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Abstract

We study the problem of embedding a directed hypergraph on a ring that has applications in optical network commun
The undirected version (MCHEC) has been extensively studied. It was shown that the undirect version was NP-complete
nomial time approximation scheme (PTAS) for the undirected version has been developed. In this paper, we design a p
time approximation scheme for the directed version.
 2005 Elsevier B.V. All rights reserved.

Keywords:Approximation algorithms; Directed hyperedges embedding; Rings
was
on,

-
di-

es-
ng
ob-
. It
di-

o-
nd

ave
on-

tion
re-
-
p-

eir
ob-

ing
thod

e
ch-

ch-
The
of
1. Introduction

The problem of embedding hyperedges on a ring
originally proposed for electronic design automati
where the objective is to route within a minimum
area rectangle [9,1]. The problem of embedding un
rected hyperedges on a ring with minimum cong
tion (MCHEC) has applications in parallel computi
as well as multicast routing. Here we study the pr
lem of embedding directed hyperedges on a ring
models the case where the links in the network is
rected.

For the undirected case (MCHEC), Ganley and C
hoon in [2] proved that the problem was NP-hard a
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E-mail addresses:kangli@sdu.edu.cn (K. Li),

lwang@cs.cityu.edu.hk (L. Wang).
0020-0190/$ – see front matter 2005 Elsevier B.V. All rights reserved.
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gave a ratio-3 approximation algorithm. They also g
an algorithm that can solve the case where the c
gestion is a constant. Several ratio-2 approxima
algorithms were given in [3,5]. Gu and Wang p
sented a ratio-1.8 approximation algorithm [4]. Re
cently, Deng and Li proposed a polynomial time a
proximation scheme (PTAS) for the problem. Th
approach comes from the techniques for string pr
lems [6].

In this paper, we study the problem of embedd
directed hyperedges on a ring. We extend the me
in [8] to get a polynomial time approximation schem
for the directed version. We have developed a new te
nique for the proofs of some key lemmas. This te
nique can also be applied to the undirected case.
new proofs allow us to reduce the time complexity
the algorithms in [8] by a factor of O(m), wherem is
the total number of hyperedges.
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The paper is organized as follows: We first give so
definitions in Section 2. Section 3 deals with a spe
case, where the number of hyperedgesm is O(logn).
Section 4 gives an algorithm that solves the case w
the number of hyperedgesm is of O(Copt), andcopt is
the minimum congestion cost of an optimal embedd
The general case is solved in Section 5.

2. Preliminaries

A ring of n nodes is a directed graphR = (V ,ER),
whereV = {1,2, . . . , n} is the set ofn vertices on the
ring andER = {e+

i = (i, i + 1), e−
i = (i + 1, i) | i = 1,

2, . . . , n} is the set of 2n directed edges on the rin
wheren + 1 is treated as 1. Consider the same se
verticesV = {1,2, . . . , n}. A directed hyperedgeh =
(u,S) is a pair, whereu ∈ V is the source of the hy
peredge andS ⊆ V − {u} is the set of sinks. In com
munication applications, each hyperedgeh represents a
request that asks to send a message fromu to every ver-
tex in S. Let H = (V ,EH ) be a directed hypergrap
with the same set of verticesV and a set ofm directed
hyperedgesEH = {h1, h2, . . . , hm}.

Let hj = (uj , Sj ) be a hyperedge inEH , where

Sj = {ij1, i
j

2, . . . , i
j
kj

}. kj = |Sj | denotes the total num
ber of sink vertices in the hyperedge. For convenien
we useij0 to denoteuj . Assume that thekj + 1 vertices

i
j

0 , i
j

1, . . . , i
j
kj

follow the clockwise order on the ring.P
j
k

denotes the segment of vertices on the ring from ve
i
j
k to vertexi

j

k+1 for k = 0,1, . . . , kj − 1 andP
j
kj

de-
notes the segment of vertices on the ring from ve
i
j
kj

to vertexij0 . In order to realize the requesthj on the
ring, one can cut one of the pathsPk for k = 0,1, . . . , kj

and obtain two directed paths on the ring both star
from i

j

0 . This forms an embedding ofhj on the ring. For
a hyperedgehj , there arekj + 1 different embeddings

one for eachP j
k (by cuttingP

j
k ). An embeddingof hj

is aP
j
k embeddingif P

j
k is cut.

Given an embeddingx of all the hyperedgesEH , the
congestione+

i (x) or e−
i (x) of a directed edgee+

i or e−
i

is the number of times that the edgee+
i or e−

i is used in
the embedding. Whenx is clear, we also usec(e+

i ) and
c(e−

i ) to denote the congestion. The problem here i
find an embedding for eachhj ∈ EH such that every
edgee+

i ande−
i on the ring is used at mostc times and

c is minimized. We refer the problem as theembedding
directed hyperedges on the ringproblem (EDHR, for
short).
3. Enumerating method for m = O(logn)

In this section, we give an algorithm with ratio 1+ 1
r

for the case where there are O(logn) hyperedges inEH .
The basic idea of our algorithm is to choose 2r edges
on the ring, wherer is a constant related to the rat
and for each hyperedgehj we only have to cut aP j

k

that contains one of the 2r selected edges on the rin
By doing this, for eachhj we only have to consider 2r
choices (instead ofkj + 1 choices for an optimal solu
tion). Since there are at most O(logn) hyperedges, th
time complexity is O((2r)O(logn)), that is polynomial.

Let i1, i2, . . . , i2r be 2r indices representing the 2r

edges(i1, i1 + 1), (i2, i2 + 1), . . . , (i2r , i2r + 1) on the
ring R. Let x = (x1, x2, . . . , xm) be an embedding o
H , wherexj indicates the choiceP j

k that is cut for the
embedding ofhj . We useEj(x) to denote the segme

P
j
k that is cut for the embeddingx of hj .

Let Qi1,i2,...,i2r
(x) be a set of indices of hyperedg

such thatj is in Qi1,i2,...,i2r
(x) if and only if Ej(x) con-

tains at least one of the 2r edges(i1, i1 +1), (i2, i2 +1),

. . . , (i2r , i2r + 1).

Lemma 1. Let x be any embedding ofH . For any fixed
index1� i1 � n, there exist2r −1 indicesi2, i3, . . . , i2r

such that for any embeddingx′ satisfyingx′
j = xj for

everyj ∈ Qi1,i2,...,i2r
(x), we have

e+
i (x′) − e+

i (x) � 1

r
e+
i (x) and

e−
i (x′) − e−

i (x) � 1

r
e−
i (x)

for any directed edgee+
i ande−

i in ER on the ring.

Proof. We prove the lemma by giving a way to find t
2r − 1 indices. Letc be the congestion for the embe
ding x that we want to approximate. First, we select
arbitrary edge, say,e+

1 = (1,2) = (i1, i1+1) on the ring.
In the embedding ofx, there are at leastm − 2c hj ’s
with e+

1 ∈ Ej(x). That is, there are at most 2c hj ’s with
e+

1 /∈ Ej(x). Let Hr be the set of the (at most 2c) hj ’s
with e+

1 ∈ Ej(x). We use the following method to sele
the remaining (at most) 2r − 1 indices.

1. for a remaining edgee+
g on the ringR do

2. if there are more thanc
r

hyperedgeshj ∈ Hr with
e+
g ∈ Ej(x), then we select the indexq and set

Hr = Hr − {j | e+
g ∈ Ej(x)}.

3. if the size ofHr is more thanc
r

then goto Step 1
else stop.
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The above procedure will stop after at most 2r − 1
iterations since each time the size ofHr is reduced by
at leastc

r
and the original size ofHr is at most 2c.

Now, consider any edgee+
i or e−

i with index i (1 �
i � n) not selected in the above procedure. For the
beddingx, the number ofhj ’s that are not cut at edg
e+
i or e−

i in x is at most the size ofHr , that is upper
bounded byc

r
. Thus, the lemma holds.�

Note that, in the proof of Lemma 1, we assume t
x is known when selecting the 2r − 1 indices. In fact,
x will be the optimal solution that we do not know
However, we can go through all possible sets of 2r − 1
indices in polynomial time. Based on Lemma 1, we c
solve the problem as follows:

1. try all possible choices ofi2, i3, . . . , i2r .
2. for eachhj ∈ H , try the 2r − 1 choices for cutting

the pathP j
k containinge+

i1
, e+

i2
, . . . , or e+

i2r
.

Step 1 takes O(n2r−1) time and Step 2 needs O((2r)m) =
O((2r)O(logn)) = nO(log2r) time.

Theorem 2. There is a PTAS with ratio1+ 1
r

that runs
in O(n2r−1 × nO(log 2r)) time whenm = O(logn).

4. The algorithm for c ��� O(logn) and c = O(m)

In this section, we consider the case wherec =
O(m). We use linear programming and randomiz
rounding approach. Lethj = (uj , Sj ) be a hyper-
edge. We definekj +1 variables,xj,1, xj,2, . . . , xj,kj +1.

xj,l =1 indicates thatP j
l is cut for the embedding ofhj .

For each segmentP j
q of hj and an edgee+

i on the ring,
we have a constantµi,q,j . µi,q,j = 1 if edgee+

i is in the

segmentP j
q of hj . Otherwise,µi,q,j = 0. We have the

following LP formulation.

minc;
kj +1∑
l=1

xj,l = 1;

c
(
e+
i

) =
m∑

j=1

kj +1∑
q=1

µi,q,j (xj,q+1 + xj,q+2 + · · · + xj,kj
)

� c; (1)

c
(
e−
i

) =
m∑

j=1

kj +1∑
q=1

µi,q,j (xj,0 + xj,1 + · · · + xj,q−1)

� c. (2)
For a fixed hyperedgehj and a directed edgee+
i (e−

i )
on the ring, there is only oneµi,q,j for q = 0,1, . . . , kj

with value 1. Consider such a segmentP
j
q , wheree+

i

ande−
i are in the segment.e+

i is used in the embeddin

of hj if one of the segmentsP j

q+1,P
j

q+2, . . . ,P
j
kj

is cut

for the embedding ofhj . Likewise,e−
i is used in the em

bedding ofhj if one of the segmentsP j

0 ,P
j

1 , . . . ,P
j

q−1
is cut for the embedding ofhj . Therefore, we have (1
and (2).

The fractional version of the linear programmi
problem can be solved in polynomial time. After we g
a fractional solutionx′

j,l , independently with probability
x′
j,l , we setx̂j,l = 1 andx̂j,h = 0 for the rest ofh. Thus,

we obtain an integer solution̂x for the LP problem. Le
copt be the optimal congestion of the LP formulatio
Similar to Lemma 3 in [8], we can prove that

Theorem 3. Assume thatm � c1 logn, andcopt = c2 ×
m. Let x̂ be the0–1 solution obtained by randomize

rounding. With probability at least1 − n1− 1
3ε2c2

2c1, for
anye+

i ande−
i in ER ,

e+
i (x̂) � (1+ ε)copt,

and

e−
i (x̂) � (1+ ε)copt.

The proof is given in Appendix A. Using the standa
derandomization method for packing integer progra
[7], we can have a polynomial deterministic algorithm

Theorem 4. There is a PTAS for EDHR whenm �
O(logn) andcopt � O(m).

5. The general algorithm

The linear programming and randomized round
approach in Section 4 does not work for the case wh
copt is small comparing withm. Here we propose
method that decomposes the set of all hyperedges
two groups so that we can give approximate embedd
using different methods for the two groups.

Consider 2r indices i1, i2, . . . , i2r of edges inER .
Let e+

i1
, e+

i2
, . . . , e+

i2r
be 2r edges on the ring. We defin

Ri1,i2,...,i2r

= {
1� j � m | there exist anl such that

e+
ik

∈ P
j
l for anyk ∈ {1,2, . . . ,2r}}.

Let Ui1,i2,...,i2r
= {1,2, . . . ,m} − Ri1,i2,...,i2r

. Let xopt be
an optimal embedding.xopt|Ri ,i ,...,i andxopt|Ui ,...,i
1 2 2r 1 2r
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denote the reduced embeddings ofxopt on the sets of hy
peredgesRi1,i2,...,i2r

andUi1,i2,...,i2r
, respectively.

Lemma 5. |Ui1,i2,...,i2r
| � 4rcopt and |Ri1,i2,...,i2r

| �
m − 4rcopt.

Proof. Consider anEj(xopt) containing all the 2r edges
e+
i1
, e+

i2
, . . . , e+

i2r
. For each edgee+

ik
, there are at mos

2copt Hj ’s such thate+
ik

/∈ Ej(xopt). Thus, there are a

most 4rcopt hj ’s in total withe+
ik

/∈ Ej(xopt) for someik .
Therefore,|Ri1,i2,...,i2r

| � m − 4rcopt.
By definition,|Ui1,i2,...,i2r

| � 4rcopt. �
Let xi1 be an embedding ofhj ’s in Ri1,i2,...,i2r

such
that everyhj is cut at edgee+

i1
. Now, we want to show

that

Lemma 6. For any fixed index1 � i1 � n, there exist
2r − 1 indices1� i2, i3, . . . , i2r � n such that for every
edgee+

i ande−
i in ER ,

e+
i (xi1) − e+

i (xopt|Ri1,i2,...,i2r
) � 1

r
copt, and

e−
i (xi1) − e−

i (xopt|Ri1,i2,...,i2r
) � 1

r
copt.

Proof. To show the existence of the 2r − 1 indices, we
give a way to find the 2r − 1 indices assuming thatxopt
is known. First, we select an arbitrary edge, say,e+

1 =
(1,2) = (i1, i1 + 1) on the ring. In the embedding o
xopt, there are at leastm−2copt hj ’s with e+

1 ∈ Ej(xopt).
That is, there are at most 2copt hj ’s with e+

1 /∈ Ej(xopt).
(If we cut all them hj ’s in H at edgee+

1 , there are
at most 2copt hj ’s that are embedded in a way differe
from that ofxopt.) LetHr be the set of the (at most 2copt)
hj ’s with e+

1 ∈ Ej(xopt).
For every edgee+

g on the ring, if there are mor
thancopt/r hyperedges inHr with e+

g ∈ Ej(xopt), then
we select the indexq. Consider the setRi1,g of in-
dices. j ∈ Ri1,g if e+

g ∈ Ej(xopt) and e+
1 ∈ Ej(xopt).

If we cut all the (at mostm − 2copt) hj ’s with j in
Ri1,g on edgee+

1 , there are at most 2copt − copt/r hj ’s
that are embedded in a way different from that ofxopt.
SetHr = Hr − {j | e+

g ∈ Ej(xopt)} (the set of at mos
2copt− copt/r hj ’s that are embedded in a way differe
from that ofxopt). If the size ofHr is more thancopt/r

then we can repeat the process and find another
eg (index). The process continues until the size ofHr is
less thancopt/r . The above procedure will stop after
most 2r − 1 iterations since each time the size ofHr is
reduced by at leastcopt/r and the original size ofHr is
at most 2copt.
e

Now, consider any edgee+
i with index i (1 � i � n)

not selected in the above procedure. The number ofhj ’s
in Ri1,i2,...,i2r

that are not cut correctly at edgee+
i in

xi1 is at most the size ofHr , that is upper bounded b
copt/r . Thus, the lemma holds.�
Theorem 7. There is a PTAS for the EDHR problem.

Proof. We first computeUi1,i2,...,ir andRi1,i2,...,i2r
.

Case1. |Ui1,i2,...,i2r
| � C logn. We use the enumera

ing approach in Section 3 to compute an embedding
the set of hyperedges inUi1,i2,...,i2r

. For the hyperedge
in Ri1,i2,...,i2r

, we simply cut the ring at edgee+
1 . From

Lemma 6 and Theorem 2, the ratio is1
r

+ 1
r
.

Case2. |Ui1,i2,...,i2r
| > C logn. We use the LP an

randomized rounding approach in Section 4 to comp
an embedding for the set of hyperedges inUi1,i2,...,i2r

.
For the hyperedges inRi1,i2,...,i2r

, we simply cut the ring
at edgee+

1 . The LP formulation is as follows:

minc;
kj +1∑
l=1

xj,l = 1 for j = 1,2, . . . , |U11,i2,...,i2r
|;

|Ui1,i2,...,i2r
|∑

j=1

kj +1∑
q=1

µi,q,j (xj,q+1 + xj,q+2 + · · · + xj,kj
)

� c − c
(
e+
i |R);

|Ui1,i2,...,i2r
|∑

j=1

kj +1∑
q=1

µi,q,j (xj,0 + xj,1 + · · · + xj,q−1)

� c − c
(
e−
i |R)

,

wherec(e+
i |R) and c(e−

i |R) are the number of time
that e+

i ande−
i are used for the embedding ofhj ’s in

Ri1,i2,...,i2r
.

Theorem 3 and Lemma 6 ensure that the ratio
1+ ε for anyε. The standard derandomization appro
gives a deterministic algorithm.�
Remark. The NP-hardness of the directed version
still open.
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Appendix A. The proof of Theorem 3

Proof. To prove the theorem, we need the followi
lemma originally from [7].

Lemma 8. Let X1,X2, . . . ,Xn be n independent ran
dom 0–1 variables, wherexi takes1 with probability
pi , 0< pi < 1. LetX = ∑n

i=1 Xi , andµ = E[X]. Then
for δ > 0, Pr(X > µ + δn) < exp(−1

3nδ2).

For a fixed i and a fixedj , only oneµi,q,j is 1
and the rest are 0. Forl = 0,1, . . . , kj , consider such
an l with µi,q,l = 1. For a fixedj , only onexj,l is
rounded to 1. Thus,µi,q,j (xj,q+1+xj,q+2+· · ·+xj,kj

)

andµi,q,j (xj,0 + xj,1 + · · ·+ xj,q−1) are also randomly
rounded to either 1 or 0 and are independently for
ferentj ’s. Therefore, both

c
(
e+
i

) =
m∑

j=1

kj +1∑
q=1

µi,q,j (xj,q+1 + xj,q+2 + · · · + xj,kj
)

and

c
(
e−
i

) =
m∑

j=1

kj +1∑
q=1

µi,q,j (xj,0 + xj,1 + · · · + xj,q−1)

are sums ofm independent 0–1 random variables. Se

E
[
c(e+

i )
]

=
m∑

j=1

kj +1∑
q=1

µi,q,jE[xj,q+1 + xj,q+2 + · · · + xj,kj
]

= µ+
i � copt,

and

E
[
c(e−

i )
]

=
m∑

j=1

kj +1∑
q=1

µi,q,jE[xj,0 + xj,1 + · · · + xj,q−1]

= µ−
i � copt.

From Lemma 8, for any fixedδ,

Pr
(
c(e+

i ) > µ+
i + δm

)
� exp

(
−1

3
δ2m

)
.

Consider the set of all clockwise edgesE+
R = {e+

1 , e+
2 ,

. . . , e+
n },

Pr
(
c(e+

i ) > µ+
i + δm for at least onee+

i ∈ ER

)

� n × exp

(
−1

3
δ2m

)
.

Similarly, we can show that

Pr
(
c(e−

i ) > µ−
i + δm for at least onee−

i ∈ ER

)

� n × exp

(
−1

3
δ2m

)
.

By assumption,m � C logn. Thus, we have

n × exp

(
−1

3
δ2m

)
� n1−δ2C/3.

Therefore, we get a randomized algorithm to find
solution x for the problem with probability at leas
1− 2n1−δ2C/3 such that for anye+

i ∈ ER ande−
i ∈ ER ,

c(e+
i ) � µi + δm � copt + εcopt, and c(e−

i ) � copt +
εcopt, whereε = δ

c
. �
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