zvi(X), Vij @ w
m X is Price-Envy-Free (pEF) if
p(X) = p(X;), Vi, j
m pEF = EF + PO

May not exist!

p
budget
15
pEF? 35 [15, 10, 20] @7 — ﬁ
35 = p(4;) = p(4,) = 20 , 1§ 20
1,20, 10

J. Garg (GTSC'22) 75



" A
m (X,p):CE
m XisEFlif vX)=v(Xi\g) gE€X, Vij
vi(X) =pX) pX\g)=vi(X;\g) 3FgeEX;, Vij
m X 1s Price-EF1 (pEF1) if
p(X)=p(X;\g), 3AgeX; Vi
m pEF1 = EF1 + PO
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" A
m (X,p):CE
m XisEFLif v;(X)=vi(X;\g) ge€X, Vij
viX) =pX) pX\g)=vi(X;\g), 3FgEX;, Vij
m X 1s Price-EF1 (pEF1) 1f
p(X) =p(X;\g)  3g€X;, Vij

m pEF1 = EF1 + PO p
budget

15

pEF1? 35 [15, 10, 20]@, — ﬁ
35 =p(X;1) >pX3\g2) =0 ﬁ 2
20 = p(X3) > p(X1\ g3) = 15 20 11,20 10]@ ﬁ 20
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" A
m (X,p):CE
m XisEFLif v;(X)=vi(X;\g) ge€X, Vij
viX) =pX) pX\g)=vi(X;\g), 3FgEX;, Vij
m X 1s Price-EF1 (pEF1) 1f
p(X) =p(X;\g)  3g€X;, Vij

m pEF1 = EF1 + PO p
budget

pEF1? 35 [15, 10, 20]@ -— — ﬁ .

35=p(X1) >p(X2\g2) =0
20 = p(Xz) > p(X1\ g3) =15 207 11,20, 101 55

Theorem [BKV18, GM21]: There exists a pseudo-polynomial time
procedure to find a pEF1 allocation. Polynomial-time for special cases
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" S

m (X,p):CE
m X i1spEF]if
p(X;) = P(Xj \ g), 39 € X;, Vi,j

m [f minp(X;) = max min p(Xj \ g) then ?
l J

gEX;
(least spender) (big spender)

J. Garg (GTSC'22)



" &)

Procedure f‘i/ \ﬁ

While X 1s not pEF1 @
k « argminp(X;) //least spender
l

T « Agents and items, k can reach in MBB residual network
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While X is not pEF1 © p

k < argminp(X;) //least spender
l

T « Agents and items, k can reach in MBB residual network
If k can reach [ in T such that p(X; \ g;) > p(Xy)

Pick the nearest such [
P « Path from [ to k
X < Reassign items along P until p((Xj Ugj+) \ gj) < p(Xy)

J. Garg (GTSC'22)
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While X is not pEF1 ©
k < argminp(X;) //least spender ﬂ

l
T « Agents and items, k can reach in MBB residual network

If k can reach [ in T such that p(X; \ g;) > p(Xy)

Pick the nearest such [
P < Path from [ to k
X < Reassign items along P until p((Xj Ugi+) \ gj) < p(Xy)

else increase prices of items in T by a same factor until
Event 1: new MBB edge
Event 2: k 1s not least spender anymore
Event 3: A becomes pEF1
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= <,

ml_inp(Xl-) m]fch glel)g p(Xj \ 9)

Claim: The procedure converges to a pEF1 allocation in
pseudo-polynomial time!

[@EDY Complexity of finding an EF1+PO allocation!

J. Garg (GTSC'22)
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"
Agenda

1tems

divisible indivisible
P\ T~

goods bads g00ds bads

Each f; = fairness notion

J. Garg (GTSC'22)
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"
Indivisible Bads

m n agents, m indivisible bads
m Agent i has additive disutility function d;(X;) = X jex, dij
m (Goal: fair and efficient allocation X = (X4, ..., X;,)

Fairness:
Proportionality (Prop)
Envy-free (EF)

Efficiency:
Pareto optimal (PO)

J. Garg (GTSC'22)
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"
Indivisible Bads

m n agents, m indivisible bads
m Agent i has additive disutility function d;(X;) = X jex, dij
m (Goal: fair and efficient allocation X = (X4, ..., X;,)

Fairness:
Proportionality (Prop) — Propl @ cxm
Envy-free (EF) — FEF1
Efficiency: @
Pareto optimal (PO)

J. Garg (GTSC'22)
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" J
Proportionality up to One Good (Propl)

Proportionality (Prop): Allocation X = (X3, ..., X;,) 1s proportional
if each agent gets at most 1/n share of all bads:

d; (X)) > di(LmD, Vi

J. Garg (GTSC'22)
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" J
Proportionality up to One Good (Propl)

Proportionality (Prop): Allocation X = (X4, ..., X;,) is proportional if each agent gets at
most 1/n share of all bads:
d;([m])
ma—

Vi

d;(X;) =

m Propl: X 1s proportional up to one bad 1f each agent gets at most
1/n share of all bads after removing one bad from their bundle:

LKA (D < d([mD),  3c € X,V

o B
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" J
Envy-Freeness up to One Bad (EF1)

m An allocation (X, ..., X;;) 1s EF1 if for every agent i
di(Xi \ C) < dl(X]), dc € Xi' VJ

That 1s, agent i may envy agent j, but the envy can be eliminated 1f
we remove a single bad from i's bundle

@v\
o ®
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" S

Existence & Computation

A .t. o o
dditive Existence = Computation
Valuations
Polynomial time
+ v
Propl + PO [AMS20]
EF1 + PO ?
EF1 v Polynomial time

J. Garg (GTSC'22)
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J. Garg (GTSC'22)

EF1 + PO
Valuations Existence
General Additive ?

Bivalued (dl] (S {1, Cl})

Tri-valued (d;; € {1, a, b})

2-ary (d;j € {1,a;})
3 agents

v

Computation

?

Polynomial time
[GMQ22, EPS22]
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Summary
Fairness:
Proportionality (Prop) — Propl  PropM  PropX
Envy-free (EF) — FEF1 EFX
Efficiency:

Pareto optimal (PO) Maximum (Nash) welfare

Major Open Questions
m CEEI for bads: exact complexity
m EF1+PO: exact complexity for goods
m EF1+PO: Existence/Computation for bads

J. Garg (GTSC'22)

MMS

92



m [AMS20] Haris Aziz, Hervé Moulin, Fedor Sandomirskiy. “A polynomial-time
algorithm for computing a Pareto optimal and almost proportional allocation”.
In: Oper.Res.Lett. 2020

m [B11] Eric Budish. “The combinatorial assignment problem: Approximate
competitive equilibrium from equal incomes”. In: J. Political Economy 2011

m [BK19] Siddharth Barman, Sanath Kumar Krishnamurthy. “On the Proximity of
Markets with Integral Equilibria”. In: AAAI 2019

m [BKV18] Siddharth Barman, Sanath Kumar Krishnamurthy, and Rohit Vaish.
Finding fair and efficient allocations. In: EC 2018

m [BMSY17] Anna Bogomolnaia, Hervé Moulin, Fedor Sandomirskiy, Elena
Yanovskaya. “Competitive division of a mixed manna”. In: Econometrica 2017

m [BS19] Simina Branzei, Fedor Sandomirskiy. “Algorithms for Competitive
Division of Chores”. In: Arxiv 2019

m [CGMM21] Bhaskar Ray Chaudhury, Jugal Garg, Peter McGlaughlin, Ruta
Mehta. “Competitive Allocation of a Mixed Manna”. In: SODA 2021

m [CGMMZ22] Bhaskar Ray Chaudhury, Jugal Garg, Peter McGlaughlin, Ruta
Mehta. “"Competitive Equilibrium with Chores: Combinatorial Algorithm and
Hardness”. In: EC 2022

J. Garg (GTSC'22)



m [CKMPSW16] loannis Caragiannis, David Kurokawa, Hervé Moulin, Ariel D.
Procaccia, Nisarg Shah, Junxing Wang. “The Unreasonable Fairness of
Maximum Nash Welfare”. In: EC 2016

m [DM13] Ran Duan, Kurt Mehlhorn. “A Combinatorial Polynomial Algorithm for
the Linear Arrow-Debreu Market”. In: ICALP (1) 2013

m [DGM16] Ran Duan, Jugal Garg, Kurt Mehlhorn: “An Improved Combinatorial
Polynomial Algorithm for the Linear Arrow-Debreu Market”. In: SODA 2016

m [DPSV08] Nikhil R. Devanur, Christos H. Papadimitriou, Amin Saberi, Vijay V.
Vazirani. “Market equilibrium via a primal-dual algorithm for a convex
program”. In: JACM 2008

m [EPS22] Soroush Ebadian, Dominik Peters, Nisarg Shah. “How to Fairly Allocate
Easy and Difficult Chores”. In: AAMAS 2022

m [GM19] Jugal Garg and Peter McGlaughlin. “Improving Nash Social Welfare
Approximations”. In: |JCAI 2019

m [GM21]Jugal Garg and Aniket Murhekar. “On Fair and Efficient Allocations of
Indivisible Goods”. In: AAAI 2021

m [GMQ22]Jugal Garg, Aniket Murhekar, and John Qin. “Fair and Efficient
Allocations of Chores under Bivalued Preferences”. In: AAAI 2022

m Jugal Garg, Laszlo A. Végh. “A strongly polynomial algorithm for linear
exchange markets”. In: STOC 2019

J. Garg (GTSC'22) 94



m [KBKZ09] Bart de Keijzer, Sylvain Bouveret, Tomas Klos, and Yinggian Zhang.
“On the Complexity of Efficiency and Envy-Freeness in Fair Division of
Indivisible Goods with Additive Preferences”. In: ADT 2009

m [Orlin10] James B. Orlin. “Improved algorithms for computing Fisher's market
clearing prices”. In: STOC 2010

m [Vegh16] Laszld A. Végh. “A Strongly Polynomial Algorithm for a Class of

Minimum-Cost Flow Problems with Separable Convex Objectives”. In: SICOMP
2016

J. Garg (GTSC'22) 95



	Slide Number 1
	Allocation Problem
	Allocation Problem
	Slide Number 4
	Spectrum of Problems
	Agenda
	Agenda
	Divisible Goods
	Slide Number 9
	Slide Number 10
	Slide Number 11
	Slide Number 12
	Slide Number 13
	Fisher’s Model (1891)
	Competitive Equilibrium (CE)
	CE: Linear Valuations
	Slide Number 17
	Slide Number 18
	CE Characterization
	Example
	Example
	Example
	Example
	Efficiency: Pareto optimality
	First Welfare Theorem
	Competitive Equilibrium with Equal Income (CEEI)
	Envy-Free (EF)
	Proportionality (Prop)
	Summary
	Existence of Competitive Equilibrium
	Efficient (Combinatorial) Algorithms
	CE Characterization
	Competitive Equilibrium → Flow
	Network Flow Characterization
	DPSV Algorithm
	Agenda
	Divisible Bads
	Slide Number 38
	Slide Number 39
	Slide Number 40
	Fisher’s Model for bads
	Competitive Equilibrium (CE)
	CE: Linear Valuations
	Slide Number 44
	Slide Number 45
	CE Characterization
	Network Flow Characterization
	Like the goods case
	DPSV Algorithm [for goods]
	DPSV-type Algorithm for bads?
	Recent breakthroughs
	Summary: Divisible Items
	Agenda
	Indivisible Goods
	Indivisible Goods
	Existence & Computation
	Indivisible Goods
	Proportionality up to one good (Prop1)
	Proportionality up to One Good (Prop1)
	Prop1 + PO + … [BK19, GM19]
	Prop1 + PO + … [BK19, GM19]
	Analysis
	Indivisible Goods
	Envy-Freeness up to One Good (EF1) [B11]
	Envy-Freeness up to One Good (EF1) [B11]
	EF1 + PO
	Competitive Equilibrium (CE) 
	EF1+PO [BKV18, GM21]
	Example
	Scaling Valuations with Prices
	Price-Envy-Free [BKV18]
	Price-Envy-Free [BKV18]
	Price-Envy-Free [BKV18]
	Price-Envy-Free [BKV18]
	Price-Envy-Free [BKV18]
	Slide Number 76
	Slide Number 77
	Slide Number 78
	Slide Number 79
			Procedure
	Slide Number 81
	Slide Number 82
	Slide Number 83
	Agenda
	Indivisible Bads
	Indivisible Bads
	Proportionality up to One Good (Prop1)
	Proportionality up to One Good (Prop1)
	Envy-Freeness up to One Bad (EF1)
	Existence & Computation
	EF1 + PO
	Summary
	Slide Number 93
	Slide Number 94
	Slide Number 95

