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Abstract. Consider two sets of strings, B (bad genes) and G (good genes), as well as two integers
db and dg (db ≤ dg). A frequently occurring problem in computational biology (and other fields) is
to find a (distinguishing) substring s of length L that distinguishes the bad strings from good strings,
i.e., such that for each string si ∈ B there exists a length-L substring ti of si with d(s, ti) ≤ db (close
to bad strings), and for every substring ui of length L of every string gi ∈ G, d(s, ui) ≥ dg (far from
good strings).

We present a polynomial time approximation scheme to settle the problem; i.e., for any constant
ε > 0, the algorithm finds a string s of length L such that for every si ∈ B there is a length-L
substring ti of si with d(ti, s) ≤ (1 + ε)db, and for every substring ui of length L of every gi ∈ G,
d(ui, s) ≥ (1 − ε)dg if a solution to the original pair (db ≤ dg) exists. Since there is a polynomial
number of such pairs (db, dg), we can exhaust all the possibilities in polynomial time to find a good
approximation required by the corresponding application problems.
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1. Introduction. Research effort in molecular biology, such as the human ge-
nome project, has been revealing the secret of our genetic composition, the long DNA
sequences that can determine many aspects of life. Applications that use this informa-
tion have posed new challenges to the design and analysis of efficient computational
methods.

A frequently recurring problem in biological applications is to find one substring
of length L that appears (with a few substitutions) at least once in each of a set of
bad strings (such as bacterial sequences) and is not “close” to any substring of length
L in each of another set of good strings (such as human and livestock sequences). The
problem has various applications in molecular biology such as the design of universal
PCR primers, identification of genetic drug targets, and design of genetic probes
[8, 2, 12, 5]. In particular, the genetic drug target identification problem searches for
a sequence of genes that is close to bad genes (the target) but far from all good genes
(to avoid side-effects). Our study develops a polynomial time approximation scheme
in both measures simultaneously.
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1.1. The mathematical model. The distinguishing substring selection prob-
lem has as input two sets of strings, B and G. It is required to find a substring of
unspecified length (denoted by L) that is, informally, close to a substring of every
string in B and far away from every length-L substring of strings in G. Since G can
be reconstructed to contain all substrings of length L in each of all the good strings,
we can assume that every string in G has the same length L.

Therefore, here we formally define the problem as follows: Given a set B =
{s1, s2, . . . , sn1

} of n1 (bad) strings of length at least L, a set G = {g1, g2, . . . , gn2
}

of n2 (good) strings of length exactly L, and two integers db and dg (db ≤ dg), the
distinguishing substring selection problem (DSSP) is to find a string s such that for
each string si ∈ B there exists a length-L substring ti of si with d(s, ti) ≤ db, and for
any string gi ∈ G, d(s, gi) ≥ dg. Here d(, ) represents the Hamming distance between
two strings. If all strings in B are also of the same length L, the problem is called the
distinguishing string problem (DSP).

1.2. Previous results. The best previous known approximation ratio for DSSP
(and DSP) is 2 [5]. In another direction, many simplified versions were proposed to
make the task easier in terms of computation/approximation, conceding more general
applicability.

The problem is NP-hard, even when only one objective is to be met [1, 5]. To
approximate the center string that is far away from each of the good strings is not
difficult and is shown to have a polynomial time approximation scheme by Lanctot
et al. [5]. The problem of finding a center string s that is close to all the bad strings
is nontrivial, and it has taken intensive investigation by several research groups [5, 3]
to finally develop a polynomial time approximation scheme [6].

There are also several modifications and variations on this initial strategy, e.g.,
the d-characteristic string [4], the far from most string [5], and the formulation of
Ben-Dor et al. [1].

The DSSP problem that contains two objective functions has remained elusive
despite the above-mentioned intensive research effort. To meet the requirements of
many application problems, however, we would need to have a solution for DSSP.

1.3. Our contribution. In this paper, we settle this difficult problem by pre-
senting a polynomial time approximation scheme in both requirements. If a solution
to the original problem exists, for any constant ε > 0, our algorithm computes a string
s of length L such that for every si ∈ S there is a length-L substring ti of si with
d(ti, s) ≤ (1 + ε)db, and for every gi ∈ G, d(gi, s) ≥ (1− ε)dg. Here db and dg are two
important parameters supplied by users to specify the distances from the distinguish-
ing string s to the set of bad strings and the set of good strings. Our algorithm gives
a solution that approximately meets the requirements, i.e., (1 + ε)db and (1− ε)dg, if
a solution to the original requirements, i.e., db and dg, exists.

1.4. Sketch of our approach. Design and analysis of good algorithms for ap-
proximating multiple objective functions are not simple in general (see [11] for a
general approach and related works).

The standard techniques for related center string problems follow a linear program
approach combined with randomized rounding. That works for DSP and DSSP when
the parameters are sufficiently large. The main difficulty for our problem lies in the
case when objective function value is relatively small but still too large for enumeration
methods to work.

To overcome this difficulty, we sample a constant number of strings and find the
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positions at which the samples have the same letters (bases). We denote this set of
positions by Q and the set of the rest by P . Our breakthrough starts with a key
lemma that states that there is a set of samples for which there are y positions in Q
such that, when we choose the y positions in Q carefully, choose the letters of the rest
of |Q|−y positions to be the same as the samples, and choose letters at positions in P
by the linear program approach, then we can obtain the right approximate solution.

An interesting case is when y < O(log(n)), i.e., y is small, but not small enough for
a brute-force enumeration method to go through directly. A new method is designed
to handle this case. Since similar situations occur in many combinatorial optimization
problems, we expect that this idea may have wider application.

1.5. Organization of the paper. We focus on the polynomial time approx-
imation scheme for DSP in sections 2 through 4. Section 2 introduces the related
notation and the standard integer programming formulation, which works well when
both db and dg are large, i.e., at least Ω(L). Section 3 gives the key lemma. We
discuss the methods for finding a good approximation of the set of y positions in Q
in section 4.

In section 5, we show that the established algorithm for DSP can be extended
to work for the general case, the DSSP. We conclude our work in section 6 with
discussion and remarks.

2. Preliminaries. We consider two sets of strings: G (good strings) and B (bad
strings). We call db the upper radius for bad strings (B) and dg the lower radius for
good strings (G). Let n = n1 + n2 be the total number of good and bad strings in
G ∪ B.

For the DSP, every good or bad string is of the same length L. The distance
d(x, y) of two strings x and y is their Hamming distance, i.e., the number of positions
at which they differ from each other. We are to find the string x of length L such that{

d(si, x) ≤ db, si ∈ B, i = 1, . . . , n1,
d(gj , x) ≥ dg, gj ∈ G, j = 1, . . . , n2.

(1)

In this section, we present an approximation algorithm that works well for a spe-
cial case of the DSP. The restriction is that L, db, and dg are large; more specifically,
L ≥ (4log(n1 + n2))/ε

2, dg = Ω(L), and db = Ω(L), where ε is the parameter control-
ling the performance ratio and n1 and n2 are the numbers of bad and good strings,
respectively.

This is achieved via a standard method using integer linear programming. Define
χ(s, i, k, a) = 0 if si[k] = a, and χ(s, i, k, a) = 1 if si[k] �= a. Similarly, define
χ(g, j, k, a) = 0 if gj [k] = a, and χ(g, j, k, a) = 1 if gj [k] �= a. The problem becomes
the following integer linear programming (LP) problem:



∑
a∈Σ xk,a = 1, k = 1, 2, . . . , L,∑
1≤k≤L

∑
a∈Σ χ(s, i, k, a)xk,a ≤ db, i = 1, 2, . . . , n1,∑

1≤k≤L

∑
a∈Σ χ(g, j, k, a)xk,a ≥ dg, j = 1, 2, . . . , n2,

xk,a ∈ {0, 1}, a ∈ Σ, k = 1, 2, . . . , L.
(2)

Let x̄k,a be a solution for LP relaxation of (2). For each 0 ≤ k ≤ L, with
probability x̄k,a, we set xk,a = 1 and set xk,a′ = 0 for any a′ �= a. We choose the
random variables independently for different k. This results in an integer solution for
(2) (and hence a solution for (1)) if db is replaced by (1 + ε)db and dg by (1 − ε)dg,
as shown in Theorem 2. Standard derandomization methods [10] transfer it to a



1076 X. DENG, G. LI, Z. LI, B. MA, AND L. WANG

deterministic algorithm in Theorem 3. The following lemma is useful for the proof of
Theorem 2.

Lemma 1. Let X1, X2, . . . , Xn be n independent random 0-1 variables, where Xi

takes 1 with probability pi, 0 < pi < 1. Let X =
∑n

i=1Xi and µ = E[X]. Then for
any 0 < δ ≤ 1, Pr(X > µ+δ n) < exp(− 1

3nδ
2), and Pr(X < µ−δ n) ≤ exp(− 1

2nδ
2).

Theorem 2. Let δ > 0 be any constant. Suppose that L ≥ (4log(n1 + n2))/δ
2,

dg ≥ cgL, and db ≥ cbL. There is a randomized algorithm that finds a solution,
i.e., a string x of length L, with high probability such that for each string si in B,
d(si, x) < (1 + δ/cb)db, and for any string gj in G, d(gj , x) > (1− δ/cg)dg.

Proof. We can see that
∑

a∈Σ χ(s, i, k, a)xk,a and
∑

a∈Σ χ(g, j, k, a)xk,a take 1
or 0 randomly and independently for different k’s. Thus we have that d(s, i, x) =∑

1≤k≤L

∑
a∈Σ χ(s, i, k, a)xk,a is a sum of L independent 0-1 random variables. Sim-

ilarly, d(g, j, x) =
∑

1≤k≤L

∑
a∈Σ χ(g, j, k, a)xk,a is also a sum of L independent 0-1

random variables. Moreover,

E[d(s, i, x)] =
∑

1≤k≤L

∑
a∈Σ

χ(s, i, k, a)E[xk,a]

=
∑

1≤k≤L

∑
a∈Σ

χ(s, i, k, a) x̄k,a

≤ d̄ ≤ db,(3)

E[d(g, j, x)] =
∑

1≤k≤L

∑
a∈Σ

χ(g, j, k, a)E[xk,a]

=
∑

1≤k≤L

∑
a∈Σ

χ(g, j, k, a) x̄k,a

≥ dg.(4)

Thus, for any fixed δ > 0, using Lemma 1, we have

Pr (d(s, i, x) > db + δL) < exp

(
−1
3
δ2L

)
,

Pr (d(g, j, x) < dg − δL) ≤ exp
(
−1
2
δ2L

)
.

Considering all bad and good strings, respectively, we have

Pr (d(s, i, x) > db + δL for at least one si ∈ B) < n1 × exp
(
−1
3
δ2L

)

and

Pr (d(g, j, x) < dg − δL for at least one gj ∈ G) ≤ n2 × exp
(
−1
2
δ2L

)
.

When L ≥ (4log(n1 + n2))/δ
2, we get n1 × exp(− 1

3δ
2L) ≤ n−

1
3

1 and n2 ×
exp(− 1

2δ
2L) ≤ n−1

2 . For db = Ω(L) and dg = Ω(L), there exist positive constants cb
and cg such that db ≥ cbL and dg ≥ cgL. Thus we get a randomized algorithm to find a
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solution x for (1) with probability at least 1−(n− 1
3

1 +n−1
2 ) such that for i = 1, 2, . . . , n1,

d(s, i, x) ≤ (1 + δ/cb)db, and for j = 1, 2, . . . , n2, d(g, j, x) ≥ (1− δ/cg)dg.
Theorem 3. There exists a polynomial time approximation scheme (PTAS) for a

DSP when dg = Ω(L) and db = Ω(L). Specifically, when dg = cg ×L and db = cb×L,
the PTAS runs in O(L× |Σ|(4log(n1+n2))/δ

2

) time and finds a solution, i.e., a string x
of length L, such that for each string si in B, d(si, x) < (1 + ε)db, and for any string
gj in G, d(gj , x) > (1− ε)dg, where δ = ε×min{cg, cb}.

Proof. When L ≥ (4log(n1 + n2))/δ
2, the following derandomized algorithm is a

PTAS.
Let xj,a be a fractional solution for (2) for j = 1, 2, . . . , L. We can arbitrarily

decompose the L positions into disjoint sets of positions L1, L2, . . . , Lk such that
|Li| ≥ (4log(n1 + n2))/δ

2 and |Li| < (8log(n1 + n2))/δ
2 for i = 1, 2, . . . , k. Let

µs,l,i =
∑

1≤j≤|Li|
∑

a∈Σ χ(s, l, j, a)xj,a and µg,l,i =
∑

1≤j≤|Li|
∑

a∈Σ χ(g, l, j, a)xj,a.

For each Li, replacing {1, 2, . . . , L} with Li in (2), we know that there exists a string
xi of length |Li| such that for each string sl ∈ B,

d(sl|Li , xi) ≤ µs,l,i + δ|Li|,

and for each string gl ∈ G,

d(gl|Li
, xi) ≥ µg,l,i − δ|Li|.

Thus, we can enumerate all strings of length |Li| in |Σ|(4log(n1+n2))/δ
2

time to deter-
mine xi. Concatenating all xi’s, we have a string x of length L such that for each
string sl ∈ B,

d(sl, x) ≤
k∑

i=1

(µs,l,i + δ|Li|) = db + δL ≤ db + εdb,

and for each string gl ∈ G,

d(gl, x) ≥
k∑

i=1

(µl,i − δ|Li|) = dg − δL ≥ dg − εdg.

Thus, we obtain a desired string x in O(L × |Σ|(4log(n1+n2))/δ
2

) time, which is poly-
nomial in terms of the input size when |Σ| is a constant.

When L ≤ (4log(n1 + n2))/δ
2, we can enumerate all possible strings of length L

in O(|Σ|(4log(n1+n2))/δ
2

) time. Thus, we can get a desired solution.

3. A key lemma. To obtain our PTAS algorithm, we need to introduce two
parameters: an integer r and a positive number δ. The constant r is introduced in
this section and depends purely on ε. The constant δ > 0 will be introduced in the
next section and depends on both ε > 0 and r.

For any r > 2, let 1 ≤ i1, i2, . . . , ir ≤ n1 be r distinct numbers. Let Qi1,i2,...,ir

be the set of positions at which si1 , si2 , . . . , sir agree. Let s be a feasible solution of
length L for the distinguishing string selection problem with the upper radius db for
bad strings (B) and lower radius dg for good strings (G). Pi1,i2,...,ir = {1, 2, . . . , L} −
Qi1,i2,...,ir is the set of positions at which at least one pair of strings sij and sij′ differ.
Then, at such positions, s differs from at least one of sij . The number of positions
at which s differs from one of sij is no more than db. Therefore, the total number of
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positions at which s differs from at least one of sij (j = 1, 2, . . . , r) is no more than rdb.
It follows that rdb ≥ |Pi1,i2,...,ir | = L − |Qi1,i2,...,ir |. That is, |Qi1,i2,...,ir | ≥ L − rdb.
In addition, we immediately obtain the following result, which is often applied late in
the proof of our main result.

Claim 4. Assuming that dg ≥ db, we have rdg ≥ rdb ≥ L − |Qi1,i2,...,ir | =
|Pi1,i2,...,ir |.

Let B = {s1, s2, . . . , sn1
}. Let pi1,i2,...,ik be the number of mismatches between

si1 and s at the positions in Qi1,i2,...,ik . Let ρk = min1≤i1,i2,...,ik≤n1 pi1,i2,...,ik/db. The
following claim is a variant of a claim in [6], but the proof is identical.

Claim 5. For any k such that 2 ≤ k ≤ r, where r is a constant, there are indices
1 ≤ i1, i2, . . . , ir ≤ n1 such that for any 1 ≤ l ≤ n1

|{j ∈ Qi1,i2,...,ir | si1 [j] �= sl[j] and si1 [j] �= s[j]}| ≤ (ρk − ρk+1) db.

Proof. Consider indices 1 ≤ i1, i2, . . . , ik ≤ n such that pi1,i2,...,ik = ρkdopt. Then
for any 1 ≤ ik+1, ik+2, . . . , ir ≤ n and 1 ≤ l ≤ n we have

|{j ∈ Qi1,i2,...,ir | si1 [j] �= sl[j] and si1 [j] �= s[j]}|
≤ |{j ∈ Qi1,i2,...,ik | si1 [j] �= sl[j] and si1 [j] �= s[j]}|(5)

= |{j ∈ Qi1,i2,...,ik | si1 [j] �= s[j]}
− {j ∈ Qi1,i2,...,ik | si1 [j] = sl[j] and si1 [j] �= s[j]}|

= |{j ∈ Qi1,i2,...,ik | si1 [j] �= s[j]} − {j ∈ Qi1,i2,...,ik,l | si1 [j] �= s[j]}|
= pi1,i2,...,ik − pi1,i2,...,ik,l(6)

≤ (ρk − ρk+1) dopt,

where inequality (5) holds because Qi1,i2,...,ir ⊆ Qi1,i2,...,ik and equality (6) holds
because Qi1,i2,...,ik,l ⊆ Qi1,i2,...,ik .

From Claim 5, we can immediately obtain the following proposition.
Proposition 6. For any constant r, there are indices 1 ≤ i1, i2, . . . , ir ≤ n1

such that for any sl ∈ B,

|{j ∈ Qi1,i2,...,ir | si1 [j] �= sl[j] and si1 [j] �= s[j]}| ≤
1

r − 1 db.

Proof. Note that

(ρ2 − ρ3) + (ρ3 − ρ4) + · · ·+ (ρr − ρr+1) = ρ2 − ρr+1 ≤ 1.

Therefore, one of (ρk−ρk+1) is at most
1

r−1 . Thus, Claim 5 immediately implies that
the lemma is true.

The following corollary will also be useful later.
Corollary 7. For any Q ⊆ Qi1,i2,...,ir (as in Proposition 6), we have that, for

any sl ∈ B,

|{j ∈ Q | si1 [j] �= sl[j] and si1 [j] �= s[j]}| ≤
1

r − 1 db.

Moreover, let P = {1, 2, . . . , L} −Q. Then, for any sl ∈ B,

d(sl, si1 |Q) + d(sl, s|P ) ≤
r

r − 1db.
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Proof. The first part is obvious by Proposition 6. For the second part, consider

Ak = {j ∈ Q | si1 [j] �= sk[j] and si1 [j] �= s[j]}
and

Bk = {j ∈ Q | si1 [j] �= sk[j] and si1 [j] = s[j]}.
Then d(sk, si1 |Q) = |Ak| + |Bk|. By the first part of the corollary, |Ak| is no

more than 1
r−1db. By definition, |Bk| ≤ d(sk, s|Q). Therefore, |Bk| + d(sk, s|P ) ≤

d(sk, s|Q) + d(sk, s|P ) = d(sk, s) ≤ db. The rest of the corollary follows.
Informally, Proposition 6 implies that si1 is a good approximation of s at positions

in Qi1,i2,...,ir for the bad strings; i.e., for any Q ⊆ Qi1,i2,...,ir ,

d(sl, si1 |Q) ≤ d(sl, s|Q) +
1

r − 1 db.

Before we present our key lemma, we need a boosting proposition that, when
applied together with Corollary 7, obtains a better and better solution.

Proposition 8. Let Q ⊂ Qi1,i2,...,ir (as in Proposition 6). Consider the index
k : 1 ≤ k ≤ n1 and the number y ≥ 0 such that, for any sl ∈ B, d(sl, si1 |Q) +
d(sl, s|P ) ≤ d(sk, si1 |Q) + d(sk, s|P ) = r

r−1db − y (where P = {1, 2, . . . , L} − Q).
Then we have

|{j ∈ Qk|si1 [j] �= s[j]}| ≤ y,
where Qk = {j ∈ Q : si1 [j] = sk[j]}.

Proof. Dividing d(sk, si1 |Q) into two parts, we have

d(sk, si1 |Q−Qk) + d(sk, si1 |Qk) + d(sk, s|P ) = r

r − 1db − y.(7)

By Corollary 7 and with the further restriction that sl[j] = s[j], we have that, for
any string sl ∈ B,

|{j ∈ Q | si1 [j] �= sl[j] and si1 [j] �= s[j] and sl[j] = s[j]}| ≤
1

r − 1 db.

That is, for any string sl ∈ B,

|{j ∈ (Q−Ql)|sl[j] = s[j]}| ≤ 1

r − 1 db.(8)

From (8), there exists β with β ≤ 1 such that for any sl ∈ B, |{j ∈ (Q −
Ql) | sl[j] = s[j]}| ≤ |{j ∈ (Q − Qk) | sk[j] = s[j]}| = β 1

r−1 db. On the other hand,

|{j ∈ (Q−Qk) | sk[j] �= si1 [j]}| is no more than |{j ∈ (Q−Qk) | }|, which is the sum
of |{j ∈ (Q−Qk) | sk[j] = s[j]}| and |{j ∈ (Q−Qk) | sk[j] �= s[j]}|. Combining those
two formulae, we have

d(sk, s|Q−Qk) ≥ d(sk, si1 |Q−Qk)− β 1

r − 1 db.(9)

Moreover, combining (7) and (9), we have

d(sk, s|Q−Qk) +
β

r − 1 db + d(sk, si1 |Q
k) + d(sk, s|P )

≥ r

r − 1db − y.(10)
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Since

d(sk, s|Q−Qk) + d(sk, s|Qk) + d(sk, s|P ) ≤ db,(11)

then (10) implies

d(sk, s|Qk) ≤ d(sk, si1 |Qk) +
β − 1
r − 1 db + y

=
β − 1
r − 1 db + y ≤ y.(12)

Here (12) is from the facts that d(sk, si1 |Qk) = 0 and β ≤ 1. Therefore,

|{j ∈ Qk|si1 [j] �= s[j]}| ≤ y.(13)

This completes the proof.
Here is our main lemma.
Lemma 9. For any constant r, there exist indices 1 ≤ i1, i2, . . . , it ≤ n1, r ≤ t ≤

2r, and a number 0 ≤ y ≤ db such that |{j ∈ Qi1,i2,...,it |si1 [j] �= s[j]}| ≤ y. (Note that
this implies d(g, si1 |Qi1,i2,...,it) ≥ d(g, s|Qi1,i2,...,it) − y.) If we use si1 as the distin-
guishing string at positions in Qi1,i2,...,it , and s (the original distinguishing string) at
the rest of the positions, then for any sl ∈ B, d(sl, si1 |Qi1,i2,...,it)+d(sl, s|Pi1,i2,...,it) ≤
r+1
r−1db − y, where Pi1,i2,...,it = {1, 2, . . . , L} −Qi1,i2,...,it .

Proof. We shall repeatedly apply Proposition 8 up to r times for the proof.
We start with Q = Qi1,i2,...,ir . By Corollary 7, for any sl ∈ B, d(sl, si1 |Q) −

|{j ∈ Q | si1 [j] �= sl[j] and si1 [j] = sl[j]}| ≤ 1
r−1 db. Notice that |{j ∈ Q | si1 [j] �= sl[j]

and si1 [j] = sl[j]}| ≤ d(sl, s |Q). We get

d(sl, si1 |Q) + d(sl, s|P )| ≤
1

r − 1 db + d(sl, s) ≤
r

r − 1 db.

Therefore, there exist an index k (denoted by ir+1) and number z
0 ( r

r−1 db ≥ z0 ≥ 0)
such that for any sl ∈ B,

d(sl, si1 |Q) + d(sl, s|P )| ≤ d(sir+1 , si1 |Q) + d(sir+1 , s|P )| =
1

r − 1 db − z
0.

By Proposition 8, |{j ∈ Qi1,i2,...,ir,ir+1
|si1 [j] �= s[j]}| ≤ z0. Now apply Corollary 7

again to the index set Q′ = Qi1,i2,...,ir+1
. Then, for any sl ∈ B, d(sl, si1 |Qi1,i2,...,ir+1

)+
d(sl, s|{1, . . . , L} − Qi1,i2,...,ir+1

) ≤ r
r−1db. Again, choose k

′ (and denote it by ir+2

later) and y′ ≥ 0 such that

d(sl, si1 |Qi1,i2,...,ir+1) + d(sl, s|{1, . . . , L} −Qi1,i2,...,ir+1) ≤
r

r − 1db − y
′

and such that equality holds for l = k′.
If y′ ≥ z0 − 1

r−1db, then our lemma follows with t = r+1 and y = z
0. Therefore,

we need to consider only the case y′ ≤ z0 − 1
r−1db. Notice that if z

0 < 1
r−1db, we will

reach a contradiction here. We should also have z0 ≥ 1
r−1db, or the lemma holds.

Define z1 = y′. The conditions of Proposition 8 hold with y = z1 and Q =
Qi1,i2,...,ir+1 . Therefore, we are able to repeat the above process. Notice that z

1 ≤
z0 − 1

r−1db, and it is no smaller than
1

r−1db. The same holds each time we repeat the
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process. Therefore, the process can only be repeated up to r times before we obtain
the result as claimed.

In Lemma 9, we decompose the L positions into two parts, Qi1,i2,...,it and Pi1,i2,...,it .
In Pi1,i2,...,it , either the linear programming approach in section 2 or a brute-force
enumeration method can go through since |Pi1,i2,...,it | ≤ rdb. Details will be given
in the next section. Thus, we can get a good approximation solution at positions in
Pi1,i2,...,it .

By Lemma 9, at positions in Qi1,i2,...,it there are at most y positions where the
letters for a feasible (optimal) solution are different from the letters in si1 . This implies
that d(g, si1 |Qi1,i2,...,it) ≥ d(g, s|Qi1,i2,...,it) − y. We may need to carefully choose y
positions inQi1,i2,...,it in si1 to change to s

′
i1
so that the condition d(g, s′i1 |Qi1,i2,...,it) ≥

d(g, s|Qi1,i2,...,it) is satisfied (with negligible error) for each g ∈ G.
On the other hand, again by Lemma 9, if any y positions chosen in Qi1,i2,...,it

are changed to obtain a string s′i1 , i.e, d(si1 , s
′
i1
) = y, then d(sl, s|Pi1,i2,...,it) +

d(sl, s
′
i1
|Qi1,i2,...,it) ≤ (1+ 1

r−1 )db. That is, the total error produced for every string in

B will be at most 1
r−1db no matter which y positions in Qi1,i2,...,it are chosen. There-

fore, to choose y positions in Qi1,i2,...,it , we can simply consider the good strings in G
and ignore the strings in B. This dramatically reduces the difficulty of the problem.

The main contribution of Lemma 9 is to transform the original DSP into the
problem of how to choose y positions in Qi1,i2,...,it to modify the string si1 into a
string s′ such that d(g, s′i1 |Qi1,i2,...,it) ≥ d(g, s|Qi1,i2,...,it). Though we do not know
the value of y, we can enumerate all y: y = 0, 1, . . . , db in the algorithm. We will
elaborate on this in the next section.

4. Choice of a distinguishing string. In general, we aim at constructing
an approximate solution s′i1 that differs from si1 at y positions (up to negligible
error) in Qi1,i2,...,it . Though we do not know the value of y, we can enumerate all y:
y = 0, 1, . . . , db in the algorithm. However, if dg ≥ (r − 1)y, we can simply use si1 at
all positions in Qi1,i2,...,it . For good strings g ∈ G, the error at positions in Qi1,i2,...,it

will be 1
r−1dg, which will be good enough for a PTAS. For bad strings sl ∈ B, the

error created by making si1 the approximate solution at positions in Qi1,i2,...,it will
be at most 2

r−1db (again, good enough for a PTAS) by Lemma 9. Therefore, we can
assume that dg < (r − 1)y.

For any string gi ∈ G, if d(gi, si1 |Qi1,i2,...,it) ≥ (r − 1)y, then the selected y
positions in Qi1,i2,...,it will cause error by at most

1
r−1dg. In fact, let s

′
i1
be the string

obtained from si1 by changing y positions in Qi1,i2,...,it . Then d(gi, s
′
i1
|Qi1,i2,...,it) ≥

(r − 2)y. Recalling the assumption that dg < (r − 1)y, we get for any gi ∈ G,

d(gi, s
′
i1) ≥ d(gi, s′i1 |Qi1,i2,...,it) ≥

r − 2
r − 1dg =

(
1− 1

r − 1
)
dg.

Therefore, we have to consider only the strings gi ∈ G with the restriction that
d(gi, si1 |Qi1,i2,...,it) < (r− 1)y. (This condition can be verified in polynomial time for
each g ∈ G.) In summary, without loss of generality, we have the following.

Assumption 1. For every string gi ∈ G, d(gi, si1 |Qi1,i2,...,it) < (r − 1)y and
dg ≤ (r − 1)y.

In the remaining part of the section, several different methods will be used to
carefully select y positions in Qi1,i2,...,it , each dealing with one of the three cases. Let
L′ = |Qi1,i2,...,it |. The complete algorithm is given in Figure 1.

In addition to the constant integer r, we need to introduce another positive num-
ber δ0 > 0. We should first choose r to be sufficiently large but remain a constant.
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Algorithm gdistString
Input B = {s1, s2, . . . , sn1

} and G = {g1, g2, . . . , gn2
}.

Output a center string s of length L.
1. if Case 1 holds, then use the method in section 2 to solve the problem.
2. for each 2r-element subset {si1 , si2 , . . ., si2r} of the n1 input strings in

B do
(a) Q = {1 ≤ j ≤ L | si1 [j] = si2 [j] = · · · = sit [j]}, P = {1, 2, . . . , L} −Q.
(b) For the positions in Qi1,i2,...,it , use the methods described in Cases 2

and 3 to obtain a string of length |Qi1,i2,...,it |. Notice that the algorithm
described in Case 1 produces directly a string s′ of length L which is a
PTAS.

(c) Solve the optimization problem at the positions in |P | using either an
LP formulation (randomized rounding approach) (when |P | ≥ O(log n))
or an exhaustive search method (when |P | ≤ O(log n)) to get an ap-
proximate solution x of length |P |.

3. Output the best solution obtained above.

Fig. 1. Algorithm for DSP.

Then we should choose δ0 to be sufficiently small to achieve the required bound (1+ε)
(and (1 − ε)) for PTAS. Notice that, since δ0 is chosen after r is fixed, it may be a
function of r. However, since r is a constant, we can make δ0 sufficiently small (as a
function of r) and at the same time δ0 remains a constant. Therefore, in some of the
asymptotic notation (Ω and big-O) used in this section, the constant may be a func-
tion of r. However, since we should set the value of r to a sufficiently large constant
first, both r and δ0 are constant when we later set the value of δ0 > 0 sufficiently
small.

Case 1. L′ ≤ (r − 1)2y and y ≥ (4log(n1 + n2))/δ0
2. In this case, it follows that

db ≥ y ≥ (8log(n1+n2))/δ0
2. Moreover, we should prove that db ≥ cbL and dg ≥ cgL,

where cb = cg = min{ 1
4r ,

1
2(r−1)2 }.

Because L′ ≥ y and L′ ≤ (r − 1)2y, it follows that y = eL′ for some e : 1
(r−1)2 ≤

e ≤ 1. Since db ≥ y and db ≤ dg ≤ (r − 1)y (from Assumption 1), we have db = xy
for 1 ≤ x ≤ r − 1. Thus, db = xy = xeL′ and 1

(r−1)2 ≤ xe ≤ r − 1. Note that
L = L′ + |P | and |P | ≤ tdb by Claim 4. We consider two subcases. (a) |P | ≤ 0.5L.
Then L′ ≥ 0.5L. Thus db = xeL′ ≥ 0.5xeL. Since db ≤ L, we have db = c′L for
some c′ : 1

2(r−1)2 ≤ c′ ≤ 0.5(r − 1). (b) |P | > 0.5L. Then by Claim 4, db ≥ |P |/t ≥
0.5L/t ≥ L/4r. Recall that we also assume that dg ≥ db in the problem setting. It
follows that dg ≥ db > cgL.

Since db ≥ cbL and dg ≥ cgL, we can directly use the method described in
section 2.

Case 2. L′ > (r − 1)2y and y ≥ (4log(n1 + n2))/δ0
2. By Assumption 1,

d(gi, si1 |Qi1,i2,...,it) < (r − 1)y. Thus, for any gi ∈ G, si1 and gi agree at most of
the positions (at least (r−1)(r−2) out of (r−1)2 positions) in Qi1,i2,...,it . Intuitively,
if we randomly select y positions in Qi1,i2,...,it and change them into any different
letters from si1 to get yi1 , then yi1 and gi should differ at most of the y positions.
Therefore, we can apply the following simple randomized algorithm:

1. Arbitrarily divide the L′ positions into y sets of positions Y1, Y2, . . . , Yy such

that |Y1| = |Y2| = · · · = |Yy−1| = �L′
y �.
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2. For each Yi, independently randomly select a position in Yi.
3. Let Y = {j1, j2, . . . , jy} be the y selected positions in step 2, and yi1 be a
string of length |Qi1,i2,...,it | obtained from si1 by changing the letters at these
positions in Y (to any different letters) such that d(yi1 , si1 |Qi1,i2,...,it) = y.

This algorithm gives us the needed solution for Case 2. We have the following
proposition.

Proposition 10. The randomized algorithm for Case 2 produces a center string
yi1 of length |Qi1,i2,...,it | with high probability such that

(i) for any si ∈ B, d(yi1 , si|Qi1,i2,...,it) + d(s, si|Pi1,i2,...,it) ≤ r+1
r−1db, and

(ii) for any gj ∈ G, d(yi1 , gj |Qi1,i2,...,it) + d(s, gj |Pi1,i2,...,it) ≥ (1− 2
r−1 − 2δ0)dg,

where s is a feasible (optimal) distinguishing string.
Proof. (i) arises directly from Lemma 9.

Now, we show that (ii) is true for the case where �L′
y � = L′

y . (The general case is

left to interested readers.) Consider a string g ∈ G. Let Zi be the set of positions j
in Yi with si1 [j] = g[j]. Let Xi be a 0/1 random variable. Xi = 1 indicates that ji is

in Zi. The probability that Xi = 1 is
|Zi|
|Yi| . Then we get

µ = E

[
y∑

i=1

Xi

]
=

y∑
i=1

|Zi|
|Yi| =

y

L′

y∑
i=1

|Zi| ≥ y(L′ − (r − 1)y)
L′ .

The last inequality is by the fact from Assumption 1 that d(g, si1 |Qi1,i2,...,it) < (r−1)y.
Since L′ > (r − 1)2y, µ ≥ y(r−2)

r−1 . By Lemma 1,

Pr

(
y∑

i=1

Xi < µ− δ0y
)
< exp

(
−1
2
δ20y

)
≤ n−2

2 .

The last inequality is from the fact that y ≥ 4 log(n1 + n2)/δ
2
0 .

Let yi1 be the string obtained from si1 by changing the letters at y positions using
the randomized algorithm. Then for the string g ∈ G,

d(yi1 , g|Qi1,i2,...,it) +

(
y −

y∑
i=1

Xi

)
− d(si1 , g|Qi1,i2,...,it) ≥

y∑
i=1

Xi.

The above inequality is due to the facts that (1) si1 and yi1 differ at the y selected
positions, (2) yi1 and g differ at every position i with Xi = 1, and (3) yi1 and g may
agree at the rest of the y −∑y

i=1Xi positions. Thus, we have

d(yi1 , g|Qi1,i2,...,it)− d(si1 , gl|Qi1,i2,...,it) + y

2
≥

y∑
i=1

Xi.

Therefore, we get

Pr

(
d(yi1 , g|Qi1,i2,...,it)− d(si1 , g|Qi1,i2,...,it) + y

2
< µ− δ0y

)

≤ Pr

(
y∑

i=1

Xi < µ− δ0y
)
< exp

(
−1
2
yδ20

)
≤ n−2

2 .

Substituting µ ≥ y(r−2)
r−1 into the above inequality, and after some calculation, we have

Pr

(
d(yi1 , g|Qi1,i2,...,it)− d(si1 , g|Qi1,i2,...,it) ≤

y(r − 3)
r − 1 − 2δ0y

)
≤ n−2

2 .
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From Lemma 9, d(si, g|Qi1,i2,...,it) ≥ d(s, g||Qi1,i2,...,it)− y, so we get

Pr

(
d(s, g|Qi1,i2,...,it)− d(yi1 , g|Qi1,i2,...,it) > 2δ0y +

2y

r − 1
)

≤ n−2
2 .

Considering all good strings, we get

Pr

(
d(s, g|Qi1,i2,...,it)− d(yi1 , g|Qi1,i2,...,it) > 2δ0y +

2y

r − 1 for any g ∈ G
)

≤ n−1
2 .

Therefore, with high probability we get that

d(yi1 , g|Qi1,i2,...,it) ≥ d(s, g|Qi1,i2,...,it)−
(

2

r − 1 + 2δ0
)
dg,

that is,

d(yi1 , g|Qi1,i2,...,it) + d(s, g|Pi1,i2,...,it)

≥ d(s, gl)−
(

2
r−1 + 2δ0

)
dg ≥ dg −

(
2

r−1 + 2δ0

)
dg =

(
1− 2

r−1 − 2δ0
)
dg.

Now, we give a derandomized algorithm for Case 2.
Lemma 11. There is a deterministic algorithm that runs in time equal to

O(d2b(n1+n2)
log(2(r−1)2e)8/δ2

0 ) and finds a string yi1 from si1 such that for any g ∈ G,

d(yi1 , g|Qi1,i2,...,i2r )− d(si1 , g|Qi1,i2,...,i2r ) ≥
r − 3
r − 1y − 2δ0y.

Proof. Proposition 10 holds when L′ = (r − 1)2y, since in that case µ = y(r−2)
r−1 .

Therefore, if L′ > (r − 1)2y, we can arbitrarily select a subset Q ⊂ Qi1,i2,...,it of size
(r − 1)2y and try to select y positions in Q.

Next, if y is big enough, i.e., y = (4log(n1 + n2))/δ0
2, then Proposition 10 holds.

That is, a good approximation solution, i.e., a set of y positions, exists in Q. We can
try all possible ways to choose y positions in Q. The time required is Cy

(r−1)2y. Note

that

Cy
m =

m(m− 1) · · · (m− y + 1)
y!

≤ my

y!
≤
(
m

y

)y

ey.

We have

Cy
(r−1)2y ≤ ((r − 1)2)yey = (n1 + n2)

log((r−1)2e)4/δ2
0 .

Thus, the time required is at most O((n1 + n2)
log((r−1)2e)4/δ2

0 ) if y = (4log(n1 +
n2))/δ0

2.
When y > (4log(n1 + n2))/δ0

2, we cannot directly choose y positions from Q
since the time complexity is higher. Let y = x × (4log(n1 + n2))/δ0

2 + z, where
x ≥ 1 is an integer and z < (4log(n1 + n2))/δ0

2. We divide Q into x disjoint
subsets Q1, Q2, . . . , Qx such that |Qi| = (r − 1)y/x for i = 1, 2, . . . , x − 1 and
Qx = Q−Q1 −Q2 −· · ·−Qx−1. Proposition 10 ensures that each Qi contains a good
approximation solution, i.e., a set of (4log(n1 + n2))/δ0

2 positions, such that y1 and

g differ at most of the positions (at least (r−2)
r−1 %). Thus, we can try all possible ways

to choose the right (4log(n1 + n2))/δ0
2 positions from each Qi. (We have to choose
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(4log(n1 + n2))/δ0
2 + z positions from Qx.) Therefore, the time required for each Qi

is O((n1 + n2)
log(2(r−1)2e)8/δ2

0 ). Since there are at most y Qi’s and we have to try

different values of y, the total time required is O(d2b(n1 + n2)
log(2(r−1)2e)8/δ2

0 ).
Case 3. y < (4log(n1+n2))/δ0

2. For any q good strings gj1 , gj2 , . . . , gjq , we define

Rj1,j2,...,jq = {j ∈ Qi1,i2,...,it | si1 [j] �= gjl [j] for at least one l ∈ {1, 2, . . . , q}}

and

R̄j1,j2,...,jq = Qi1,i2,...,it −Rj1,j2,...,jq .

From the definition of Rj1,j2,...,jq and R̄j1,j2,...,jq , we have that for any integers p, q
(p < q),

Rj1,j2,...,jp ⊆ Rj1,j2,...,jq , R̄j1,j2,...,jq ⊆ R̄j1,j2,...,jp .

Let y1 = d(si1 , s|Rj1,j2,...,jr ) and y2 = d(si1 , s|R̄j1,j2,...,jr ). Then y1 + y2 ≤ y.
The following lemma is important in dealing with Case 3.
Lemma 12. There exist r indices 1 ≤ j1, j2, . . . , jr ≤ n2 such that for any g ∈ G,

|{j ∈ R̄j1,j2,...,jr | si1 [j] �= g[j] and si1 [j] �= s[j]}| ≤
y

r
.

Proof. Take gj1 ∈ G, and let

Uj1 = {j ∈ Qi1,i2,...,it | si1 [j] �= s[j] and si1 [j] �= gj1 [j]}

such that |Uj1 | is as large as possible. Clearly, Uj1 ⊆ Rj1 .
If |Uj1 | ≤ y

r , let j2, . . . , jr be any other indices and g ∈ G be any good string; it
follows that

|{j ∈ R̄j1,j2,...,jr | si1 [j] �= s[j] and si1 [j] �= g[j]}|
≤ |{j ∈ Qj1,j2,...,jt | si1 [j] �= s[j] and si1 [j] �= gj1 [j]}|
= |Uj1 | ≤ y

r .

Thus we may assume that |Uj1 | > y
r . Take gj2 ∈ G, and let

Uj1,j2 = {j ∈ Qi1,i2,...,it − Uj1 | si1 [j] �= s[j] and si1 [j] �= gj2 [j]}

such that |Uj1,j2 | is as large as possible. Clearly, Uj1,j2 ⊆ Rj1,j2 .
If |Uj1,j2 | ≤ y

r , let j3, . . . , jr be any other indices and g ∈ G be any good string; it
follows that

|{j ∈ R̄j1,j2,...,jr | si1 [j] �= s[j] and si1 [j] �= g[j]}|
= |{j ∈ Q11,i2,...,it −Rj1,j2,...,jr | si1 [j] �= s[j] and si1 [j] �= g[j]}|
≤ |{j ∈ Q11,i2,...,it − Uj1 | si1 [j] �= s[j] and si1 [j] �= gj2 [j]}|
= |Uj1,j2 | ≤ y

r .

The inequality comes from the fact Uj1 ⊆ Rj1 ⊆ Rj1,j2,...,jr and the choice of gj2 . So
we have to consider only |Uj1,j2 | > y

r since otherwise we are done.
In general, we can get a list of sets of positions

Uj1 , Uj1,j2 , . . . , Uj1,j2,...,jq ,
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where Uj1,j2,...,jq = {j ∈ Q11,i2,...,it − Uj1,j2,...,jq−1
| si1 [j] �= s[j] and si1 [j] �= gjq [j]}

and |Uj1,j2,...,jq | is as large as possible such that
• Uj1,j2,...,js ∩ Uj1,j2,...,jt = ∅, 1 ≤ s �= t ≤ q,
• |Uj1,j2,...,jp | > y

r , p = 1, . . . , q,• q is as large as possible.
Note that Uj1 ∪ Uj1,j2 ∪ · · · ∪ Uj1,j2,...,jq ⊆ {j ∈ Qi1,i2,...,it | si1 [j] �= s[j] and

si1 [j] �= gjl [j] for at least one l ∈ {1, 2, . . . , q}} ⊆ {j ∈ Qi1,i2,...,it | si1 [j] �= s[j]}.
Therefore, we get

qy

r
< |Uj1 ∪ Uj1,j2 ∪ · · · ∪ Uj1,j2,...,jq | ≤ |{j ∈ Qi1,i2,...,it | si1 [j] �= s[j]}| ≤ y,

and thus q < r.
Finally, take gjq+1 ∈ G, and let
Uj1,j2,...,jq+1

= {j ∈ Qi1,i2,...,it − Uj1,j2,...,jq | si1 [j] �= s[j] and si1 [j] �= gjq+1 [j]}
such that |Uj1,j2,...,jq+1

| is as large as possible. Clearly, Uj1,j2,...,jq+1
⊆ Rj1,j2,...,jq+1 .

By the maximality of q, |Uj1,j2,...,jq+1 | ≤ y
r , let jq+2, . . . , jr be any other indices

and g ∈ G be any good string; it follows that
|{j ∈ R̄j1,j2,...,jr | si1 [j] �= s[j] and si1 [j] �= g[j]}|

= |{j ∈ Qi1,i2,...,it −Rj1,j2,...,jr | si1 [j] �= s[j] and si1 [j] �= g[j]}|
≤ |{j ∈ Qi1,i2,...,it − Uj1,j2,...,jq | si1 [j] �= s[j] and si1 [j] �= gjq+1 [j]}|
= |Uj1,j2,...,jq+1

| ≤ y
r .

Lemma 12 is now proved.
Now, we consider the two parts Rj1,j2,...,jr and R̄j1,j2,...,jr , respectively.
Assumption 1 and the definition of Rj1,j2,...,jr ensure that

|Rj1,j2,...,jr | = |{j ∈ Q11,i2,...,it | si1 [j] �= gjl [j] for at least one l ∈ {1, 2, . . . , r}}|
≤ ∑r

l=1 |{j ∈ Q11,i2,...,it | si1 [j] �= gjl [j]}|
=

∑r
l=1 d(si1 , gjl |Q11,i2,...,it) ≤ r(r − 1)y < r2y.

Keep in mind that we are dealing with the case y ≤ (4log(n1 + n2))/δ0
2. Thus, we

have |Rj1,j2,...,jr | ≤ (4log(n1 + n2))/δ0
2. We can try all possible ways to achieve the

optimal distinguishing string s at the positions in Rj1,j2,...,jr . The time required is

y∑
y1=0

Cy1

r2y ≤ 2r2y ≤ O((n1 + n2)
4r2/δ2

0 ).

Thus we can assume that we know the optimal distinguishing string s at the positions
in Rj1,j2,...,jr .

Now, let us focus on the positions in R̄j1,j2,...,jr . For any g ∈ G, define Set(g, si1)
be the set of positions in R̄j1,j2,...,jr , where g and si1 do not agree. From Lemma 12,
we know that there exists a set of y2 positionsKy2 = {kj ∈ R̄j1,j2,...,jr | si1 [kj ] �= s[kj ]}
such that for any g ∈ G, |Ky2

∩ Set(g, si1)| ≤ y
r . Though we do not know the exact

value of y2, again we can guess it in O(y) time. Thus, we can assume that y2 is known.
Let si1(Ky2) be the string obtained from si1 by changing the letters at the po-

sitions in Ky2 to any different letters. From Lemma 12, we can see that for any
g ∈ G,

d(g, si1(Ky2
)|R̄j1,j2,...,jr ) ≥ d(g, s|R̄j1,j2,...,jr )−

1

r
y.(14)
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Now, the only remaining task is to select y2 positions in R̄j1,j2,...,jr to approximate
the set Ky2 . Recall that |{j ∈ R̄j1,j2,...,jr | si1 [j] �= s[j]}| = y2. From this we have
that for every good string g ∈ G,

d(g, si1 |R̄j1,j2,...,jr )− d(g, s|R̄j1,j2,...,jr ) ≥ −y2.(15)

Next we are going to show that we can find a set K ′
y2
of y2 positions in R̄j1,j2,...,jr

in polynomial time such that for any g ∈ G, |K ′
y2

∩ Set(g, si1)| ≤ y
r . If this is true,

by changing the letters of si1 on the positions in K
′
y2
, the distance between si1(K

′
y2
)

and g has to increase at least y2 − y
r . To do this, let m ≤ |R̄j1,j2,...,jr | be an integer

and R̄j1,j2,...,jr (m) ⊆ R̄j1,j2,...,jr be any subset of R̄j1,j2,...,jr with m elements.
The following two lemmas are the keys to solving the problem.
Lemma 13. If m ≥ 2r

2 × y × (n + 1) r
y + y

r , then there exists a set K ′
y2

⊆
R̄j1,j2,...,jr (m) of y2 positions such that for any g ∈ G,

|K ′
y2

∩ Set(g, si1)| ≤
y

r
.

Proof. Consider a string g in G. Let K ′′
y2

⊆ R̄j1,j2,...,jr (m) denote a set of y2
positions. By Assumption 1, that d(si1 , g|Qi1,i2,...,it) < ry, for any fixed g ∈ G, the
number of different K ′′

y2
’s such that

|K ′′
y2

∩ Set(g, si1)| ≥
y

r

is at most

C
y2− y

r
m−ryC

y
r
ry + C

y2− y
r −1

m−ry C
y
r +1
ry + · · ·+ 1 ≤ Cy2− y

r
m−ry(C

y
r
ry + C

y
r +1
ry + · · ·+ 1)

≤ Cy2− y
r

m−ry2
ry.(16)

There are at most n2 ≤ n2 + n1 = n strings in G. Thus, if there is no K ′′
y2

⊆
R̄j1,j2,...,jr (m) such that

|K ′′
y2

∩ Set(g, si1)| ≤
y

r
,

then

n2 ≥ Cy2
m

2ryC
y2− y

r
m−ry

=
m(m− 1) · · · (m− y2 + 1)(y2 − y

r )!

y2!(m− ry)(m− ry − 1) · · · (m− ry − y2 + y
r + 1)2

ry

≥ m(m− 1) · · · (m− y
r + 1)

y2(y2 − 1) · · · (y2 − y
r + 1)2

ry

≥ (m− y
r + 1)

y
r

y
y
r · 2ry >

(m− y
r )

y
r

y
y
r 2ry

=
(m− y

r )
y
r

y
y
r (2r2)

y
r

=

(
m− y

r

2r2y

) y
r

≥ n+ 1.

The last inequality is from the fact that m ≥ 2r
2 × y × (n + 1) r

y + y
r . This is a

contradiction. Thus, we can conclude that the lemma holds.
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Lemma 13 says that a good solution exists at the positions in R̄j1,j2,...,jr (m) if

m = 2r
2 × y × (n + 1) r

y + y
r . On the other hand, the following lemma shows that

m = 2r
2 × y× (n+1) r

y + y
r is not too big so that we can find such a good solution in

polynomial time by looking at all Cy2
m possible choices.

Lemma 14. If m = 2r
2 × y× (n+1) r

y + y
r and y ≤ (4log(n1+n2))/δ0

2, then Cy
m

is O((n1 + n2)
(4r2+4+4 log e)/δ2

0+r.
Proof.

Cy
m =

m(m− 1) · · · (m− y + 1)
y!

≤ my

y!

≤
(
m

y

)y

ey ≤
(
2(m− y

r )

y

)y

ey(17)

=

(
2(m− y

r )

2r2y

)y

(2r
2

)yey = 2y(n+ 1)r(2r
2

)yey.(18)

Since y ≤ (4log(n1 + n2))/δ0
2, from (18), Cy

m is O((n1 + n2)
(4r2+4+4 log e)/δ2

0+r.
Lemma 15. For Case 3, the time required to select y positions in Qi1,i2,...,i+2r is

O(rLd2b(n1 + n2)
(4r2+4+4 log e)/δ2

0+2r).
Proof. The time to deal with Rj1,j2,...,jr is smaller than that of R̄j1,j2,...,jr . It

requires O((n1 + n2)
(4r2+4+4 log e)/δ2

0+r) time to deal with an R̄j1,j2,...,jr . Obtain-
ing an R̄j1,j2,...,jr needs O(n

r
2Lr) time. We also have to guess y and y2 (thus y1)

in d2b time. Thus, the total time required to select y positions in Qi1,i2,...,i+2r is

O(rLd2b(n1 + n2)
(4r2+4+4 log e)/δ2

0+2r).
Theorem 16. There is a PTAS for the DSP. The PTAS runs in O(L ×

|Σ|O(log(n1+n2)(r−1)6)) time and finds a distinguishing string s such that for every
si ∈ B, d(si, s) ≤ (1 + 1

r−1 )db, and for every gi ∈ G, d(gi, s) ≥ (1 − 1
r−1 )dg if a

solution to the original pair (db ≤ dg) exists.
Proof. According to Theorem 3, step 1 in Algorithm gdistString (Figure 1) re-

quires O(L × |Σ|4 log(n1+n2)/δ
2

) time, where δ = εmin{ 1
4r ,

1
2(r−1)2 }, and the perfor-

mance ratios are (1 + ε) and (1− ε) for bad strings and good strings, respectively.
Consider step 2 of Algorithm gdistString. We discuss Cases 2 and 3 separately.
Case 2. Lemma 11 shows that for a fixed Qi1,i2,...,i2r we can find a string yi1 from

si1 such that for each g ∈ G we have

d(yi1 , g|Qi1,i2,...,i2r )− d(si1 , g|Qi1,i2,...,i2r ) ≥
r − 3
r − 1y − 2δ0y

in O(d2b(n1 + n2)
log((r−1)2e)8/δ2

0 ) time.
For the positions in Pi1,i2,...,i2r , we can use the LP approach to solve the following

inequalities:


∑
a∈Σ xk,a = 1, k = 1, 2, . . . , |Pi1,i2,...,i2r |,∑
k∈Pi1,i2,...,i2r

∑
a∈Σ χ(s, i, k, a)xk,a ≤ r+1

r−1db − d(si1 , si|Qi1,i2,...,i2r )− y,
i = 1, 2, . . . , n1,∑

k∈Pi1,i2,...,i2r

∑
a∈Σ χ(g, j, k, a)xk,a ≥ dg − d(si1 , gj |Qi1,i2,...,i2r )− y,

j = 1, 2, . . . , n2,
xk,a ∈ {0, 1}, a ∈ Σ, k ∈ Pi1,i2,...,i2r .

(19)

Since |Pi1,i2,...,i2r | ≤ 2rdb, from Theorem 3, the run time required is O(2rd
2
b ×

|Σ|4 log(n1+n2)×/δ2

) for δ = ε/(2r) since we have to guess the value of y. Since we
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have to try all Qi1,i2,...,i2r ’s and the values of db and dg, the total time required

is O(L4n2r
1 [(n1 + n2)

log((r−1)2e)8/δ2
0 + r × |Σ|4 log(n1+n2)×/δ2

]). The total errors are
(1 + ε+ 2

r−1 )db and (1− ε− 2
r − 2δ0)dg.

Case 3. Lemmas 13 and 15 show that we can find a string yi1 in O(rLy
2(n1 +

n2)
(4r2+4+4 log e)/δ2

0+2r) time such that for any g ∈ G we have d(yi1 , g|Qi1,i2,...,i2r ) ≥
d(s, g|Qi1,i2,...,i2r )− 2

r .
For positions in Pi1,i2,...,i2r , we do the same thing as in Case 2. The time re-

quired is O(rd2b × |Σ|4 log(n1+n2)×/δ2

) for δ = ε/(2r). Thus, the total time required

is O(rd4n2r
1 [L(n1 + n2)

(4r2+4+4 log e)/δ2
0+2r + |Σ|4 log(n1+n2)×/δ2

]). The total errors are
(1 + ε+ 2

r−1 )db and (1− ε− 2
r )dg in this case.

Case 1 dominates the time complexity when the errors are small. For example, if
e = 1

r−1 , then the algorithm finds a distinguishing string s such that for every si ∈ B,
d(si, s) ≤ (1 + 1

r−1 )db; for every gi ∈ G, d(gi, s) ≥ (1− 1
r−1 )dg; and the running time

is O(L× |Σ|O(log(n1+n2)(r−1)6)).

5. The DSSP. In this section, we present the algorithm for the DSSP. The
idea is to combine the sampling technique in [9] with the algorithm for the DSP. The
difficulty here is that for each si ∈ B, we do not know the substring ti of si. The
sampling approach in [9] is as follows: For any fixed r > 0, by trying all the choices of
r substrings of length L from B, we can assume that ti1 , ti2 , . . . , tir are the r substrings
of length L that satisfy Lemma 13 by replacing sl with tl and sij with tij . Let Q be the
set of positions at which ti1 , ti2 , . . . , tir agree and P = {1, 2, . . . , L}−Q. By Lemma 13,
ti1 |Q is a good approximation to s|Q. However, we do not know the letters at positions
in P . Thus, we randomly pick O(log(mn)) positions from P , where m is the length of
bad strings. Suppose that the multiset of these random positions is R. By trying all
length-|R| strings, we can assume that we know s|R. Then for each 1 ≤ i ≤ n1 we find

the substring t′i from si such that f(t
′
i) = d(s, t

′
i|R)× |P |

|R| + d(ti1 , t
′
i|Q) is minimized.

Let s be the optimal distinguishing string. Then ti denotes the substring of si that
is closest to s. Let s∗ be a string such that s∗|P = s|P and s∗|Q = ti1 |Q. Then
[9] shows the following.

Fact 1. With probability 1− ((nm)−2 + (nm)−
4
3 ), d(s∗, t′i) ≤ d(s∗, ti) + 2ε|P | for

all 1 ≤ i ≤ n.
After obtaining a t′i of si for every si ∈ B, we have the DSP, which can be solved

by using the algorithms developed in section 3.
Theorem 17. There is a polynomial time approximation scheme that takes ε > 0

as part of the input and computes a center string s of length L such that for every
si ∈ B there is a length-L substring ti of si with d(si, s) ≤ (1 + ε)db, and for every
gi ∈ G, d(gi, s) ≥ (1− ε)dg if a solution exists.

Proof. Let s′ be the solution obtained by our algorithm. Lemma 9 and Fact 1
ensure that for each si ∈ B, s(t′i, s′) ≤ r

r−1db + ε
′|P |, where 1

r−1db is the error at the
positions in Q and ε′|P | (ε′ = 2ε+ε′′) is the total error at the positions in P produced
by both the random sampling method and the algorithm for the DSP. Lemma 9,
together with sections 3 and 4, ensures that for each g ∈ G, d(g, s′) ≥ (1− ε)dg, where
ε is the error rate introduced by the algorithm for the DSP.

The randomized algorithm can be derandomized by the standard methods; [7]
gives a short and clear explanation.

6. Discussion and remarks. Our work concludes the search for provably good
algorithms for the DSSP by presenting a PTAS. Some techniques have been developed
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here dealing with values of parameters smaller than log(n) but larger than O(1). They
may have other applications to similar problems.
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