SIAM J. COMPUT. (© 2003 Society for Industrial and Applied Mathematics
Vol. 32, No. 4, pp. 1073-1090

GENETIC DESIGN OF DRUGS WITHOUT SIDE-EFFECTS*
XIAOTIE DENG', GUOJUN LI¥, ZIMAO LI§, BIN MAY, AND LUSHENG WANGT

Abstract. Consider two sets of strings, B (bad genes) and G (good genes), as well as two integers
dp and dg (dp < dg). A frequently occurring problem in computational biology (and other fields) is
to find a (distinguishing) substring s of length L that distinguishes the bad strings from good strings,
i.e., such that for each string s; € B there exists a length-L substring ¢; of s; with d(s, ;) < dp (close
to bad strings), and for every substring u; of length L of every string g; € G, d(s,u;) > dg (far from
good strings).

We present a polynomial time approximation scheme to settle the problem; i.e., for any constant
€ > 0, the algorithm finds a string s of length L such that for every s; € B there is a length-L
substring ¢; of s; with d(t;,s) < (1 + €)dp, and for every substring w; of length L of every g; € G,
d(ug,s) > (1 — €)dy if a solution to the original pair (d, < dg) exists. Since there is a polynomial
number of such pairs (dp, dg), we can exhaust all the possibilities in polynomial time to find a good
approximation required by the corresponding application problems.
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1. Introduction. Research effort in molecular biology, such as the human ge-
nome project, has been revealing the secret of our genetic composition, the long DNA
sequences that can determine many aspects of life. Applications that use this informa-
tion have posed new challenges to the design and analysis of efficient computational
methods.

A frequently recurring problem in biological applications is to find one substring
of length L that appears (with a few substitutions) at least once in each of a set of
bad strings (such as bacterial sequences) and is not “close” to any substring of length
L in each of another set of good strings (such as human and livestock sequences). The
problem has various applications in molecular biology such as the design of universal
PCR primers, identification of genetic drug targets, and design of genetic probes
[8, 2, 12, 5]. In particular, the genetic drug target identification problem searches for
a sequence of genes that is close to bad genes (the target) but far from all good genes
(to avoid side-effects). Our study develops a polynomial time approximation scheme
in both measures simultaneously.
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1.1. The mathematical model. The distinguishing substring selection prob-
lem has as input two sets of strings, B and G. It is required to find a substring of
unspecified length (denoted by L) that is, informally, close to a substring of every
string in B and far away from every length-L substring of strings in G. Since G can
be reconstructed to contain all substrings of length L in each of all the good strings,
we can assume that every string in G has the same length L.

Therefore, here we formally define the problem as follows: Given a set B =
{51, 82,...,8n, } of ny (bad) strings of length at least L, a set G = {g1,92,--,9n, }
of ny (good) strings of length exactly L, and two integers dy, and dy (dp < dg), the
distinguishing substring selection problem (DSSP) is to find a string s such that for
each string s; € B there exists a length-L substring ¢; of s; with d(s,t;) < dp, and for
any string g; € G, d(s, g;) > d4. Here d(,) represents the Hamming distance between
two strings. If all strings in B are also of the same length L, the problem is called the
distinguishing string problem (DSP).

1.2. Previous results. The best previous known approximation ratio for DSSP
(and DSP) is 2 [5]. In another direction, many simplified versions were proposed to
make the task easier in terms of computation/approximation, conceding more general
applicability.

The problem is NP-hard, even when only one objective is to be met [1, 5]. To
approximate the center string that is far away from each of the good strings is not
difficult and is shown to have a polynomial time approximation scheme by Lanctot
et al. [5]. The problem of finding a center string s that is close to all the bad strings
is nontrivial, and it has taken intensive investigation by several research groups [5, 3]
to finally develop a polynomial time approximation scheme [6].

There are also several modifications and variations on this initial strategy, e.g.,
the d-characteristic string [4], the far from most string [5], and the formulation of
Ben-Dor et al. [1].

The DSSP problem that contains two objective functions has remained elusive
despite the above-mentioned intensive research effort. To meet the requirements of
many application problems, however, we would need to have a solution for DSSP.

1.3. Our contribution. In this paper, we settle this difficult problem by pre-
senting a polynomial time approximation scheme in both requirements. If a solution
to the original problem exists, for any constant € > 0, our algorithm computes a string
s of length L such that for every s; € S there is a length-L substring ¢; of s; with
d(ti,s) < (1+€)dp, and for every g; € G, d(gi,s) > (1 — €)dy. Here d, and d, are two
important parameters supplied by users to specify the distances from the distinguish-
ing string s to the set of bad strings and the set of good strings. Our algorithm gives
a solution that approximately meets the requirements, i.e., (1 + €)dp and (1 — €)d,, if
a solution to the original requirements, i.e., d; and dg, exists.

1.4. Sketch of our approach. Design and analysis of good algorithms for ap-
proximating multiple objective functions are not simple in general (see [11] for a
general approach and related works).

The standard techniques for related center string problems follow a linear program
approach combined with randomized rounding. That works for DSP and DSSP when
the parameters are sufficiently large. The main difficulty for our problem lies in the
case when objective function value is relatively small but still too large for enumeration
methods to work.

To overcome this difficulty, we sample a constant number of strings and find the
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positions at which the samples have the same letters (bases). We denote this set of
positions by @ and the set of the rest by P. Our breakthrough starts with a key
lemma that states that there is a set of samples for which there are y positions in
such that, when we choose the y positions in ) carefully, choose the letters of the rest
of |@Q| —y positions to be the same as the samples, and choose letters at positions in P
by the linear program approach, then we can obtain the right approximate solution.

An interesting case is when y < O(log(n)), i.e., y is small, but not small enough for
a brute-force enumeration method to go through directly. A new method is designed
to handle this case. Since similar situations occur in many combinatorial optimization
problems, we expect that this idea may have wider application.

1.5. Organization of the paper. We focus on the polynomial time approx-
imation scheme for DSP in sections 2 through 4. Section 2 introduces the related
notation and the standard integer programming formulation, which works well when
both d, and d, are large, i.e., at least Q(L). Section 3 gives the key lemma. We
discuss the methods for finding a good approximation of the set of y positions in
in section 4.

In section 5, we show that the established algorithm for DSP can be extended
to work for the general case, the DSSP. We conclude our work in section 6 with
discussion and remarks.

2. Preliminaries. We consider two sets of strings: G (good strings) and B (bad
strings). We call d, the upper radius for bad strings (B) and d, the lower radius for
good strings (G). Let n = ny 4+ ny be the total number of good and bad strings in
GuB.

For the DSP, every good or bad string is of the same length L. The distance
d(z,y) of two strings = and y is their Hamming distance, i.e., the number of positions
at which they differ from each other. We are to find the string « of length L such that

(1) {d(sl,x)db, s; € B, i=1,...,nq,

d(QJaCU)ng, gj€g7 J:1,77’L2

In this section, we present an approximation algorithm that works well for a spe-
cial case of the DSP. The restriction is that L, dp, and d4 are large; more specifically,
L > (4log(n1 + n2))/€e?, dg = Q(L), and d;, = Q(L), where € is the parameter control-
ling the performance ratio and n; and ny are the numbers of bad and good strings,
respectively.

This is achieved via a standard method using integer linear programming. Define
x(s,i,k,a) = 0 if s;[k] = a, and x(s,i,k,a) = 1 if s;[k] # a. Similarly, define
x(9,J,k,a) = 0 if g;[k] = a, and x(g,j, k,a) = 1 if g;[k] # a. The problem becomes
the following integer linear programming (LP) problem:

Yeen Tha =1, k=1,2,..., L,

(2) 21<ks<r 2uaen X(5,6, K, a) T S dy, 1 =1,2,0
Z1gkgL Zaez x(g, 5, k,a)xp e >dg, §=1,2,...,n9,
Tka €{0,1}, a€X, k=1,2,...,L.

Let Zj, be a solution for LP relaxation of (2). For each 0 < k < L, with
probability Zy o, we set zx, = 1 and set zy,, = 0 for any a’ # a. We choose the
random variables independently for different k. This results in an integer solution for
(2) (and hence a solution for (1)) if dj is replaced by (1 + €)d, and dg by (1 — €)dg,
as shown in Theorem 2. Standard derandomization methods [10] transfer it to a
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deterministic algorithm in Theorem 3. The following lemma is useful for the proof of
Theorem 2.

LEMMA 1. Let X1, Xo,..., X, be n independent random 0-1 variables, where X;
takes 1 with probability p;, 0 < p; < 1. Let X = > | X; and p = E[X]. Then for
any 0 <6 <1, Pr(X > p+én) < exp(—iné?), and Pr(X < p—bn) < exp(—3nd?).

THEOREM 2. Let § > 0 be any constant. Suppose that L > (4log(ny + na))/82,
dg > cgL, and dy > cpyL. There is a randomized algorithm that finds a solution,
i.e., a string x of length L, with high probability such that for each string s; in B,
d(si,x) < (14 6/cp)dp, and for any string g; in G, d(gj,x) > (1 —6/cq)d,.

Proof. We can see that »_ s x(s,4,k,a) 1,4 and ) 5, X(9, 4, k,a) T take 1
or 0 randomly and independently for different k’s. Thus we have that d(s,i,z) =
Y oi<k<l 2oaex X(8,4,k,a) Ty 4 is a sum of L independent 0-1 random variables. Sim-
ilarly, d(g,7,%) = > 1 <p<r Dacx X(9:J, Kk, a) Trq is also a sum of L independent 0-1
random variables. Moreover,

Eld(s,i,z)] = > > x(s,i,k,a) E[zy.q]

1<k<L a€S

= Z Zx(s,i,k,a)fkﬂ

1<k<L a€Xx
(3) <d < dy,

Eld(g,5,2)] = > Y x(g:5,k,a) Elzy]

1<k<L a€X

= Z Z X(gvjvkva) jk,a

1<k<L a€X
(4) > dy.

Thus, for any fixed 6 > 0, using Lemma 1, we have

1
Pr (d(s,i,x) > dp + 6L) < exp (—362L) ,

Pr(d(g,j,2) < dg —6L) < exp <—;62L> .
Considering all bad and good strings, respectively, we have
Pr (d(s,i,x) > dp + 6L for at least one s; € B) < ny X exp <:1))52L>
and
Pr(d(g,j,z) < dg — 6L for at least one g; € G) < ng X exp (—;éQL) .
When L > (4log(ni + n2))/6%, we get ni x exp(—362L) < ny3 and ny X

exp(—162L) < ny'. For dy = Q(L) and dy = Q(L), there exist positive constants c;
and ¢4 such that dy > ¢y L and dy > ¢, L. Thus we get a randomized algorithm to find a
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solution z for (1) with probability at least 1—(n1_% +ny ') such that fori = 1,2,...,ny,
d(s,i,2) < (14 6/cp)dp, and for j =1,2,...,n9, d(g,j,x) > (1 — 6/cq)d,. |

THEOREM 3. There exists a polynomial time approzimation scheme (PTAS) for a
DSP when dg = Q(L) and dy = Q(L). Specifically, when dg = cg x L and d = ¢y X L,
the PTAS runs in O(L x |E|(41°g("1+"2))/52) time and finds a solution, i.e., a string x
of length L, such that for each string s; in B, d(s;,x) < (1 + €)dp, and for any string
g; G, d(gj,x) > (1 —€)dy, where § = € x min{cy,cp}.

Proof. When L > (4log(n1 + n2))/62, the following derandomized algorithm is a
PTAS.

Let z;, be a fractional solution for (2) for j = 1,2,...,L. We can arbitrarily
decompose the L positions into disjoint sets of positions L1, Lo, ..., Lp such that
|L;| > (4log(ny + ng))/6% and |L;| < (8log(ni + ng))/6% for i = 1,2,...,k. Let
Msli = D1<ji<in,) 2oaes X(8: 1, 0)Tj0 and pig i = 3 <i<ip,) 2oaex X(95 1,5, @) %) a-
For each L, replacing {1,2,..., L} with L; in (2), we know that there exists a string
x; of length |L;| such that for each string s; € B,

d(si|z;, i) < psii + 6| Lil,
and for each string g; € G,

d(gi|z

xi) > fg.1i — 0| L.

Thus, we can enumerate all strings of length |L;| in |S|“4es(mi+n2))/6* time to deter-
mine z;. Concatenating all x;’s, we have a string = of length L such that for each
string s; € B,

k
d(si, ) <Y (ptapi + 8|Lil) = dyy + 6L < dy, + edy,
=1
and for each string g; € G,
k
d(gi, = Z piri — O|Li|) = dy — 6L > dy — ed,.

Thus, we obtain a desired string z in O(L x |§]|(41°g(”1+”2))/52) time, which is poly-
nomial in terms of the input size when |%| is a constant.

When L < (4log(ny + n2))/62, we can enumerate all possible strings of length L
in O(|x|(les(n1+n2))/6%) time. Thus, we can get a desired solution. O

3. A key lemma. To obtain our PTAS algorithm, we need to introduce two
parameters: an integer r and a positive number 6. The constant r is introduced in
this section and depends purely on e. The constant 6 > 0 will be introduced in the
next section and depends on both € > 0 and r.

For any r» > 2, let 1 < iy,%2,...,%, < ny be r distinct numbers. Let Q;, 4, ...
be the set of positions at which s;,, si,, ..., si. agree. Let s be a feasible solution of
length L for the distinguishing string selection problem with the upper radius d; for
bad strings (B) and lower radius d, for good strings (G). Py, is,...i. = {1,2,..., L} —
Qi1 is,....i, 1s the set of positions at which at least one pair of strings Si; and Si, differ.
Then, at such positions, s differs from at least one of s;,. The number of positions
at which s differs from one of s;; is no more than d,. Therefore, the total number of
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positions at which s differs from at least one of s;, (j = 1,2,...,7) is no more than rd.
It follows that T'db Z |Pi1,i2,...,ir| =L — ‘Qil,h,---,ir" That iS, |Qi1,i2 ,,,,, ir| Z L — Tdb.
In addition, we immediately obtain the following result, which is often applied late in
the proof of our main result.

CLamM 4. Assuming that dg > dy, we have rdg > rdy > L — Qi iy...i,| =
|Piy ia,nin |-

Let B = {s1,82,...,8n, }- Let p;, 4,... i, be the number of mismatches between
si, and s at the positions in Q;, 4, i, Let pr, = mini<i, iy ix<ny Diia,....in /do- The
following claim is a variant of a claim in [6], but the proof is identical.

CLAM 5. For any k such that 2 < k < r, where r is a constant, there are indices
1 <iy,i9,...,4 < ny such that for any 1 <1< ny

i € Qivyia,...iv | 80 [3] # sild] and s4, 5] # s3]} < (pr — pr+1) db.

Proof. Consider indices 1 < 41,142, ...,% < n such that p;, 4, .. i, = prdopt. Then
for any 1 < igq1,%%42,...,% <nand 1 <[ < n we have

{J € Qirin,...ir | 5, 3] # s1l4] and s, [5] # s[5]}]
(5) < Hj € Qiyia,in | 80, [1] # s1[5] and s, [1] # s[j]}
=HJj € Qiyia,....ir, | 50, [3] # s[j]}
—{J € Qi ia,.iy, | 80, 1] = s1[j] and 55, [5] # s[j]}]
={J € Qiryin,.ive | 51 [J] # 811} — {7 € Qir i, int | i, [3] # s[5]}
(6) = Ditio,osiy — Pivyin,..yig,l
< (Pk - Pk+1) doph

where inequality (5) holds because Qi .is....ir C Qiyis,...q,, and equality (6) holds
because Qil,iz,...,ik,l c Qihiz,...,ik' o
From Claim 5, we can immediately obtain the following proposition.
PROPOSITION 6. For any constant r, there are indices 1 < i1,19,...,0, < nq
such that for any s; € B,

. . . . . 1
7 € Quiiari, |50 [ # s1l5] and si, [ # s[j]} < —— db.
Proof. Note that

(p2 = p3) + (p3 = pa) + -+ (pr — pry1) = p2 — pry1 < L.

Therefore, one of (pr, — pr+1) is at most Tfll Thus, Claim 5 immediately implies that
the lemma is true. 0

The following corollary will also be useful later.

COROLLARY 7. For any Q C Qi i,....i,. (as in Proposition 6), we have that, for
any s; € B,

15 € @Isuli) # sli] and s1,[j] # slil}| < — do.

Moreover, let P ={1,2,...,L} — Q. Then, for any s; € B,

d(sy,54,|Q) + d(s1, 8| P) < - i

ldb.
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Proof. The first part is obvious by Proposition 6. For the second part, consider

A ={j € Qsi,[j] # srlj] and s;, [5] # s[j]}

and

By ={j € Q|si,[j] # skls] and s;, [] = s[5]}.

Then d(sg,s;,|Q) = |Ak| + |Bg|.- By the first part of the corollary, |Ax| is no
more than —5d,. By definition, |Bi| < d(sy,s|Q). Therefore, |Bi| + d(sk, s|P) <
d(sk, s|Q) + d(sk, s|P) = d(sk, s) < dp. The rest of the corollary follows. |

Informally, Proposition 6 implies that s;, is a good approximation of s at positions

in Qi i,....i, for the bad strings; i.e., for any Q C Qi is.....i.

1
r—1

d(sy, si,]1Q) < d(s,s|Q) + dp.
Before we present our key lemma, we need a boosting proposition that, when
applied together with Corollary 7, obtains a better and better solution.
PROPOSITION 8. Let Q C Q4 ,iy....ir. (as in Proposition 6). Consider the index
k: 1<k < n; and the number y > 0 such that, for any s; € B, d(s;,s;,|Q) +
d(s1,5|P) < d(sk,54,|Q) + d(sk,s|P) = L5dy —y (where P = {1,2,...,L} — Q).
Then we have

{7 € Q"Isi, 3] # s}l < w,
where Q¥ = {j € Q : s;,[j] = su[s]}-
Proof. Dividing d(sg, si,|Q) into two parts, we have

r
r—1

(7) d(sk, 50, |Q — QF) + d(si, 5i,|QF) + d(s, s|P) = dy —y.

By Corollary 7 and with the further restriction that s;[j] = s[j], we have that, for
any string s; € B,

[ € QIsali] # 5] and s, 3] # s3] and sl = s} < —— .

1
That is, for any string s; € B,

1
(8) {7 € (@-Q)sili] = slil} < —

From (8), there exists 8 with 3 < 1 such that for any s; € B, |[{j € (Q —
QY |sili] = slil} < [{j € (Q — Q%) |sk[j] = sj]}| = B+L; dp. On the other hand,
{j € (Q — Q)| sklj] # si,[4]}| is no more than |{j € (Q — Q¥)|}|, which is the sum

of [{j € (Q — Q%) |sx[i] = s[j]}| and |{j € (Q — Q)| sk[j] # s[j]}|. Combining those
two formulae, we have

dp.
T

1

(9) d(sy, s|Q — Q) Zd(sk,sil\Q*Qk)*ﬂr_ldb.
Moreover, combining (7) and (9), we have
(51 51Q — @) + Ty - s, 50,1Q%) + dlse, 51P)

,
1 > —y.
(10) 2 —d—y
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Since
(11) d(sk, 8|Q — Q%) + d(sk, s|Q%) + d(s, s|P) < dy,

then (10) implies

Aok 51Q¥) < dlsk, 5,104 + =L dy -y
(12) f dy+y <y.

Here (12) is from the facts that d(sg, s, |Q) = 0 and 3 < 1. Therefore,

(13) {7 € Q"lsi, li] # slil}] < w.

This completes the proof. 1]

Here is our main lemma.

LEMMA 9. For any constant r, there exist indices 1 < i1,49,...,0 <ny, r <t <
2r, and a number 0 <y < dy, such that |{j € Qi is,...i, |51, [J] # sli]}| <y. (Note that
this implies d(g, 8i,|Qiy ia,....ir) = A9, 81Qiyin,...ir) — Y-) If we use s;; as the distin-
guishing string at positions in Q;, 4, i,, and s (the original distinguishing string) at
the rest of the positions, then for any s; € B, d(s1, iy |Qiy is.....ir) TA(S15 8| Piy g, ... iy) <
:ﬂdb —y, where Py iy iy ={1,2,..., L} — Qi) in,.. s -

Proof. We shall repeatedly apply Proposition 8 up to r times for the proof.

We start with @ = Qi ,i5,...i.- By Corollary 7, for any s; € B, d(s;,$:,|Q) —

{j € Qlsi,[j] # silj] and s;,[j] = si[j]}| < ;15 dp- Notice that [{j € Qs [j] # silJ]
and s;, [7] = si[g]} < d(s1, 5| Q). We get

1
d(sl75i1|Q)+d(Slvs|P)| < db+d(8[,5) < dp.
r—1 r—1
Therefore, there exist an index k (denoted by i,41) and number 2% (-2 d; > 2% > 0)
such that for any s; € B,
1
d(5l7 Siq |Q) + d(Sl, S|P)| < d(sir+1 y iy |Q) =+ d(sir+1?S‘P)‘ = 1 db - ZO'

By Proposition 8, [{j € Qi, is,....iv.irs1 |5, 4] # s[J]} < 2°. Now apply Corollary 7
again to the index set Q" = Q;, i,,....i,.,- Then, for any s; € B, d(s;, si,|Qi, i, ....1 1)+
d(si,s[{1,..., L} = Qiyig,....ivy) < 77gdp. Again, choose &’ (and denote it by i, 4o
later) and 3’ > 0 such that

r
d(Sl, Si1|Q7;177;27--<77;r+1) + d(sl’ 3‘{1’ REE) L} - Qilai2a“'7i7‘+1) < r— 1db -

and such that equality holds for I = K.

If o > 20— —db, then our lemma follows witht =r+1 and y = zo Therefore,
we will
reach a contradiction here. We should also have zo > = alb7 or the lemma holds.

Define z! = ¢’. The conditions of Proposition 8 hold with y = 2! and Q =
Qiy,is,...sir+1- Therefore, we are able to repeat the above process. Notice that 2 <

P 'r‘ildl” and it is no smaller than ﬁdb. The same holds each time we repeat the
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process. Therefore, the process can only be repeated up to r times before we obtain
the result as claimed. 0

In Lemma 9, we decompose the L positions into two parts, Q;, i,,....i, and P, i, . i,
In P, i,,...i,, either the linear programming approach in section 2 or a brute-force
enumeration method can go through since |P;, ;,...i,| < rdy. Details will be given
in the next section. Thus, we can get a good approximation solution at positions in
Py g,y

By Lemma 9, at positions in @, i,,...;, there are at most y positions where the

letters for a feasible (optimal) solution are different from the letters in s;,. This implies
that d(g, siy|Qiy in,....i.) = d(g, 8|Qiy ia,....i.) — Y. We may need to carefully choose y
positions in Q;, 4,,...s, in 54, to change to s so that the condition d(g, 57, [Qi, is,....;,) >
d(g, s|Qi, is,....i,) is satisfied (with negligible error) for each g € G.

On the other hand, again by Lemma 9, if any y positions chosen in @, i,,...i,
are changed to obtain a string s , i.e, d(s;,s],) = y, then d(s;,s|P;, ,,...4,) +
d(sy, sgl |Qiy ia,.in) < (14 T—il)db. That is, the total error produced for every string in
B will be at most Tflldb no matter which y positions in @, 4,.....;, are chosen. There-
fore, to choose y positions in Q;, ;,,....i,, We can simply consider the good strings in G
and ignore the strings in B. This dramatically reduces the difficulty of the problem.

The main contribution of Lemma 9 is to transform the original DSP into the
problem of how to choose y positions in @, 4,,..s, to modify the string s;, into a
string s” such that d(g, s}, |Qs, is,...i,) > d(g,5|Qi, is,....i,). Though we do not know
the value of y, we can enumerate all y: y = 0,1,...,dy in the algorithm. We will
elaborate on this in the next section.

4. Choice of a distinguishing string. In general, we aim at constructing
an approximate solution sj that differs from s;, at y positions (up to negligible
error) in @y, 4,....i,- Though we do not know the value of y, we can enumerate all y:
y=0,1,...,d, in the algorithm. However, if d, > (r — 1)y, we can simply use s;, at
all positions in Q;, 4,....i,- For good strings g € G, the error at positions in Q;, 4,,... i,
will be ﬁdg, which will be good enough for a PTAS. For bad strings s; € B, the
error created by making s;, the approximate solution at positions in Q;, ;,,...;, Will
be at most —21d,, (again, good enough for a PTAS) by Lemma 9. Therefore, we can
assume that d, < (r — 1)y.

For any string g; € G, if d(g;, $:,|Qi1,is,....5,) = (r — 1)y, then the selected y
positions in @, i,.....;, Will cause error by at most Tflldg. In fact, let 5;1 be the string
obtained from s;, by changing y positions in Q;, ,,....;,- Then d(gs, s}, |Qs,.is,...1,) >
(r — 2)y. Recalling the assumption that d, < (r — 1)y, we get for any g; € G,

r—2 1
d(gi, s7,) > d(9i, 53, |Qiy ig,...i) = %= (1 - 7,_1) dyg.
Therefore, we have to consider only the strings g; € G with the restriction that
d(gi, 8i11Qiy is,...i,) < (r—1)y. (This condition can be verified in polynomial time for
each g € G.) In summary, without loss of generality, we have the following.

Assumption 1. For every string ¢, € G, d(gi, 84, |Qiy in,....;,) < (r — 1)y and
dg < (r—1)y.

In the remaining part of the section, several different methods will be used to
carefully select y positions in Q;, ,,....i,, €ach dealing with one of the three cases. Let
L' = |Qi, is,...iy | The complete algorithm is given in Figure 1.

In addition to the constant integer r, we need to introduce another positive num-
ber 69 > 0. We should first choose r to be sufficiently large but remain a constant.
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Algorithm gdistString
Input B = {s1,82,...,8n, } and G = {g1,92, - -, Gn, }-
Output a center string s of length L.
1. if Case 1 holds, then use the method in section 2 to solve the problem.

2. for each 2r-element subset {s;,, Si,, - - ., Siy, t Of the n1 input strings in
B do

(b) For the positions in Q;, i,....;,, use the methods described in Cases 2
and 3 to obtain a string of length |Q;, ,....i,|- Notice that the algorithm
described in Case 1 produces directly a string s’ of length L which is a
PTAS.

(c) Solve the optimization problem at the positions in |P| using either an
LP formulation (randomized rounding approach) (when |P| > O(log n))
or an exhaustive search method (when |P| < O(log n)) to get an ap-
proximate solution z of length |P|.

3. Output the best solution obtained above.

Fic. 1. Algorithm for DSP.

Then we should choose 8y to be sufficiently small to achieve the required bound (1+¢)
(and (1 —¢)) for PTAS. Notice that, since 8y is chosen after r is fixed, it may be a
function of r. However, since r is a constant, we can make 8§y sufficiently small (as a
function of r) and at the same time &y remains a constant. Therefore, in some of the
asymptotic notation (£ and big-O) used in this section, the constant may be a func-
tion of r. However, since we should set the value of r to a sufficiently large constant
first, both r and 8§y are constant when we later set the value of 8y > 0 sufficiently
small.

Case 1. L' < (r —1)%y and y > (4log(ny + n2))/80>. In this case, it follows that
dp >y > (8log(ny —|—n2))/602. Moreover, we should prove that d, > ¢, L and dy > ¢4 L,
where ¢, = ¢, = min{ 4, ﬁ}

Because L’ > y and L' < (r — 1)y, it follows that y = eL’ for some e : ﬁ <
e < 1. Since dy > y and dp < dy < (r — 1)y (from Assumption 1), we have d, = zy
for 1 <z <r—1. Thus, d, = 2y = wel’ and =0z < ze < r — 1. Note that
L =L+ |P| and |P| < td, by Claim 4. We consider two subcases. (a) |P| < 0.5L.
Then L’ > 0.5L. Thus d, = xeL’ > 0.5zeL. Since d, < L, we have d, = ¢'L for
some ¢ : ﬁ < <05(r—1). (b) |P| > 0.5L. Then by Claim 4, d, > |P|/t >
0.5L/t > L/4r. Recall that we also assume that dg > dp in the problem setting. It
follows that dg > dy > ¢4 L.

Since d, > cpL and dy > c4L, we can directly use the method described in
section 2.

Case 2. L' > (r —1)%y and y > (4log(ni + ny))/6> By Assumption 1,
d(gi, $i11Qiyis,....i,) < (r—1)y. Thus, for any ¢g; € G, s;, and g¢; agree at most of
the positions (at least (r—1)(r —2) out of (r—1)? positions) in Q;, ,,....;,- Intuitively,
if we randomly select y positions in @y, ,....;, and change them into any different
letters from s;, to get y;,, then y;, and g; should differ at most of the y positions.
Therefore, we can apply the following simple randomized algorithm:

1. Arbitrarily divide the L’ positions into y sets of positions Y7, Y, ..., Y} such
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2. For each Y;, independently randomly select a position in Y;.

3. Let Y = {j1,j2,...,Jy} be the y selected positions in step 2, and y;, be a
string of length |Qi, i,.... i,| obtained from s;, by changing the letters at these
positions in YV (to any different letters) such that d(y;,, i, |Qiy ia,....is) = Y-

This algorithm gives us the needed solution for Case 2. We have the following
proposition.

ProprosITION 10. The randomized algorithm for Case 2 produces a center string
Yi, of length |Qi, iy....s,| with high probability such that

(1) fOT’ any S; S B; d(yiusi'Qh,iz,m,it) + d(S, Si|Pi1,i2,...,it) S :t}db; and

(11) fOT’ any g; € g, d(ying‘Qil,imm,it) + d(s7gj|Pi1,i2,m,it) > (1 - rf21 - 260)d9
where s is a feasible (optimal) distinguishing string.

Proof. (i) arises directly from Lemma 9.

Now, we show that (ii) is true for the case where L%’J = %’ (The general case is

left to interested readers.) Consider a string g € G. Let Z; be the set of positions j
in Y; with s;, [j] = g[j]- Let X; be a 0/1 random variable. X; = 1 indicates that j; is

in Z;. The probability that X; =1 is I‘Z1|‘ Then we get

y Y 17 y 1
s ;Xi]:ml' L 31> L1

The last inequality is by the fact from Assumption 1 that d(g, s;,|Qi, is,....i,) < (r—1)y.
Since L' > (r — 1)%y, p > y(r 2) . By Lemma 1,

y
1
r (Z X, <p— 60y> < exp (—26§y> <nj 52,

=1

The last inequality is from the fact that y > 4log(n; + ng)/63.
Let y;, be the string obtained from s;, by changing the letters at y positions using
the randomized algorithm. Then for the string g € G,

Y
d(yilag‘Qh,m,...,it ( ZX> 51139|Q11 KT 2 Z

The above inequality is due to the facts that (1) s;, and y;, differ at the y selected
positions, (2) y;, and g differ at every position ¢ with X; = 1, and (3) y;, and g may
agree at the rest of the y — Zle X, positions. Thus, we have

A(Yir» 9|Qinsin,...ie) = A(Siys gil Qi iz,ie) TY zy:X
2 B i—

Therefore, we get

Pr <d(yi17g|Qi1,i2,...,it) - (;(511179‘621'1,12,...,“) + Yy < - 6Qy)

y
1
< Pr (Z X, <p— 60y> < exp (—2y6§> < n§2.

i=1
Substituting p > y(: 12) into the above inequality, and after some calculation, we have

y(r—3
,

Pr <d(yilag|Qi1,i2,...,it) = d(8i1,91Qiyin,ein) < —— T ) _ 2503/) <ny”.
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From Lemma 9, d(8i7g|Qilai27~~-7it) > d(87g||Qi1,i27n-,it) — Y, so we get

2y _
Pr (d(saan,iz,...,z‘t) — d(Yi,, 91Qi is....i) > 260y + M) <ny”.

Considering all good strings, we get

2y
r—1

Pr (d(579|Qi1,i2,...,it) — d(Yiy, 9|Qi, in,....1 ) > 200y + for any g € g> <ny'.

Therefore, with high probability we get that

2
A(Yirs 91Qi ia,..i) = d(S,9|Qis i, i) — <r—1 + 250) dyg,

that is,

d(Yiy > 91Qiy i, i) + d(8, 9Py i, i)
> d(s,g) — (Til + 250) dy > d, — (%1 + 250) d, = (1 — 2 250) d,. 0O

Now, we give a derandomized algorithm for Case 2.
LEMMA 11. The2re i52 a deterministic algorithm that runs in time equal to
O(d2(n4 + 1) 108U =17€)8/80) und finds a string y;, from s;, such that for any g € G,

r—
d(yi1vg|Qi1,i2,m,i2r) - d(8i1vg|Qi1,i2,m,i2r) > r_

3
— 260y.
1?/ oY

. _ . . _ y(r—2)
Proof. Proposition 10 holds when L’ = (r — 1)?y, since in that case y = %

Therefore, if L' > (r — 1)?y, we can arbitrarily select a subset Q C Qi, 4,.... 4, of size
(r — 1)%y and try to select y positions in Q.

Next, if y is big enough, i.e., y = (4log(ni + n2))/8?, then Proposition 10 holds.
That is, a good approximation solution, i.e., a set of y positions, exists in Q). We can
try all possible ways to choose y positions in ). The time required is CE’Til)Qy. Note

that

t

o :m(m—l)...(m—y+1) <m7y§ (m)yey.

" y! oyl y
We have
Cﬁyr,l)zy <((r- 1)2)yey =(n1 + n2)10g((r—1)26)4/6§.

Thus, the time required is at most O((n; + n2)1og((r—1)2e)4/§§) if y = (4log(ny +
7’L2))/602.

When y > (4log(ni + n2))/8?, we cannot directly choose y positions from Q
since the time complexity is higher. Let y = z x (4log(ni + ns))/60> + z, where
x > 1 is an integer and z < (4log(ny + ng))/602. We divide @ into z disjoint
subsets Q1,Q2,...,Q, such that |Q;] = (r — 1)V/z for ¢ = 1,2,...,2 — 1 and
Q:=Q—Q1—Q2—--—Q,_1. Proposition 10 ensures that each @); contains a good

approximation solution, i.e., a set of (4log(n; + n))/8° positions, such that y; and
(r—
—

g differ at most of the positions (at least 1) %). Thus, we can try all possible ways

to choose the right (4log(n; + n2))/80* positions from each Q;. (We have to choose
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(4log(ny + n2)) /80> + z positions from Q,.) Therefore, the time required for each Q;

is O((n1 + ng)log(z(T_1)2e)8/5§). Since there are at most y @Q;’s and we have to try

different values of y, the total time required is O(d2(ny + ng)esr—1%)8/65)
Case 3. y < (4log(ny +ns2))/8>. For any g good strings g;,, gj,, - - - ,9j,> we define

Rjy gaveia =17 € Qiyin,.iy | Siu 4] # 95, [4] for at least one I € {1,2,...,¢}}

and

Rji jaresie = Qivjinyeic — B oy

From the definition of Ry, j,, ... j, and Rj17j27,__7]—q, we have that for any integers p,q
(r <a),

Rj\ Goredn © Bjv i Bivigoreda © Birasep-
Let y1 = d(si,, 8|Rj, j,,....5.) and y2 = d(sil,s|le,j27m,jT). Then y1 + y2 < .
The following lemma is important in dealing with Case 3.

LEMMA 12. There exist r indices 1 < ji1,ja, ..., jr < no such that for any g € G,
. = . . . . Y
17 € Rjr o,y | 02 7] # 9l5] and si, [5] # s[5} < .
Proof. Take g;, € G, and let

Ujy ={J € Qirin,...ie | 50 [J] # slj] and s4, [1] # 95, 51}

such that |Uj;, | is as large as possible. Clearly, U;, C R;,.
If |Uj, | < 2, let ja,...,J, be any other indices and g € G be any good string; it
follows that

{7 € Rjyjoie | 802 ] #
< Wi € Qo | sl #
= Unl< T
Thus we may assume that |Uj,| > £. Take g;, € G, and let

Ujrio =17 € Qivsin,.ie = Ujy | 80, [ # slj] and si, [5] # 95, 71}

such that |Uj, ;,| is as large as possible. Clearly, Uj, j, C Rj, j,-
If |Uj, j,| < 2, let js, ..., jr be any other indices and g € G be any good string; it
follows that

{J € Rjy jor.jr | 802ld] # slj] and s;, [5] # g[j]}|

I{] € Q117i2,~~~7it - Rj17j2y~~~7j7' Sil[j] # 5[.7] and Sil[j] # g[]]}|
I{-] € Q117i2,-~7it - Uj1 | Siy [.]] 7é S[ﬂ and sll[]] 7é Gjo [.]]H
|Uj1,j2| < %

Al

The inequality comes from the fact U;, € R;, C Rj, j,.....j, and the choice of g;,. So
we have to consider only |Uj, j,| > £ since otherwise we are done.
In general, we can get a list of sets of positions

Uj1a Uj1,j27 ) Uj17j2ﬁ'“a.jq7
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where Uy, j,...j, = {7 € Quyinseic = Ujrjarojgr | 8i 5] # sldl and s4, 5] # 95,151}
and |Uj, j,.....5,| is as large as possible such that

.Uj17j2 ,,,,, jtzmalgs#tg%

d |Uj15.j23~"7jp‘ > %7 b= 1,.. -5 q,

e ¢ is as large as possible.

Note that Ujl U Ujhjz U---u Uj17j2,~~7jq C {] € Qihiz,---,it | Siy [.]] 7é 5[.]] and
si,[J] # g5,[j] for at least one | € {1,2,...,q}} € {j € Qi sin,....i, | Sis[J] slg]}-
Therefore, we get

qy

r

.....

< |Uj1 U Uj17j2 Y Uj17j27---7jq| < HJ S Qil»i21“~vit | Si1[.j] 7é 5[.7]}| <y,

and thus g < r.
Finally, take g; ., € G, and let

Ujs garerigrs = 13 € Qirinyeiv = Ui ja,.ig | 8ial3] # sl5] and s, [§] # g5, [4]}

such that |Uj, j,....j,..| is as large as possible. Clearly, Uj, j,. ..j,1 S Rjy jorjgss-
By the maximality of q, |Uj, j,....j,0. | < %, let jgi2,...,Jr be any other indices

and g € G be any good string; it follows that

{7 € Rir oy | 80, 15] # sli] and sy, [j] # gli]}

= {7 € Quuiic — Rivuinnss | 50, 17) # 0] and s, 7] £ g1}
< i€ Qivigriv = Uji oy | 80231 # sli] and 53, [1] # g5, 7]}
= ‘Ujl»jz ----- jq+1| < %

Lemma 12 is now proved. 0

and Rj, j,... ., respectively.
ensure that

Now, we consider the two parts R;, j, .. j.

Assumption 1 and the definition of R;, j,, . ;.

|R;

|{jT€ Q11ia,...i0 | Six[J] # g5,14] for at least one I € {1,2,...,7}}]
2= 1 € Quuin i Lo Ul 2 05 U
Zl:l d(siugjl |Q117127---7it) <r(r—1y<riy.

Keep in mind that we are dealing with the case y < (4log(ni + n2))/60>. Thus, we
have |Rj, j,....5.| < (4log(ny 4 n2))/6°. We can try all possible ways to achieve the
optimal distinguishing string s at the positions in R; jr- The time required is

1,025 0r

Al

1,525

Yy
>, <27 < O((m +na)* %),

y1=0

Thus we can assume that we know the optimal distinguishing string s at the positions
n Rj, s, g, B

Now, let us focus on the positions in Rj, j, .. ;. For any g € G, define Set(g, s;,)
be the set of positions in R;, j, . ;. , where g and s;, do not agree. From Lemma 12,
we know that there exists a set of yo positions K, = {k; € Rj, j,... ;. | 8i[kj] # s[k;]}
such that for any g € G, |K,, N Set(g,s;,)| < £. Though we do not know the exact
value of yo, again we can guess it in O(y) time. Thus, we can assume that yo is known.

Let s;, (K,,) be the string obtained from s;, by changing the letters at the po-
sitions in Ky, to any different letters. From Lemma 12, we can see that for any

geg,

_ _ 1
(14) d(g, siy (Ky,) | Ry ja,..jr) = d(gs 8| Ry o, j) — Y
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Now, the only remaining task is to select o positions in Rj, j,.....j, to approximate
the set K,,. Recall that [{j € Rj, j,....;. | si,[J] # s[i]}| = y2. From this we have
that for every good string g € G,

(15) d(ga Siy |Rj17j2;~~7j7‘) - d(g7 8|Rj17j27---7jr) > —Y2.

Next we are going to show that we can find a set K;z of yo positions in Rj17j27~~7j7‘
in polynomial time such that for any g € G, |K, N Set(g,si,)| < £. If this is true,
by changing the letters of s;, on the positions in K, , the distance between s;, (K, )
and g has to increase at least yo — £. To do this, let m < |R;, j,. .. ;.| be an integer
and Rj, j, . .(m) C Rj, ;, . ;. be any subset of R;, ;, . ;. with m elements.

The following two lemmas are the keys to solving the problem.

LEMMA 13. Ifm > 27 x y x (n+1)v + 4, then there exists a set K, C
Rj, js....j.(m) of y2 positions such that for any g € G,

\K{lz N Set(g, s;,)| <

A

Proof. Consider a string g in G. Let K, C Rj, js.....j.(m) denote a set of yo
positions. By Assumption 1, that d(si,, 9|Qs,.is....5,) < Ty, for any fixed g € G, the
number of different K ’s such that

|K@//,2 N Set(g, s, )| > %
is at most
CY Oy 4+ Cl T T O e 1< O (O + Oy 4 1)
(16) <ovirom,

There are at most ny < ng + n; = n strings in G. Thus, if there is no KZ’/'2 -
leij21"'7j’r (m) such that

Yy
‘Kgl;/z n Set(g7 si1)| < ;,
then
CY2
ng > ——
2ryC’m_TZ

m(m—1)---(m—y2+1)(y2 — ¥)!
yp!m—ry)(m—ry—1)---(m—ry —ys + £ +1)2v
m(m—1)---(m—%+1)
Ty — 1) (e — L+ 1)2

<y

The last inequality is from the fact that m > 2% x yx (n+1)v + % This is a

contradiction. Thus, we can conclude that the lemma holds. a0
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Lemma 13 says that a good solution exists at the positions in R;, j, . . (m) if
m=2"xyx(n+1)v + 4. On the other hand, the following lemma shows that
m=2" xyx (n+1)v + 4 is not too big so that we can find such a good solution in
polynomial time by looking at all C¥? possible choices.

LEMMA 14. Ifm =2"" x y x (n+1)v + Y and y < (4log(ny +n2))/80%, then C¥,
is O((n1 + n2)(4r2+4+410ge)/5§+r'

Proof.
o _mlm =1 (m—y+1) _mY
" y! =y
I
(18) = (W)y (27 e = 2 (n 4+ 1)7(27 e,

Since y < (4log(ny + n2))/602, from (18), C¥, is O((ny + ng)Ur’+ataloge)/si+r

LEMMA 15. For Case 3, the time required to select y positions in Qi i,.... it2r 18
O(?"Ld%(nl +n2)(41“2+4+410ge)/68+2r). )

Proof. The time to deal with R;, j, .. ;. is smaller than that of Rj, ;, . ;.. It
requires O((ny 4 ng)@r’ T4+4108e)/55+7) time to deal with an R;, j, ;. Obtain-
ing an Rj, j, . j. needs O(n5Lr) time. We also have to guess y and y2 (thus y;)
in d% time. Thus, the total time required to select y positions in @y, i,,... i+2r is
O(rLdE(nl +nz)(4r2+4+4loge)/5(2,+2r). O

THEOREM 16. There is a PTAS for the DSP. The PTAS runs in O(L x
|E|O(1°g(”1+"2)(7”71)6)) time and finds a distinguishing string s such that for every
s; € B, d(si,s) < (1+ ﬁ)db, and for every g; € G, d(gi,s) > (1 — ﬁ)dg if a
solution to the original pair (dy < dg) exists.

Proof. According to Theorem 3, step 1 in Algorithm gdistString (Figure 1) re-
quires O(L x |S[41o8(m+n2)/6%) time where § = emin{ -, ﬁ}, and the perfor-
mance ratios are (1 4 ¢€) and (1 — €) for bad strings and good strings, respectively.

Consider step 2 of Algorithm gdistString. We discuss Cases 2 and 3 separately.

Case 2. Lemma 11 shows that for a fixed Q;, 4,.....i,, We can find a string y;, from
s;, such that for each g € G we have

r—
d(yilvg|Qi1,i2,m,i2r> - d<si17g|Qi1,i2,m>i2r) > r—

3
— 26
1y oY

in O(d2(ny + n2)log((r—1)2e)s/§§) time.
For the positions in F;, 4, .. 4,,., we can use the LP approach to solve the following
inequalities:

Zaez Tka = 1, k=12,..., |Pi17i2,---7i2r|71
ZaEE X(Sa z, k7a) Tk,a < ;i_ldb - d(3i135i|Qi17i2 ,,,,, i2r) -,

kep;

1,%25--12p
19) i=1,2,...,n1,
X:IcePil,i2 ,,,,, i ZaeE X(g’jv k, a) Lk,a 2 dg - d(sil7g.j|Qi1;i2;-",i2'r) - Y
j: 1a27"'an2a

Since |Py, 4y,... 00| < 2rdp, from Theorem 3, the run time required is O(2rd§ X

|S[4los(nitn2)x/6%) for § = €/(2r) since we have to guess the value of y. Since we
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have to try all Qj, i,,... i, s and the values of dy and dy, the total time required
is O(L*n?"[(ny + ng)les((r=D%e)8/65 4 1 |x|4los(ni+n2)x/6%]) " The total errors are
(L4 €+ -25)dp and (1 — € — 2 — 28)d,.

r—1

Case 3. Lemmas 13 and 15 show that we can find a string y;, in O(rLy?(ny +
712)(‘”2*‘”410g e)/‘Sg””) time such that for any g € G we have d(v;,, 9|Qi, is,... i) =
d(s’g|Qi1,i2 ,,,,, i2r) - %

For positions in P;, ;,....i,,., we do the same thing as in Case 2. The time re-
quired is O(rd? x S|4 los(n14n2)x/6%) for § = ¢/(2r). Thus, the total time required
is O(rd*n2r[L(ny + ny)(r* +4t4loge)/65+2r |53\ 4log(n1+n2)x/6"])  The total errors are
(14 €+ -2;)dy and (1 — € — 2)d,, in this case.

Case 1 dominates the time complexity when the errors are small. For example, if
e= Tflp then the algorithm finds a distinguishing string s such that for every s; € B,
d(si, s) < (14 =L5)dy; for every g; € G, d(gi,s) > (1 — —L7)dy; and the running time

is O(L x |5|0Ues(m+n2)(r=1%)y

5. The DSSP. In this section, we present the algorithm for the DSSP. The
idea is to combine the sampling technique in [9] with the algorithm for the DSP. The
difficulty here is that for each s; € B, we do not know the substring ¢; of s;. The
sampling approach in [9] is as follows: For any fixed r > 0, by trying all the choices of
r substrings of length L from B, we can assume that ¢;,,t;,, ..., ;. are the r substrings
of length L that satisfy Lemma 13 by replacing s; with ¢; and s;; with ¢;,. Let @ be the
set of positions at which ¢;,,%;,,...,t;. agreeand P = {1,2,...,L}—@Q. By Lemma 13,
t;,|Q is a good approximation to s|@Q. However, we do not know the letters at positions
in P. Thus, we randomly pick O(log(mn)) positions from P, where m is the length of
bad strings. Suppose that the multiset of these random positions is R. By trying all
length-| R| strings, we can assume that we know s|R. Then for each 1 < ¢ < n; we find
the substring ¢; from s; such that f(¢;) = d(s,t}|R) x % + d(ti,,t;|@Q) is minimized.
Let s be the optimal distinguishing string. Then t; denotes the substring of s; that
is closest to s. Let s* be a string such that s*|P = s|P and s*|Q = ¢;,|Q. Then
[9] shows the following.

Fact 1. With probability 1 — ((nm)~2 + (nm)~3), d(s*,t}) < d(s*,t;) + 2¢|P] for
all 1 <i<n.

After obtaining a ¢} of s; for every s; € B, we have the DSP, which can be solved
by using the algorithms developed in section 3.

THEOREM 17. There is a polynomial time approzimation scheme that takes e > 0
as part of the input and computes a center string s of length L such that for every
s; € B there is a length-L substring t; of s; with d(s;,s) < (1 + €)dp, and for every
gi €G, d(gi,s) > (1 — €)dy if a solution exists.

Proof. Let s’ be the solution obtained by our algorithm. Lemma 9 and Fact 1
ensure that for each s; € B, s(t},s') < -L5dy + €| P|, where —5d, is the error at the
positions in @ and €'|P| (¢’ = 2e+¢€") is the total error at the positions in P produced
by both the random sampling method and the algorithm for the DSP. Lemma 9,
together with sections 3 and 4, ensures that for each g € G, d(g,s") > (1 —€)d,, where
€ is the error rate introduced by the algorithm for the DSP.

The randomized algorithm can be derandomized by the standard methods; [7]
gives a short and clear explanation. 0

6. Discussion and remarks. Our work concludes the search for provably good
algorithms for the DSSP by presenting a PTAS. Some techniques have been developed



1090 X. DENG, G. LI, Z. LI, B. MA, AND L. WANG

here dealing with values of parameters smaller than log(n) but larger than O(1). They
may have other applications to similar problems.
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