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Abstract. The problem of finding a center string that is “close” to every given string arises in com-
putational molecular biology and coding theory. This problem has two versions: the Closest String
problem and the Closest Substring problem. Given a set of stfinggs;, s, . . ., 1}, each of length

m, the Closest String problem is to find the smallésind a strings of lengthm which is within
Hamming distance to eachs € S. This problem comes from coding theory when we are looking

for a code not too far away from a given set of codes. Closest Substring problem, with an additional
input integerl, asks for the smallestand a strings, of lengthL, which is within Hamming distance

d away from a substring, of length, of eachs . This problem is much more elusive than the Closest
String problem. The Closest Substring problem is formulated from applications in finding conserved
regions, identifying genetic drug targets and generating genetic probes in molecular biology. Whether
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there are efficient approximation algorithms for both problems are major open questions in this area.
We present two polynomial-time approximation algorithms with approximation ratice ¥or any
smalle to settle both questions.

Categories and Subject Descriptors: F.2Ah4dlysis of Algorithms and Problem Complexity]:
Nonnumerical Algorithms and Problems; JL3f¢ and Medical Science$

General Terms: Algorithms, Theory

Additional Key Words and Phrases: Closest string and substring, computer applications, polynomial-
time approximation scheme

1. Introduction

Many problems in molecular biology involve finding similar regions common to
each sequence in a given set of DNA, RNA, or protein sequences. These prob-
lems find applications in locating binding sites and finding conserved regions in
unaligned sequences [Stormo and Hartzell 1991; Lawrence and Reilly 1990; Hertz
and Stormo 1995; Stormo 1990], genetic drug target identification [Lanctot et al.
1999], designing genetic probes [Lanctot et al. 1999], universal PCR primer design
[Lucas et al. 1991; Dopazo et al. 1993; Proutski and Holme 1996; Lanctot et al.
1999], and, outside computational biology, in coding theory [Frances and Litman
1997; sieniec et al. 1999]. Such problems may be considered to be various gener-
alizations of the common substring problem, allowing errors. Many measures have
been proposed for finding such regions common to every given string. A popular
and most fundamental measure is the Hamming distance. Moreover, two popular
objective functions are used in these areas. One is the total sum of distances between
the center string (common substring) and each of the given strings. The other is the
maximum distance between the center string and a given string. In this article, we
focus on the second obijective function for Hamming distance. The first objective
function for Hamming distance and other measures, like the relative entropy mea-
sure used by Stormo and his coauthors [Hertz and Stormo 1995], is treated in Li
et al. [2001]. It requires completely different techniques.

Throughout the article, we use a fixed finite alphabetLet s ands’ be finite
strings overx. Letd(s, s') denote the Hamming distance betweseands'. |s| is
the length ofs. g[i] is thei-th character ok. Thus,s = s[1]5[2] - - - §[|s|]. The
following are the problems we study in this article:

CLOSESTSTRING. GivenasetS = {s1, S, ..., Sy} of strings each of lengtin,
find a center string of lengthm minimizing d such that for every string € S,
d(s,s) < d.

CLOSESTSUBSTRING. GivenaseS = {s;, S, . .., S} of strings each of length
m, and an integet,, find a center string of lengthL minimizing d such that for
eachs € S there is a lengti substring; of 5 with d(s, tj) < d.

Throughout this article, we call the numbeérin the definitions of CosSEST
STRING and Q. OSESTSUBSTRING the radius (or the cost) of the solution.

CLOSESTSTRING has been widely and independently studied in different con-
texts. In the context of coding theory, it was shown to be NP-hard [Frances and
Litman 1997]. In DNA-sequence-related topics, Berman et al. [1997] gave an
exact algorithm when the distanckis a constant. Ben-Dor et al. [1997] and
Gasieniec et al. [1999] gave near-optimal approximation algorithms only fordarge
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(superlogarithmic in number of sequences); however, the straightforward LP (linear
programming) relaxation technique does not work wénsmall because the ran-
domized rounding procedure introduces large errors. This is exactly the reason why
Gasieniec et al. [1999] and Lanctot et al. [1999] analyzed more involved approxi-
mation algorithms, and obtained the ratiB4pproximation algorithms. Note that

the smalld is the key in applications such as genetic drug target search where we
look for similar regions to which a complementary drug sequence would bind. Itis a
major open problem [Frances and Litman 1997; Berman et al. 1997; Ben-Dor et al.
1997; Gysieniec et al. 1999; Lanctot et al. 1999] to achieve the best approximation
ratio for this problem. (Justifications for using Hamming distance can also be found
in these references, especially Lanctot et al. [1999]). We present a polynomial time
approximation scheme (PTAS), settling the problem.

CLOSESTSUBSTRINGIs a more general version of the @SESTSTRING problem.
Obviously, it is also NP-hard. In applications such as drug target identification and
genetic probe design, the radidsis usually small. Moreover, when the radius
d is small, the center strings can also be usedhatifsin repeated-motifneth-
ods for multiple sequence alignment problems [Gusfield 1997; Posfai et al. 1989;
Schuler et al. 1991; Waterman 1986; Waterman et al. 1984; Waterman and Perlwitz
1984; Pevzner 2000], that repeatedly find motifs and recursively decompose the
sequences into shorter sequences. The problem turns out to be much more elu-
sive than COSESTSTRING. We extend the techniques developed for closest string
here to design a PTAS for theLGSEST SUBSTRING problem whend is small,
that is,d < O(log(nm)). Using arandom samplingechnique, and combining our
methods for COSEST STRING, we then design a PTAS forLOSEST SUBSTRING,
for all d.

It is perhaps cautious to point out that the approximation algorithms developed
here may not be directly applicable to bioinformatics practice because of their
high time complexity. Heuristics would help to improve the running time while
losing some theoretical vigor. We have implemented one such system, COPIA
[Liang et al. 2001].

Let us introduce more notations. Leaindt be strings of lengtim. A multiset

P=/{j1, Jo, ..., jx}suchthatl< j; < j» <--- < jx < mis called gposition set
By s|p we denote the string[j1] S[j2] - - - S[jk]. We also writed” (s, t) to mean
d(s|p, t|p).

Before ending this section, we present two lemmas that will be used in both
Section 2 and Section 4. Lemma 1.1 is commonly known as Chernoff’s bounds
[Motwani and Raghavan 1995, Theorems 4.2 and 4.3].

LEMMA 1.1 [MOTWANIAND RAGHAVAN 1995] Let X, Xo, ..., X,benin-
dependent rando®-1variables, where Xtakesl with probability p, 0 < p; < 1.
Let X=Y"", Xi, andu = E[X]. Then, for any > 0,

(1) Pr(X > (1+8)) < [mrgmal™
(2) Pr(X < (1—98)u) < exq—3187).
From Lemma 1.1, we can prove the following lemma:

LEMMA 1.2. Let X, 1 <i <n, X andu be defined as in Lemnial Then
forany0 <e <1,
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Q) Pr(X>u+en) < exp(—%nez),
(2) Pr(X < u — en) < exg—3ne?).

PROOF
(1) Lets = en/pn. By Lemma 1.1,

Pr(X > u+en) <

r eén/pt 1%
[ (L + (en/p))+en/ “”]

e en
- la+ (en/u))<1+<wen)>]

r e en
< | -
= _(1+6)1+(1/e):| ’

where the last inequality is becayse< n and that (1 x)X+1/¥) is increasing for
x > 0. One can verify that for G ¢ < 1,

@+ epr@a = P\73)

Therefore, (1) is proved.
(2) Lets = en/u. By Lemma 1.1, (2) is proved.J

2. ApproximatingCLOSESTSTRING

In this section, we give a PTAS fon@OSESTSTRING. LetS = {s;, S, ..., S} bea

set ofn strings, each of lengtim. We note that a direct application of LP relaxation

in Ben-Dor et al. [1997] to all then positions of the strings does not work when
the optimal radius is small. Rather, we extend an idea in Lanctot et al. [1999] to do
LP relaxation only to a fraction of the positions.

We first describe the basic idea behind our approach intuitively. Given a subset
of r strings fromS. Line them up. Consider the characters where they all agree.
Intuitively, there is a high likelihood that the optimal solution should also agree
with these characters on corresponding positions. Indeed, this will only slightly
worsen the solution. Lemma 2.1 shows that this is true for at least one sulset of
strings. Thus, all we need to do is to optimize on the positions (characters) where
ther strings do not agree, by LP relaxation and randomized rounding.

Letr be an integer. Roughly, our algorithm will be running in time®") and
with approximation ratio 1+ O(1/r). So for each fixed, our algorithm is a
polynomial time algorithm. As grows, our approximation becomes better, but the
time complexity also grows.

LetP = {ji, jo,..., jxk}beasetand k 1 < jp <--- < jy <m. Letsbea
string of lengthm. Recall, we writes|p to denote the string[ j1] s[j2] - - - [ jk]-

Letsbe the optimal solution with radiuk,.. For anys € S, if we uses asthe ap-
proximation ofs, thend(s;, sj) < 2d, for anys; € S. Thus, thiscenter-replacing
algorithm has performance ratio 2. Now, we generalize the ratio-2 algorithm by
considering stringss, s,. - . ., S, iIn S atatime. LetQ;, ;,. i be the set of posi-
tionswheres, s, . . ., S, agree. We can show that there existindiges, . . ., ir
such that the unique characters at positior®jin,..._i. form a good approximation
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of an optimal center string, that is, for anyg € S,

1
d(S |Qil.i2....,ir ’ Sl|Qi1<i2,...,ir) o d(S |Qi1.i2....,ir ’ S|Qi1~i2~---v‘r) = 2r — 1dopt- (1)

LetPR., i, i ={12 ...,m}— Qi i, _i. Thenthe size oR,;, . is reduced
so that either the LP-relaxization approach or an enumeration approach can work
at the positions irP_ i, _i,.

To show (1), we do notdirectly compageands at positionsirQ;, i, . Instead,
we consider the relaxed selfl) = {j € Qi,i,...i, |S,[]] # sl[jlands,[]] #
s[j]} forallg € S. We show that for each € S, the size of](l) is small, that is,
1301 < 1/(2r — 1)dope

Forany 2< k <r,and 1< i,iz,...,ix < n, let pi,i, i be the number of
mismatches betwees) ands at the positions irQ;_ i, i . Let

. Piiis,....i
Ok = min  Hulzeslk
1§i1,i2,...,ik§n opt

Increasingk, the number of positions whesg all agree decreases, that is, the size
of Qi,.i,.....i, decreases. By definitiopy decreases, too.

Our strategy is to show that (1J(1)| < (ox — pk+1)dopt fOr anys e S and any
2<k<r;and(2) one ofpo — p3, P03 — P4, ..., or — Pry1 iSat most Y(2r — 1).

Let po = Mmax<i j<n d(S, Sj)/dopt- By the triangle inequalitypy < 2 in worst
case. The following lemma shows that (1) holds when the center-replacing algo-
rithm does not give a high-quality approximation, thatdg,> 1+ 1/(2r — 1).
(Otherwise, we can simply use the center-replacing algorithm.) This lemma is key
to our approximation algorithm.

LEMMA 2.1. For any constantr2 <r < n, if po > 1+ (1/(2r — 1)), then
there are indiced <y, iz, ...,iy <nsuchthatforany <| <n,

1
d(S |Qil.i2.....ir ) SllQil,iz,.“.ir) - d(S |Qi1,i2,.“.ir > SlQil.iz,,..Air) = mdopt-
PrOOF.  First, we show the following claim.

CLAaM 2.2. For any k such thaR < k < r, where r is a constant, there are
indicesl <y, iy, ...,i; < n such that for any;sc S,

|J(I)| = (/Ok - /Ok+l) dopt-

Proor Consider the indices X iy,iz,...,ixk < n such thatp, i, i =
Pkbopt- Then, for any 1< ix;1, k42, ..., iy <nand 1< | < n, we have

I = [{j € Qipi....i |8,[i]1 # slilands,[j] # s[j1}]
< |{i € Quis..i|8.[i] # s[ilands,[j] # s[j1}| )
= |{j € Quuipic|SuliT # S[il} = {i € Qisi..ic|Su[i] = 8[]]
ands;, [j] # s[j1}]
= |{j € Qiuir.ie|S:[i1 # slil} = {i € Qivi..oiict [S:[51 # Sil}]
= |{i € Qi ic|Su[i1 # SLilH = |{i € Qivincica [S:Li1 # SLil}] (3)
PiLiz,...ik = Pisiz,...ikl

= (pk - pk+1)dopt’

A
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where Inequality (2) comes from the fact th@g i, i, € Qi.i,...i. and Equality

(3) is becausdj € Qii,,..i) | Suli] # s[il} € {i € Qipisic | Suli] #
slily. O

We now give an upper bounded for min — p3, p3 — P4, ..., or — Praa}-
Consider the sum of the— 1 terms,

(02— p3)+(p3—pa) + -+ (or —pr+1) =p2—pry1 < p2 <1

Thus, one ofo; — p3, p3 — P4, ..., or — pra1 iS @t most ¥(r — 1). We can give
a better bound by considering the weighted averagetefmsp, — 1, p2 — ps,

03— P4y .- Pr — Prit.

Clam 2.3. For2 <r <n,minfpo — 1, p2 — 03, 03 — P4, ..., or — Pry41} <
1/(2r —1).

ProOF. Consider 1< i, j < n such thatd(s, sj) = pods. Then, among
the positions wherg mismatches;, for at least one of the two strings, say,
the number of mismatches betwemnds is at least fo/2)d,.. Thus, among the
positions wheres matchess;, the number of mismatches betwegrands is at
most 1— (po/2)dop. Thereforep, < 1 — (po/2). So,

(1/2)(o0 — 1) + (02 — p3) + (03 — pa) + - - + (or — pr+1)

1/2)+r -1
_X/2potpa—-1/2 1 .
r—1/2 T -1
Thus, at leastone gfy — 1, o2 — p3, 03 — P4, ..., pr — pry1 iS less than or equal

tol/(2r —1). O

If po > 14+ 1/(2r — 1), then from Claim 2.3, there must be &X < r such that
Pk — pr+1 < 1/(2r —1). From Claim 2.2|J(1)| < 1/(2r —1)d, . Hence, there are
at most ¥(2r — 1)d,, positions inQ;, i,...i, wheres differs froms;, while agrees
with s. The lemma is proved.[]

Lemma 2.1 gives a way to find a good approximation of an optimal center string
sat positions inQ;, i,....i, forsomeiy, io, ..., i;. Lemma 2.5 shows how to use this
partial approximation solution from Lemma 2.1 to construct a good center string
at all L positions.

LetR,i, i =1{L2 ...,m}— Qi.i, i We have

CLaM 2.4. |R,i, il < kdprand|Qi i, ] = M — Kdypt.

PROOF. Letq be a position where some gf, s, ..., S, do not agree. Then
there exists somsg; such thats; [q] # s[q]. Sinced(s;,s) < dox, €achs; con-
tributes at mostl,,; positions inB, i, _i.. Thus,|P, i, | < Kdy. By definition,
[Qiviz,.ic] = M — K. [

Forthe positionsi®, i, i ={1,2,...,m} — Qi i, i ,weuseideasinLanctot
et al. [1999] and employ the following two strategies: (1)Rf ;... | is large, that
is, dopt > 2(logm), we use the LP relaxation to approximafeince|P,, i, i | <
kd,p: and thus the conditions for applying the method are satisfied; (B), i, ;.|
is small, that is,dopt < O(logm), we can enumeratgs [Pzl possibilities to
approximates.
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LEMMA 2.5. LetS ={s,S,...5 ), where|s|=mfori=1...,n. Assume
that s is the optimal solution GZLOSEST STRING and max<j<n d(S,S) = dopt.
Given a string §and a position set Q of size m O(d,p) such that for any i=
1,...,n,

where0 < p < 1, one can obtain a solution with radius at m@&t+ p + €)doy
in polynomial time for any fixed > 0. Thee dyp is considered as the error of
the solution.

PROOFE LetP ={1,2,...,m}— Q. Then, for any two stringsandt’ of length
m, we haved(t|p, t'|p) + d(t|g, t'|o) = d(t, t'). Thus, forany =1,2,...,n,

d(slp.slp) = d(s,s) —d(slq. Slq)
< d(s,s) — (d(slq, S'lq) — p dopy)
< (14 p)dopt — d(s|q. S'l0)-

Therefore, the following optimization problem

{min d; 5)
d(slp.y) =d —d(slq.Slo), i=1....n/lyl=|P],
has a solutiory = s|p with costd < (1 + p)doy. Note thaty is a variable that
represents a string of lengtR|. Suppose the optimal solution for the optimization
problem (5) is such that the costdg. Then

dO = (1 + p)dopt- (6)

Now we solve (5) approximately. Let be a permutation on,2, ..., m. For
any lengthm stringt, we uset” to denote the string[z (1)]t[z(2)]...t[z(mM)].
Clearly, s is an optimal center string fofs;, S, ..., &} if and only if s is an
optimal center string fofsy, s7 , . . ., 57 } with the same cost. Therefore, without
loss of generality, we assume that= {1, 2, ..., |P|}. Similar to Ben-Dor et al.
[1997] and Lanctot et al. [1999], we use a 0-1 variapjq to indicate whether
y[j] = a, where 1< j < |P| anda € . Denotex(s[j],a) = 0if s[j] = a
and 1ifs[j] # a. Then, (5) can be formulated to an equivalent 0—1 optimization
problem as follows:

min d;
YaexVia=1 j=12...,|P| @)
Zl§j§|P| Zaez x(sljl.a)yja<d—-d(slg, Slg), i=12...,n

Solve (7) by linear programming to get a fractional solutign = yja (1 < j <
|P|,a € X) with costd. Clearlyd < dp. For each 1< j < |P|, independently,
with probability y; ,, sety; , = Landyj , = Oforanya’ € ¥ —{a}. Then, we get
a solutiony; a = yj , (1 = ] <m, a € %) for the 0-1 optimization problem (7);
hence a solutioly = y’ for (5).

For each 1< j < |P|, the above random rounding ensures that onlyagex
is such thay; , = 1. Therefore) ", . x(s[j], @) Y a takes 1 or O randomly. Since
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the rounding is independent for differegis, > . . x(s[j]. a) Yj » @reindependent
0—1 random variables for ¥ j < |P|. Thus, forany 1< i < n, d(s|p, V) =
Y 1i<p) Sacx x(sLi1. @) Y] 4 is asum of P| independent 01 random variables,

and
3 S x(slil.a) Ely) ]

1<j<|Plaex

= > > xGslila)Vja

1<j<|Placx
d —d(slg.S1q) < do — d(slo. S'lq). (8)
Therefore, for any fixed’ > 0, by Lemma 1.2,

E[d(s[p. Y]

A

1
Pr(d(sle.¥) = do-+ €1P] - ds o, S1o)) = exp( - 3¢ IP).

Considering all of the strings, we have

Prd(slp,y) = do+€'|P| —d(slq,S|q) for some 1< i < n)
n x exp(—%e/2|P|) ) 9)

[A

If [P| > (4Inn)/e’?, then,n x exp (~3¢’*|P|) < n~%3. Thus, we obtain a ran-

domized algorithm to find a solution for (5) with cost at mdgt- €’| P| with pro-
bability at least - n—1/3,

For binary strings, Raghavan [1988] gave a method to derandomize the above
randomized algorithm. Also see Motwani and Raghavan [1995]. Here we give a
method to derandomize the algorithm for any constant-size alphabet.

Let yj.a = Yj.a be a fractional solution for (7) fof € P. We can arbitrarily
decomposeP into disjoint setsPy, P», ..., P« such that|P| > (41n n)/e/2 and
IP| < @Inn)/e?fori=1,2 ...k Letw; =31 p Cacx x(&Li]. ) Yja
For eachP,, replacingP with P, in (9), we know that there exists a strimg of
length| P | such that for each € S,

d(slp, %) < i +€|R].

Thus, we can simply enumerate all string of lengd® to find outx; in polynomial
time for any constant size alphabet. Concatenating; &l we have a string of
length|P| such that for each string € S,

k
d(slp.X) <Y (i +€|R]) =do— d(slq. S'lo) + €IP!.
i=1

Thus, we obtain a desired strimgn polynomial time.

If [P| < (4Inn)/e’?,|Z|IPI < n@II=D/€” is polynomial inn. So, we can enumer-
ate all strings ir2 " to find an optimal solution for (5) in polynomial time. Thus, in
both cases, we can obtain a solutipe= y, for the optimization problem (5) with
cost at mostly + €'| P| in polynomial time. SincéP| = O(dypy), |P| < € x dopt for
aconstant. Lete’ = €/c. Lets* be the string such that|q = S'|g ands*|p = Yp.
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Algorithm closestString

Input S, S, ..., s, € ™M, an integer > 2 and a small number > 0.

Output a center stringe ™.

1. for eachr-element subsdt,, s,. ..., s, } of then input stringsdo
@Q={1<j=zmils[il=s,lil=...=5I[il}, P={L2 ..., m} — Q.

(b) Lets’ = s,. Solve the optimization problem defined by (5) as described in the prpof
of Lemma 2.5 to get an approximate solutipg= y, within errore dop.
(c) Letu be a string such that|g = §,]q andu|p = Y,. Calculate the radius of the
solution withu as the center string.
2. fori=12,..., ndo
calculate the radius of the solution wighas the center string.
3. Output the best solution of the above two steps.

Fic. 1. Algorithm for G.OSESTSTRING.

From (5),

d(s,s*) = d(slp,s"|p) +d(slo.S"q)
= d(slp, Yo) + d(s|q. S'lq)
= d0+€/|P| = (l+p)dopt+€dopt,

where the last inequality is from (6). This proves the lemma.
Now we describe the complete algorithm in Figure 1.
THEOREM 2.6. The algorithm closestString is a PTAS fOroSESTSTRING.

PROOF.  Given aninstance of@®SESTSTRING, supposa is an optimal solution
and the optimal radius idyy, that is, max.1,_, d(s, ) = dop. Let P be defined
as in Step 1(a) of Algorithm closestString. Since for every positioR i@t least
one of ther stringss,, s,, ..., s, conflicts with the optimal center string we
have|P| <r x doo. As far asr is a constant, Step 1(b) can be done in polynomial
time by Lemma 2.5. Obviously, the other steps of Algorithm closestString runs
in polynomial time, withr a constant. In fact, it can be easily verified that the
algorithm runs in timeDQ((nm)" nOUgIZIxr?/e%)y,

If po—1 < 1/(2r —1), then by the definition gy, the algorithm finds a solution
with radius at mospgdoy: < (1 + (1/(2r — 1)))do: in Step 2.

If po > 1+ (1/(2r — 1)), then from Lemma 2.1 and Lemma 2.5, the algorithm
finds a solution with radius at most {1 (1/(2r — 1) + €))dop: in Step 1.

Therefore, the performance ratio of Algorithm closestString is-(/(2r —

1)) + €)dop. This proves the theorem[]

3. ApproximatingCLOSESTSUBSTRINGWhen D is Small

In some applications, such as drug target identification, genetic probe design, the
radiusd is often small. As a direct application of Lemma 2.1, we now present a
PTAS for Q.0SESTSTRING when the radiusl is small, that isd < O(log(hm)).
Again, we focus on the construction of the center string.

Suppos€S, L) is the given instance, whete = {s1, S, ..., ). Let s be an
optimal center string ant] be the substring frong which is the closest t®
@A<i=n).
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Algorithm smallSubstring
Input S, S, ..., S, € ™, anintegel. and an integer > 0.
Output  acenter stringe x*.
1. for eaclr-element subsdt;,, ti,, .. ., %, }, Wheretij is a substring of length fromsj do
@Q=1{l<j=LIt[il=t[l=..=t[LP={12....L}-Q
(b) for everyx € /P do
lett be the string such thato = ti,|o andt|p = x|p; compute the radius of the
solution witht as the center string.
2. for every lengthL substringu from any given sequenao
compute the radius of the solution withas the center string.
3. select a center string that achieves the best result in Step 1 and Step 2; output the best
solution of the above two steps.

Fic. 2. Algorithm for Q.0SESTSUBSTRING whend is small.

We first describe the intuition behind the proof. The basic idea is that for any
fixed constant > 0, by trying all the choices of substrings fromS, we can
assume that we know the, ti,, . . ., t;, that satisfy Lemma 2.1 by replacisgby t;
ands; byt;,. Sinced < O(log(nm)), ther substringd;,, t;,, ..., tj disagree at at
mostO(log(nm)) positions. Therefore, we can keep the characters at the positions
wheret; , t;,, ..., ti, all agree, and try all possibilities for the rest of the positions.
From Lemma 2.1, we will find a good approximatiorstar he complete algorithm
is described in Figure 2.

THEOREM 3.1. Algorithm smallSubstring is a PTAS fQLOSEST SUBSTRING
when the radius d is small, that is,d O(log(nm)).

PROOF  Obviously, the size ofP in Step 1 is at mosiO(r x log(nm)).
Step 1 take©((mn)" x £OCxgOm) s mnL) = O((nm) +1 x (Nm)O xleg=N) —
O((nm)©xloglxDy time. Other steps take less than that time. Thus, the total time
required isO((nm)C¢x1091=D) "which is polynomial in terms of input size for any
constant .

From Lemma 2.1, the performance ratio of the algorithmis(1/(2r —1)). [

4. A PTAS foICLOSESTSUBSTRING

In this section, we further extend the algorithm fardSEST STRING to a PTAS
for CLOSEST SUBSTRING, making use of aandom samplingstrategy. Note that
Algorithm smallSubstring runs in exponential time for general radiwsd the
algorithm closestString does not work foL@SEST SUBSTRING since we do not
know how to construct an optimization problem similar to (5)—The construction
of (5) requires us to know all the strings (substrings) in an optimal solution of
CLOSEST STRING (CLOSESTSUBSTRING). Thus, the choice of a “good” substring
from every strings is the only obstacle on the way to the solution. For eachS,
there areO(m) ways to choosd. Thus, we haved(m") possible combinations,
which is exponential in terms af. We use random sampling to handle this.

Now let us outline the main ideas. L& = {5, S, ..., S}, L) be an instance
of CLOSEST SUBSTRING, where eacls is of lengthm, for 1 < i < n. Suppose
thats, of lengthL, is its optimal solution ang is a lengthL substring ofs which
is the closest te (1 < i < n). Letdyp: = max.; d(s, ti). The key step of our
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Algorithm closestSubstring
Input S, S, ..., s, € XM aninteger 1< L < m, aninteger > 2 and a small number> 0.
Output the center string
1. for eactr-elementsubsdt;,, ti,, ..., t; }, wheret;, is a substring of length from s, do
@Q={1=j=LIt[il=t[]=...=4[}P={L2..., L} - Q.
(b) Let R be a multiset containin(;}2 log(nm)7] uniformly random positions fronf.
(c) for every stringx of length|R| do
(i) for i from 1ton do
Let t/ be a lengthL substring ofs minimizing f(t) = d(x,t/|r) x % +
d(ti,lo. tflo)-
(i) Using the method provided in the proof of Lemma 2.5, solve the optimization problém
defined by (10) approximately to get a solutipa= yo within errore |P|.
(i) Let s’ be the string such thad'|p = yo ands'|q = t,lg. Let c = max.,
MiNg;is a substring o} (S, ti).
2. for every lengtht substrings’ of s; do
Letc = ma){;l MiNg, is a substring o) d(S', ti).
3. Output thes’ with minimumc in Step 1(c)(iii) and Step 2.

FiG. 3. The PTAS for the closest substring problem.

algorithm is to construct a functiofi(u) for u being a lengthL substring from
anys € S, such thatf (u) approximatesi(s, u) very well. Therefore, we can find
an “approximation” to each by minimizing f (u) for u being a substring frorg

A<i=<n).
More specifically, for any fixed > 0, by trying all the choices af substrings
fromS,we canassumeth@t ti,, . .., t; arethe substrings that satisfy Lemma 2.1

by replacings byt ands; byt . Let Q be the set of positions whete, t;,, . .., t;,
agreeand®® = {1,2,..., L} — Q. By Lemma 2.1f;, | g iS a good approximation to
Slq. We want to approximats|p by the solution ofy of the following optimization
problem (10), wher# is a substring o§ and is up to us to choose.

{min d;
d(t/lp,y) <d —d(t/lg. ti,lo), i =1,....,n;|y|=|P|.

Note thatt’s are not variables of problem (10), but rather they define the con-
straints. We need to choose them properly to construct the right problem (10) to
solve. The ideal choice i = t;, that is,t/ is the closest t& among all substrings
of 5. However, we only approximately know the corresponding charactesnof
Q and know nothing about those positionssah P so far. So, we randomly pick
O(log(mn)) positions fromP. Suppose the multiset of these random positions is
R. (Here we use multiset, since each time we have to independently choose a posi-
tion from P without changing the distribution. Thus, we can estimate the expected
value of the| R| independent random variables and apply the Chernoff bound and
Lemma 1.2 in our proof.) By trying all lengtfR| strings, we can assume that we
know s|r. Then, for each 1< i < n, we find the substring from s such that
f(t)) = d(slr, t/Ir) x |PI/IRI + d(ti,|q. t/|q) is minimized. Thent] potentially
belongs to the substrings which are the closest to

Then we solve (10) approximately by the method provided in the proof of
Lemma 2.5 to get a solutiop = yp and combiney, at the positions inP and
t;, at the positions irQ. The resulting string should be a good approximatios. to
The detailed algorithm (Algorithm closestSubstring) is given in Figure 3. We prove
Theorem 4.1 in the rest of the section.

(10)
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THEOREM 4.1. Algorithm closestSubstring is a PTAS for the closest substring
problem.

PrROOF. Lets be an optimal center string ahdbe the length:- substring ofs
that is the closestte (1 < i < n). Letdy,: = maxi<j<n d(s, t;). Lete be any small
positive number and > 2 be any fixed integer. Lelp = max,<j j<n d(ti, tj)/dopt-
If po <14 (1/(2r — 1)), then clearly we can find a solutighwithin ratio pg in
Step 2. So, we assume that> 1+ (1/(2r — 1)) from now on.

FAcT 1. There exists a group of substrings, ti,, ..., ti, chosen in Sted

r

of Algorithm closestSubstring, such that for ahy< | < n, d(ti|o, ti,lo) —
d(slo, slo) < 1/(2r — 1)d,,, Where Q is defined in Steffa) of the algorithm

PrROOF  The fact follows from Lemma 2.1 directly.[]

Obviously, the algorithm takesass|r at some point in Step 1(c). L&t= s|r
andt;, t,, ..., t, satisfy Fact 1. LeP andQ be defined as in Step 1(a), atide
defined as in Step 1(c)(i). Lst be a string such that'|p = s|p ands*|q = t;,|o.
Then we claim:

FAacT 2. With high probability d(s*, t/) < d(s*, tj) + 2¢|P|forall 1 <i <n.

PrROOF. Recall, for any position multisat, we denota " (t1, to) = d(ty|7, ta|7)
for any two stringg; andt,. Let p = |P|/|R|. Consider any length substringt’
of § satisfying

d(st,t') > d(s*, ) + 2¢| P|. (11)
Let f (u) = pdR(s*, u) +d°(t;,, u) for any lengthL stringu. The factf (t') < f(t)

implies eitherf (t') < d(s*,t") — ¢|P]| or f(t) > d(s*, t;) + ¢|P|. Thus, we have
the following inequality:

Pr(f(t’) < f(t))
< Pr(f(t") <d(s*,t')—€|P|) + Pr(f(t) > d(s", ;) + €|P]). (12)

It is easy to see thatR(s*,t’) is the sum of|R| independent random 0-1
variableszii'1 Xi, whereX; = lindicates a mismatch betweghandt’ at theith
position inR. Let u = E[dR(s*, t’)]. Obviously,u. = dP(s*,t")/p. Therefore, by
Lemma 1.2 (2),

Pr(f(t) < d(s".t) —elPI)
= Pr(pdR(s*, t') + d9(s*, t') < d(s*, t') — €| P|)
= Pr(pdR(s*, t') < dP(s*, t') — €|P))
= Pr(dR(s*,t") < u — €|R])

< exp(—%eleﬂ) < (nm)72, (13)

where the last inequality is due to the settjiRj = [4/€?log(nm)] in Step 1(b) of
the algorithm. Similarly, using Lemma 1.2 (1), we have

Pr(f(t) > d(s*,t) +¢lP|) < (nm)~*2. (14)
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Combining (12), (13), and (14), we know that for anyhat satisfies (11),
Pr(f(t) < f(t)) < 2(m)~*°. (15)

For any fixed 1< i < n, there are less tham substringg’ that satisfy (11). Thus,
from (15) and the definition df,

Pr(d(s*, t') > d(s*, t;) + 2¢|P|) < 2n~"*m~1/3, (16)

Summing up alli € {1,2,...,n}, we know that with probability at least
1—2nm)~Y3, d(s*, t) <d(s*,t) + 2¢|P| foralli =1,2,...,n. O

From Fact 1,d(s*, t;) = dP(s,t;) + d?(ti,, i) < d(s,t) + 1/(2r — 1)dop.
Combining with Fact 2 anfP| < r dqy, we get

d(s*, 1)) < (L4 (1/(2r — 1)) + 2€ 1 )dope (17)

By the definition ofs*, s|p is a solution for the optimization problem defined by
(10) such thatd < (1 + (1/(2r — 1)) + 2¢r)dy,. We can solve the optimization
problem (10) within erroe |P| < € rdo,; by the method in the proof of Lemma 2.5.
Lety = yp be the approximate solution of the optimization problem in (10). Then,
by (10), forany 1<i <n,

d(t/lp, Yo) < (1 + (1/(2r — 1)) + 2 1)dope — d(t] Q. tiy|Q) + € dope.  (18)
Lets be defined in Step 1(c)(iii), then, by (18),

d(s’, t)) = d(yo. t/|p) + d(ti,]q. t/lQ)
< (14 (1/(2r — 1))+ 2er)dopt + € rdopt
< (14 (1/(2r — 1))+ 3er)dopt.

For any small consta@t> 0, by setting = 1/8 + 1/2 ande = §2/6, we assure
that 1/(2r — 1) + 3er < §. Therefore, with high probability, Algorithm closest-
Substring outputs in polynomial time a center strishguch that(t/, s) is no more
than (14 8)d,, for every 1< i < n, wheret/ is a substring 0§ . It can be easily
verified that the running time of the algorithm@(n2m)°((gI=1/6%)

The algorithm can be derandomized by standard methods. For instance, instead
of randomly and independently choosi@flog (hm)) positions fromP, we can
pick the vertices encountered on a random walk of le@fflog (nm)) on a constant
degree expander [Gillman 1993]. Obviously, the number of such random walks on
a constant degree expander is polynomial in termsrof Thus, by enumerating
all random walks of lengti® (log (hnm)), we have a polynomial time deterministic
algorithm. (Also see Arora et al. [1995])[]

5. Discussions

We have designed polynomial time approximation schemes for both the closest
string and closest substring problems. A more general problem cidlgayuishing

string selectiomproblem is to search for a string of lendthwhich is “close” (as an
approximate substring) to some sequences (of harmful germs) and “far” from some
other sequences (of humans). See Lanctot et al. [1999] for a formal definition.
The problem is originated from genetic drug target identification, and universal
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PCR primer design [Lucas et al. 1991; Dopazo et al. 1993; Proutski and Holme
1996]. A trivial ratio-2 approximation was given in Lanctot et al. [1999] and the
first nontrivial algorithm with approximation ratio 2 (2/(2|X| 4+ 1)) was given

in Li et al. [1999]. An open problem is whether a polynomial-time approximation
scheme exists for this problem.
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