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Abstract

We study the problem of embedding a directed hypergraph on a ring that has applications in optical network communications.
The undirected version (MCHEC) has been extensively studied. It was shown that the undirect version was NP-complete. A poly-
nomial time approximation scheme (PTAS) for the undirected version has been developed. In this paper, we design a polynomia

time approximation scheme for the directed version.
0 2005 Elsevier B.V. All rights reserved.
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1. Introduction

gave a ratio-3 approximation algorithm. They also gave
an algorithm that can solve the case where the con-

The problem of embedding hyperedges on aring was gestion is a constant. Several ratio-2 approximation

originally proposed for electronic design automation,
where the objective is to route within a minimum-
area rectangle [9,1]. The problem of embedding undi-
rected hyperedges on a ring with minimum conges-
tion (MCHEC) has applications in parallel computing
as well as multicast routing. Here we study the prob-
lem of embedding directed hyperedges on a ring. It
models the case where the links in the network is di-
rected.

For the undirected case (MCHEC), Ganley and Co-
hoon in [2] proved that the problem was NP-hard and
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algorithms were given in [3,5]. Gu and Wang pre-
sented a ratio-8 approximation algorithm [4]. Re-
cently, Deng and Li proposed a polynomial time ap-
proximation scheme (PTAS) for the problem. Their
approach comes from the techniques for string prob-
lems [6].

In this paper, we study the problem of embedding
directed hyperedges on a ring. We extend the method
in [8] to get a polynomial time approximation scheme
for the directed version. We have developed a new tech-
nigue for the proofs of some key lemmas. This tech-
nigue can also be applied to the undirected case. The
new proofs allow us to reduce the time complexity of
the algorithms in [8] by a factor of @), wherem is
the total number of hyperedges.
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The paper is organized as follows: We first give some
definitions in Section 2. Section 3 deals with a special
case, where the number of hyperedgess O(logn).
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3. Enumerating method for m = O(logn)

In this section, we give an algorithm with ratio{-l%

Section 4 gives an algorithm that solves the case wherefor the case where there argl@yn) hyperedges itE .

the number of hyperedges is of O(Copt), andcopt is
the minimum congestion cost of an optimal embedding.
The general case is solved in Section 5.

2. Preliminaries

A ring of n nodes is a directed graph= (V, Eg),
whereV = {1, 2, ..., n} is the set ofn vertices on the
ringandEg =f{e; = (i, i +1),e; =(+Li)|i=1,
2,...,n} is the set of 2 directed edges on the ring,

The basic idea of our algorithm is to choose étiges
on the ring, where- is a constant related to the ratio,
and for each hyperedge; we only have to cut aDkJ
that contains one of therXelected edges on the ring.
By doing this, for eaclk ; we only have to considern-2
choices (instead of; + 1 choices for an optimal solu-
tion). Since there are at most(logn) hyperedges, the
time complexity is @(2-)°1097)) that is polynomial.
Let iy, io,...,i2- be 2 indices representing the-2
edges(iy, i1 + 1), (i2,i2 + 1), ..., (i2r, i2- + 1) on the
rng R. Let x = (x1,x2,...,x,) be an embedding of

wheren + 1 is treated as 1. Consider the same set of H, wherex; indicates the choicé’,{ that is cut for the

verticesV = {1,2,...,n}. A directed hyperedgé =
(u, S) is a pair, wherex € V is the source of the hy-
peredge ands € V — {u} is the set of sinks. In com-
munication applications, each hyperedgeepresents a
request that asks to send a message framevery ver-
tex in S. Let H = (V, Ey) be a directed hypergraph
with the same set of verticdg and a set ofn directed
hyperedge®'y = {h1, ho, ..., hy).

Let h; = (uj,S;) be a hyperedge iy, where

S; ={i] 12,...,i,fj}. k; = |S;| denotes the total num-

ber of sink vertices in the hyperedge. For convenience,

we useié to denotex ;. Assume that thé; + 1 vertices

Jo.J .J . . Jj
ig+i1, .- i follow the clockwise order on the ring;

denotes the segment of vertices on the ring from vertex

i{ to vertexi/,, for k=0,1,....k; — 1 and P’ de-

notes the segment of vertices on the ring from vertex

i,{ to vertexié In order to realize the requels on the
rmg one can cut one of the patRsfork =0, 1, .

and obtain two directed paths on the ring both startlng
fromzO This forms an embedding &f; on the ring. For

a hyperedgéj, there arek; + 1 dlﬁerent embeddings,
one for eachP/ (by cutting P’) An embeddingf £

is aP’ embeddingf P’ is cut.

Given an embedding of all the hyperedgeg&y, the
congestiore;” (x) or e; (x) of a directed edge;” or e;”
is the number of times that the edgjé or ¢; is used in
the embedding. When is clear, we also use(e;r) and

embedding of: ;. We useE; (x) to denote the segment

P/ thatis cut for the embeddingof /.

Let Qi,.ir,....i, (x) be a set of indices of hyperedges
such thatj isin Q;, i, ..i, (x) ifand only if E; (x) con-
tains at least one of the-2dgeqi1, i1 +1), (iz, i2+ 1),

o (2r, i + D).

Lemma 1. Let x be any embedding @f. For any fixed
index1 < i1 < n, there exisr — 1indicesiy, i3, ..., i2-

such that for any embedding satisfyingx} = x; for

everyj € Qi iy....i (x), We have

ef(x)—ef(x) < }e;r(x) and
r

1_
—e; (x)
;

e; (x) —e; (x) <
for any directed edge;r ande;” in Eg on the ring.

Proof. We prove the lemma by giving a way to find the
2r — 1 indices. Letc be the congestion for the embed-
ding x that we want to approximate. First, we select an
arbitrary edge, say;” = (1, 2) = (i1, i1+1) on thering.

In the embedding ok, there are at least — 2c h;'s
with ef € E;(x). That s, there are at most 2 ;'s with

ef ¢ E;(x). Let H, be the set of the (at mostRh;’s
with e'f € E;(x). We use the following method to select
the remaining (at most)2- 1 indices.

c(e;") to denote the congestion. The problem here isto 1. for a remaining edge; on the ringR do

find an embedding for each; € Ey such that every
edgee;r ande; on the ring is used at mosttimes and
¢ is minimized. We refer the problem as tambedding
directed hyperedges on the rimgoblem (EDHR, for
short).

2. if there are more thaf hyperedge#; € H, with
e; € Ej(x), then we select the indey and set
H, = H; —{]|€g+ EE]‘()C)}.

3. if the size ofH, is more than’ then goto Step 1
else stop.
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The above procedure will stop after at most-21
iterations since each time the size #f is reduced by
at least: and the original size off, is at most 2.

Now, consider any edge’ or e;” with indexi (1 <
i < n) not selected in the above procedure. For the em-
beddingx, the number of:;’s that are not cut at edge

l* ore; in x is at most the size off,, that is upper
bounded by:. Thus, the lemma holds.O

Note that, in the proof of Lemma 1, we assume that
x is known when selecting ther2- 1 indices. In fact,
x will be the optimal solution that we do not known.
However, we can go through all possible setsof21
indices in polynomial time. Based on Lemma 1, we can
solve the problem as follows:

1. try all possible choices @3, i3, ..., io .

2. for eachi; € H, try the 2- — 1 choices for cutting
the pathP’ contalnlngell, Foes orej;r.

Step 1 takes % 1) time and Step 2 needs(@r)™) =
O((2r)0l0gm)y = 0109 2") time,

Theorem 2. There is a PTAS with ratié + 2 that runs
in O(n? 1 x n©1092)y time whenn = O(logn).
4. Thealgorithm for ¢ > O(logn) and ¢ = O(m)

In this section, we consider the case where-
O@m). We use linear programming and randomized
rounding approach. Lek; = (u;, S;) be a hyper-
edge. We defing; 41 variablesx; 1,x;2,..., Xjkj+1-
xj,=lindicates thap/ is cut for the embedding df;.

For each segmerﬂqf of h; and an edgejr on the ring,
we have a constant; , ;. piq,; = 1 if edgee; isin the

segmenthj of hj. Otherwise u; , ; = 0. We have the
following LP formulation.

minc;
kj+1
D xia=1
=1
m kj+1
C ZZM!q/(x/q+l+x/q+2+ +x/k)
j=1 g=1
< (1)
m kj+1
C(e;)zzz ij(xj,0+x]1+ +Xjq 1)
j=14q=1
<c (2)
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For a fixed hyperedgé; and a directed edqur (e;)
on the ring, there is only ong; , j forg =0,1,... k;
with value 1. Consider such a segme‘?ﬁ, wheree;"
ande; are in the segmeng;” is used in the embedding

of h; if one of the segment® qu+2, e ij is cut

for the embedding of ;. Likewise,e;” is used in the em-
bedding of#; if one of the segmentB’, P’ Pq’_l
is cut for the embedding of;. Therefore we have (2)
and (2).

The fractional version of the linear programming
problem can be solved in polynomial time. After we get
afractional solutiorx/ 1+ independently with probability

j pwesett;; =1 andx, » = 0 for the rest ofi. Thus,
we obtain an integer solutiohfor the LP problem. Let
copt be the optimal congestion of the LP formulation.
Similar to Lemma 3 in [8], we can prove that

q+1’

Theorem 3. Assume thain > c1logn, andcopt = c2 %
m. Let x be the0O-1 solution obtained by randomized

rounding. With probability at least — nl=3¢%e1 for
anye; ande; in Eg,

ef(®) <
and
e, (¥) <

(1+ &)copt,

(1+ &)copt.

The proofis given in Appendix A. Using the standard
derandomization method for packing integer programs
[7], we can have a polynomial deterministic algorithm.

Theorem 4. There is a PTAS for EDHR when >
O(logn) andcopt = O(@m).

5. Thegeneral algorithm

The linear programming and randomized rounding
approach in Section 4 does not work for the case where
copt IS small comparing withvz. Here we propose a
method that decomposes the set of all hyperedges into
two groups so that we can give approximate embeddings
using different methods for the two groups.

Consider 2 indicesil, iz, ..., iz Of edges inEg.

Let e:, ;g e T be 2 edges on the ring. We define
Ril,iz,...,izr
={1< j <m|there exist ai such that
el e P/ foranyk e {1, 2,....2r}}.
Let Uilvi2>'~~si2r = {1, 2,..., m}— ll i9,eyiop Letxopt be

an optimal embeddingopt| R, i,,....i andxopﬂ Ui ..o
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denote the reduced embeddings g on the sets of hy-
peredgeR;, i,....i,, ANAU, 4y, i, , FESPECtively.

Lemma 5. Uiy s....i5 |
m — 4VCOpt.

< Areopt @nd Ry iy, in | =

Proof. Consider arE ; (xopt) containing all the 2 edges
ef.ep,....e; . For each edge;, there are at most
2copt H;'s such thate;: ¢ Ej(xopy. Thus, there are at
mMost 4 copt 1 j's in total with e;; ¢ E  (xopy for someiy.
Therefore | R, i,,....ip | = m — 4rcopt.

By definition, [Uis,ig,....ip, | < 4rcopt. O

Let x1 be an embedding 0f;'s in Riyi,,....ip, SUCh
that everyrh ; is cut at edgez;;. Now, we want to show
that

Lemma 6. For any fixed index < i1 < n, there exist
2r — lindicesl < ip, i3, ..., i2, < n such that for every
edgee;” ande; in Eg,

. 1
e (x'1) — e (xoptl Rigip,....iz,) < —Copt: and

e,-_(xll) - ei_(xopt|Ri1,i2 ..... iz,) < ;Copb

Proof. To show the existence of the 2- 1 indices, we
give a way to find the 2— 1 indices assuming thatyt

is known. First, we select an arbitrary edge, sq*y,:
(1,2) = (i1,i1 + 1) on the ring. In the embedding of
Xopt, there are atleast — 2copt 1 ;'s with e € E;j (xopy).
That s, there are at mostgy /2;'s with e] ¢ E; (xopy)-

(If we cut all them hj's in H at edgeef, there are
at most 2qpt /;'s that are embedded in a way different
from that ofxopt.) Let H, be the set of the (at most gh)
hj's with el+ € Ej(xopy.

For every edge?; on the ring, if there are more
thancept/r hyperedges i, with e:f € E(xopp), then
we select the indey. Consider the seR;, , of in-
dices. j € Ri, if ef € Ej(xopy andef € Ej(xopy).

If we cut all the (at mosin — 2copy) 1j's with j in
R, ¢ ON edgeef, there are at mostc3pt — copt/r h;'s
that are embedded in a way different from thatcgf;.
SetH, = H, — {j | e/ € E;(xopn} (the set of at most
2copt — copt/ T hj’s that are embedded in a way different
from that ofxopy). If the size ofH, is more tharcept/r
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Now, consider any edg@Jr with indexi (1<i <n)
not selected in the above procedure. The numbgy; sf
in Ri,.i,,..i, that are not cut correctly at edgx;L in
x1 is at most the size off,, that is upper bounded by
copt/7. Thus, the lemma holds.O

Theorem 7. There is a PTAS for the EDHR problem.

Proof. We first computd/;, i, i, andR;; ir. i, -

Casel. Uiy iy.....ir, | < Clogn. We use the enumerat-
ing approach in Section 3 to compute an embedding for
the set of hyperedges i, i,,....i,, . FOr the hyperedges
iN Ri,.i,.....in.» W€ SiMply cut the ring at edgzef. From
Lemma 6 and Theorem 2, the ratiois+ 1.

Case2. |Uj,.iy,...ir,| > Clogn. We use the LP and
randomized rounding approach in Section 4 to compute
an embedding for the set of hyperedgedif i, .. .i,, -

For the hyperedges iR;, ;,,... i, » We simply cut the ring
at edgeef. The LP formulation is as follows:

minc;

kj+1

Z xju=1 forj=21,2,...,\U1,ip .ip|:

=1

Wig.ig...ig. | kj+1
Z Z “i,q»j(xj,q+1+xj,q+2+~~+xj,kj)
Jj=1 q=1
<c— C(elﬂR);

Wigig...ip, | kj+1

Z Mig.jXjo+xj1+ 4+ Xjg-1)
qg=1

j=1

<c— c(el._|R),

wherec(el.ﬂR) andc(e; |R) are the number of times
thate;” ande; are used for the embedding bf’s in
Ril,iz,.“,iz,-

Theorem 3 and Lemma 6 ensure that the ratio is
1+ ¢ for anye. The standard derandomization approach
gives a deterministic algorithm.o

Remark. The NP-hardness of the directed version is
still open.

then we can repeat the process and find another edge

e, (index). The process continues until the sizefis
less tharcqpt/r. The above procedure will stop after at
most 2 — 1 iterations since each time the sizeHf is
reduced by at leastpt/r and the original size off; is

at most Zopt.
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Appendix A. The proof of Theorem 3

Proof. To prove the theorem, we need the following
lemma originally from [7].

Lemma 8. Let X1, Xo,..., X, ben independent ran-
dom 0-1 variables, wherey; takes1 with probability
pi,0<pi <l letX=>"_;X;,andu = E[X]. Then
for § > 0, Pr(X > p + én) < exp(—3ns?).

For a fixedi and a fixed;j, only onepu; 4, ; is 1
and the rest are 0. Fér=0,1,...,k;, consider such
ani with u; ,; = 1. For a fixedj, only onex;; is
roundedto 1. Thusy; ¢, j (X g+1+%j g+2+ - +Xj ;)
andu; g4,j(xjo0+xj1+---+x;,-1) are also randomly
rounded to either 1 or O and are independently for dif-
ferent;’s. Therefore, both

m kL

c(e) = Z Z Pig.jXjg+1+Xjgr2+ -+ Xjk)
j=1 g=1

and
m k4l

cler) =D > MigiCjo+xja+-+xj4-1
j=1 g=1

are sums ofz independent 0—1 random variables. Set

Elete))]
m k_,‘-‘rl

= Z Z Mig jElxjot+xj1+-+xjg-1]
j=1 g=1

=u; < Copt

From Lemma 8, for any fixeé,

1
Pr(c(e;r) > /,L;r + 8m) < exp<—§82m>.
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Consider the set of all clockwise edgB§ = {e], e5,
+
el

Pr(c(e) > u;t + ém for at least one;" € Eg)

1o
<n xexp —58 m ).
Similarly, we can show that
Pr(c(e;) > p; + ém for at least one;” € Eg)
1o
<nxexpl —=8m ).
3
By assumptioni > C logn. Thus, we have
nx exp(—%52m> < n1752c/3.

Therefore, we get a randomized algorithm to find a
solution x for the problem with probability at lease

1—2n1-%°C/3 such that for any;" € Ex ande; € Eg,

c(e?') < pi + 8m < copt + ecopt, and c(e; ) < copt +

gcopt, Wheree =2, O

.
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