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Abstract Recently, the shared center (SC) problem has been proposed as a mathe-
matical model for inferring the allele-sharing status of a given set of individuals us-
ing a database of confirmed haplotypes as reference. The problem was proved to be
NP-complete and a ratio-2 polynomial-time approximation algorithm was designed
for its minimization version (called the closest shared center (CSC) problem). In this
paper, we consider the parameterized complexity of the SC problem. First, we show
that the SC problem is W [1]-hard with parameters d and n, where d and n are the
radius and the number of (diseased or normal) individuals in the input, respectively.
Then, we present two asymptotically optimal parameterized algorithms for the prob-
lem and apply them to linkage analysis.

Keywords Haplotype inference · Linkage analysis · Pedigree · Allele-sharing
status · Parameterized complexity · Parameterized algorithms

1 Introduction

Linkage analysis is the first step to reduce the possible region for identifying a disease
gene. Linkage studies have facilitated the identification of several hundred human
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genes that can harbor mutations leading to a disease phenotype. The fundamental
problem in linkage analysis is to identify regions whose allele is shared by all or
most affected members but by none or few unaffected family members. Almost all
the existing methods for linkage analysis are for families with clearly given pedi-
grees [1, 4, 9–11, 15, 16, 18, 19]. The pedigree information helps a lot for designing
computational algorithms. Very few methods can handle the case when the sampled
individuals are closely related but the real relationship is hidden (most of the times
because of remote relationship). This situation occurs very often when the individuals
share a common ancestor six or more generations ago.

With the new development of microarray techniques, high-density SNP genotype
data can be used for large-scale and cost-effective linkage analysis. Recently, the in-
ternational HapMap project has produced enormous amount of haplotype data for
individuals in some major populations. For example, there are 340 haplotypes in the
group “Japanese in Tokyo” + “Han Chinese in Beijing”. These new developments
make it possible to propose new mathematical models for finding genes causing ge-
netic diseases when the sampled individuals are closely related but their pedigree is
unknown.

The real problem is as follows: We are given three sets D = {ĝ1, ĝ2, . . . , ĝk}, N =
{ĝk+1, . . . , ĝn}, and H = {ĥ1, ĥ2, . . . , ĥm}, where D consists of diseased individuals
represented by their genotype data on a whole chromosome C, N consists of normal
individuals represented by their genotype data on C, and H consists of confirmed
haplotype data on C of some individuals in the same (or similar) population. For
convenience, we call H the reference database. Note that H can be obtained from
any haplotype database for a set of individuals, e.g., the database of HapMap project
is available. A region on a chromosome, denoted by [a, b], is a set of consecutive
SNP sites (positions) starting at position a and ending at position b. The objective
here is to find the true mutation regions of C. Here, a true mutation region of C

means a consecutive portion of C where all the diseased individuals share a common
haplotype segment that is shared by none of the normal individuals. The true mutation
regions defined here are based on the haplotype segments of all individuals. If we
know the haplotype segments of all the individuals, the true mutation regions can
be easily computed. Thus, the challenge is to infer the haplotypes of each individual
based on the input genotype data as well as the reference database H .

The first strike to the problem was given by Ma et al. [12]. In order to tackle the
problem, Ma et al. proposed the following strategy: First, divide the whole chromo-
some into a set of (disjoint) regions of the same length L. Then, classify the length-L
regions into valid or invalid regions based on a mathematical model (called the shared
center (SC) problem). Finally, design a heuristic to merge/refine the valid regions to
get predicted mutation regions. For details, see Ma et al. [12]. The key computational
technique used in the above method is the proposed mathematical model (namely, the
SC problem) for inferring the allele-sharing status of a given set of individuals using
a database of confirmed haplotypes as reference.

We here only give a rough definition of the SC problem; the precise definition
can be found in Sect. 3. An input to the SC problem is a quadruple (D,N,H,d),
where D (respectively, N ) consists of genotype segments of the same length L from
diseased (respectively, normal) individuals, H is the reference database consisting of
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haplotype segments of length L, and d (referred to as the radius) is a nonnegative
integer. The goal is to find a center haplotype segment s of length L and split each
genotype segment gi ∈ D ∪ N into a pair (hi,1, hi,2) of haplotype segments so that
(1) each haplotype segment hi,j is within a Hamming distance of at most d from
some segment in H , (2) s = hi,1 for each gi ∈ D (i.e., the diseased individuals share
the center haplotype segment), and (3) hi,1 �= s and hi,2 �= s for each gi ∈ N (i.e., the
normal individuals do not share the center haplotype segment).

Ma et al. [12] show that the SC problem is NP-complete. They also consider the
closest shared center (CSC) problem where the input is (D,N,H) and the goal is to
find the minimum integer d such that the instance (D,N,H,d) of the SC problem
has a solution. They propose a ratio-2 polynomial-time approximation algorithm for
the CSC problem.

In this paper, we consider the parameterized complexity of the SC problem. First,
we show that the SC problem is W [1]-hard with parameters d and n, where n is
the number of (diseased or normal) individuals in the input. As a corollary of this
result, we show that the SC problem on input of length ñ cannot be solved in
O(f (d,n)ño(logd)) time for any computable function f , as long as the following
well-known conjecture (called the Exponential Time Hypothesis [8]) is true:

• The ETH Conjecture: There is no O(2o(n))-time algorithm for deciding whether a
given boolean formula C1 ∧ C2 ∧ · · · ∧ Cm with n variables is satisfiable or not,
where each Ci (1 ≤ i ≤ m) is the disjunction of three literals.

We then present two parameterized algorithms for the SC problem. One of them
runs in O(m3L(n − k) + m2Lk + kd · (6

√
3)d · m�log2(d+1)	+2) time, where k is

the number of diseased individuals and m is the number of haplotype segments in the
reference database. The other takes O(m3L(n−k)+m2Lk+k2d ·8d ·m�log2(d+1)	+2)

time. Note that the two algorithms are asymptotically optimal in the sense that the
exponent of m in the running time cannot be improved to o(logd) as long as the ETH
conjecture is true.

The remainder of this paper is organized as follows. Section 2 contains several
basic definitions and notations. Section 3 contains the precise definition of the SC
problem. In Sect. 4, we prove the hardness of the SC problem. Section 5 details two
parameterized algorithms for the SC problem. Finally, we apply the algorithms to
linkage analysis and compare their running time in Sect. 6.

2 Basic Definitions and Notations

For a finite set S, |S| denotes the number of elements in S. Similarly, for a string s,
|s| denotes the length of s. A string s has |s| positions, namely, 1,2, . . . , |s|. For con-
venience, if L is a positive integer, then we use [1..L] to denote the set {1,2, . . . ,L}.
The letter of s at position i ∈ [1..|s|] is denoted by s[i]. Thus, s = s[1]s[2] · · · s[|s|].
For two integers i and j with 1 ≤ i ≤ j ≤ |s|, s[i..j ] denotes s[i]s[i + 1] · · · s[j ]. For
a binary string s, s̄ denotes the complement string of s, where s̄[i] �= s[i] for every
i ∈ [1..|s|]. For two strings s and t of the same length, {s �≡ t} denotes the set of all
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positions i ∈ [1..|s|] with s[i] �= t[i], and dist(s, t) denotes |{s �≡ t}| (i.e., the Ham-
ming distance between s and t). For a string s and a subset P of [1..|s|], s|P denotes
the string obtained from s by deleting all letters at positions not in P .

At last, when an algorithm exhaustively tries all possibilities to find the right
choice, we say that the algorithm guesses the right choice.

3 The Shared Center Problem

An input to the SC problem is a quadruple (D,N,H,d), where D = {g1, g2, . . . , gk}
and N = {gk+1, gk+2, . . . , gn} are sets consisting of genotype segments of the same
length L, H = {h1, h2, . . . , hm} is a set consisting of haplotype segments of length L,
and d is a nonnegative integer. The segments in D are from diseased individuals while
those in N are from normal individuals. For an example of (D,N,H,d), see Fig. 1.

Recall that a haplotype segment is a binary string, while a genotype segment is a
string on alphabet {0,1,2}. A haplotype pair for a genotype segment g is a pair (h,h′)
of haplotype segments of the same length as g such that the following conditions hold
for every position q:

1. If g has a 0 or 1 at position q , then both h and h′ have the same letter as g does at
position q .

2. If g has a 2 at position q , then one of h and h′ has a 0 at position q while the other
has a 1 at position q .

D

⎧
⎪⎪⎨

⎪⎪⎩

g1 : 22222222222222222222011000101000110
g2 : 22222222222222201001222220101000110
g3 : 22222222222222201001011002222200110
g4 : 22222222222222201001011000101022222

N

⎧
⎨

⎩

g5 : 21022020212212021201011002222222021
g6 : 10220010101202101001222222222200110
g7 : 21022222021221212222222220101000110

H

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

h1 : 11011010010011001001011000101000110
h2 : 00100101101100110110011000101000110
h3 : 10010110110010010110011000101000110
h4 : 11011010111010001001100110101000110
h5 : 01101011101001101001100110101000110
h6 : 01010111101100101001011001010100110
h7 : 01011110110010001001011001010100110
h8 : 11110101100111101001011000101011001
h9 : 11010110011111001001011000101011001

d = 4

Fig. 1 An example instance of the SC problem
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s = 10011000010000001001011000101000110

p = 1

h1,2 = 01100111101111110110011000101000110

h2,2 = 01100111101111101001100110101000110

h3,2 = 01100111101111101001011001010100110

h4,2 = 01100111101111101001011000101011001

h5,1 = 01001010110010001001011001010100011

h5,2 = 11010000011111011101011000101011001

h6,1 = 10100010101001101001100110101000110

h6,2 = 10010010101100101001011001010100110

h7,1 = 01000101001101110110011000101000110

h7,2 = 11011010011011011001100110101000110

Fig. 2 A solution to the instance in Fig. 1, where the underlined part of s consists of those positions
at which the letter of some gi ∈ D is 0 or 1, and the underlined letter of each hi,j with 5 ≤ i ≤ 7 and
1 ≤ j ≤ 2 differs from the letter of s at the same position

For example,

(10011000010000001001011000101000110,

01100111101111110110011000101000110)

is a haplotype pair for g1 in Fig. 1.
Given an input (D,N,H,d), the SC problem requires the computation of a solu-

tion to (D,N,H,d) which consists of a center haplotype segment s, a center index
p ∈ {1,2, . . . ,m}, and a haplotype pair (hi,1, hi,2) for each gi ∈ D ∪ N such that the
following conditions hold:

C1. dist(s, hp) ≤ d .
C2. For each i ∈ {1,2, . . . , k}, hi,1 = s and there is an integer xi ∈ {1,2, . . . ,m} with

dist(hi,2, hxi
) ≤ d .

C3. For each i ∈ {k + 1, k + 2, . . . , n} and for each j ∈ {1,2}, the following hold:

C3a. There is an integer xi,j ∈ {1,2, . . . ,m} \ {p} with dist(hi,j , hxi,j
) ≤ d .

C3b. There is at least one position q at which the letters of hi,j and s differ and
the letter of some g� ∈ D is 0 or 1.

Note that the position q in Condition C3b depends not only on i and j but also on
hi,j , i.e., different i, j , or hi,j may yield different q . Figure 2 shows a solution to
the example instance in Fig. 1, where the integers x1, . . . , x4, x5,1, x5,2, . . . , x7,1, x7,2

guaranteed in Conditions C2 and C3a are 2, 5, 6, 8, 7, 9, 5, 6, 2, 4, respectively.
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4 The Hardness of the SC problem

A parameterized problem Q over an alphabet Σ is a subset of Σ∗ × N, where Σ∗
is the set of all strings over Σ and N is the set of all nonnegative integers. A pa-
rameterized problem Q over an alphabet Σ is fixed-parameter tractable if for every
(x, k) ∈ Σ∗ × N, we can decide whether (x, k) ∈ Q or not in time O(f (k) · |x|c) for
some constant c and computable function f .

Let FPT denote the set of all fixed-parameter tractable problems. There are a num-
ber of problems that do not seem to belong to FPT. So, certain complexity classes
have been defined to include such problems in the literature. W [1] is one of them.
Here, we omit the somewhat technical definition of W [1]. For a precise definition of
W [1], the reader is referred to [5, 6].

To give strong evidence that certain problems in W [1] are unlikely to belong to
FPT, the theory of W [1]-hardness has been developed. At the heart of this theory is
the notion of parameterized reduction. A parameterized reduction from a parameter-
ized problem Q over an alphabet Σ to another parameterized problem Q′ over an al-
phabet Γ is a function that maps each pair (x, k) ∈ Σ∗ ×N to a pair (x′, k′) ∈ Γ ∗ ×N
such that the following conditions hold:

• (x, k) ∈ Q if and only if (x′, k′) ∈ Q′.
• k′ is bounded from above by a function of k.
• (x′, k′) can be computed in time O(f (k) · |x|c) for some constant c and function f .

A parameterized problem Q′ is W [1]-hard if for every parameterized problem Q

in W [1], there is a parameterized reduction from Q to Q′. A lot of parameterized
problems have been proved to be W [1]-hard in the literature. In general, to prove
a new parameterized problem Q to be W [1]-hard, it is known that we can proceed
as follows. First, select a parameterized problem Q′ that is known to be W [1]-hard.
Then, give a parameterized reduction from Q′ to Q.

We next show that the SC problem is W [1]-hard with parameters d and n.

Theorem 4.1 The SC problem is W [1]-hard with parameters d and n.

Proof We give a parameterized reduction from the binary closest-substring (BCSS)
problem to the special case of the SC problem where all the individuals are dis-
eased. Recall that an instance of the BCSS problem is a tuple (s1, . . . , sk,L, d), where
s1, . . . , sk are binary strings each of length at least L and d is a nonnegative integer.
Given (s1, . . . , sk,L, d), the BCSS problem asks if there is a binary string t of length
L such that for all 1 ≤ i ≤ k, si has a substring s′

i of length L with dist(t, s′
i ) ≤ d . It

is known that the BCSS problem is W [1]-hard with parameters d and k [14].
Let (s1, . . . , sk,L, d) be an instance of the BCSS problem. For each 1 ≤ i ≤ k, let

Li be the length of si . For convenience, for a letter � ∈ {0,1,2} and a nonnegative
integer i, let �i denote the string consisting of i �s. Note that �0 is the empty string.
We obtain m = (L1 −L+ 1)+∑k

i=1(Li −L+ 1) strings h1, h2, . . . , hm as follows:

1. For each 1 ≤ j ≤ L1 − L + 1, hj = s1[j..j + L − 1]0(d+1)k .
2. For each i ∈ {1, . . . , k} and each 1 ≤ j ≤ Li − L + 1, hy = si[j..j + L − 1] ×

0(d+1)(i−1)1d+10(d+1)(k−i), where y = (L1 − L + 1) + ∑i−1
z=1(Lz − L + 1) + j .



Algorithmica

We further obtain k strings g1, . . . , gk as follows:

• For each i ∈ {1, . . . , k}, gi = 2L0(d+1)(i−1)2d+10(d+1)(k−i).

Suppose that (s1, . . . , sk,L, d) has a solution t in the BCSS problem. Then,
for each 1 ≤ i ≤ k, there is an integer ji with 1 ≤ ji ≤ Li − L + 1 such that
dist(t, si[ji ..ji + L − 1]) ≤ d . We next construct a solution for the instance
({g1, . . . , gk},∅, {h1, . . . , hm}, d) of the SC problem as follows.

1. s = t0(d+1)k . Note that dist(s, hj1) ≤ d because dist(t, s1[j1..j1 + L − 1]) ≤ d .
2. For each i ∈ {1, . . . , k}, construct a haplotype pair (hi,1, hi,2) for gi by setting

hi,1 = s and hi,2 = t0(d+1)(i−1)1d+10(d+1)(k−i). Note that for each 1 ≤ i ≤ k,
dist(hi,2, hy) = dist(t, si[ji ..ji + L − 1]) = dist(t, si[ji ..ji + L − 1]) ≤ d , where
y = (L1 − L + 1) + ∑i−1

z=1(Lz − L + 1) + j .

Conversely, suppose that the instance ({g1, . . . , gk},∅, {h1, . . . , hm}, d) of the SC
problem has a solution. Let s be the center haplotype segment in the solution. Let
t be the prefix of s with |t | = L. We claim that t is a solution to (s1, . . . , sk,L, d)

in the BCSS problem. To see this, first note that for each 1 ≤ i ≤ (d + 1)k, there is
an integer j ∈ {1, . . . , k} such that the ith rightmost letter of gj is a 0. This implies
that the last (d + 1)k bits of s are 0s. So, the string hj with dist(s, hj ) ≤ d has to
be among h1, . . . , hL1−L+1 because there are d + 1 1s in the last (d + 1)k bits of
each hj with L1 − L + 2 ≤ j ≤ m. Thus, dist(t, s1[j..j + L − 1]) ≤ d for some
1 ≤ j ≤ L1 − L + 1. Moreover, for each 1 ≤ i ≤ k, if we decompose gi into two
strings hi,1 and hi,2 with hi,1 = s, then hi,2 = t0(d+1)(i−1)1d+10(d+1)(k−i). Hence,
for each 1 ≤ i ≤ k, the string hy with 1 ≤ y ≤ m and dist(hy,hi,2) ≤ d has to satisfy
(L1 − L + 1) + ∑i−1

z=1(Lz − L + 1) + 1 ≤ y ≤ (L1 − L + 1) + ∑i−1
z=1(Lz − L + 1) +

(Li −L+1), because of the different locations of the d +1 1s in the last (d +1)k bits
of h1, . . . , hm. Therefore, for some 1 ≤ j ≤ Li − L + 1, dist(t, si[j..j + L − 1]) =
dist(t, si[j..j − L + 1]) ≤ d . This completes the proof of the claim and hence that of
the theorem. �

Corollary 4.2 As long as the ETH conjecture is true, the SC problem cannot be
solved in time O(f (d, k)ño(logd)) for any computable function f , where ñ is the
length of the input to the SC problem.

Proof Marx [14] shows that as long as the ETH conjecture is true, the BCSS problem
cannot be solved in O(f (d, k)n̂o(logd)) time for any computable function f , where
n̂ is the length of the input to the BCSS problem. In the reduction described in the
proof of Theorem 4.1, we constructed an instance I of the SC problem from a length-
n̂ instance of the BCSS problem such that |I | = O(n̂2). Moreover, the parameters in
the two instances are the same. Thus, the corollary holds. �

5 Exact Algorithms for the SC Problem

Throughout this section, let I = (D,N,H,d) be an instance of the SC problem,
where D = {g1, g2, . . . , gk}, N = {gk+1, gk+2, . . . , gn}, and H = {h1, h2, . . . , hm}.
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Consider a genotype segment gi ∈ D ∪ N and a haplotype pair (hi,1, hi,2) for gi .
A position of gi with a letter 0 indicates that both hi,1 and hi,2 have a letter 0 at the
position, while a position of gi with a letter 1 indicates that both hi,1 and hi,2 have a
letter 1 at the position. On the other hand, a position of gi with a letter 2 indicates that
one of hi,1 and hi,2 has a 0 at the position while the other has a 1 at the position. For
convenience, we say that a position of gi is decided if the letter of gi at the position
is 0 or 1, and is undecided otherwise.

For D, we define three sets as follows:

• The set of decided positions associated with D consists of all positions q in R such
that q is a decided position of at least one string in D.

• The set of undecided positions associated with D consists of all positions q in R

such that q is an undecided position for all strings in D.
• The set of conflicting positions associated with D consists of all positions q in R

such that q is a decided position of two distinct gi ∈ D and gj ∈ D but the letters
of gi and gj at position q differ.

We say that an integer b is a valid radius if the instance (D,N,H,b) to the SC
problem has a solution. Our goal is to decide if d is a valid radius. Obviously, the
following condition is necessary for d to be a valid radius:

A1. The set of conflicting positions associated with D is empty.

So, we hereafter assume that Condition A1 holds.
For convenience, we define the following notations:

• L is the common length of the strings in D ∪ N ∪ H .
• U (respectively, U ) is the set of undecided (respectively, decided) positions asso-

ciated with D.
• For each gi ∈ N , Ui (respectively, Ui ) is the set of undecided (respectively, de-

cided) positions of gi .

Now, Condition C3b in Sect. 1 can be concisely rewritten as follows:

C3b. hi,j |U �= s|U .

Since Condition A1 holds, we can define a letter �q for each position q ∈ U as
follows:

• If some segment in D is 0 at position q , then each of the other segments in D is 0
or 2 at position q and so we define �q = 0.

• If some segment in D is 1 at position q , then each of the other segments in D is 1
or 2 at position q and so we define �q = 1.

We call �q the center letter at position q .
Consider a gi ∈ N . We say that gi is free if there is a position in Ui ∩ U at which

the center letter is different from the letter of gi . On the other hand, we say that gi

is dead if (1) |U \ Ui | ≤ 1 and (2) at every position q in Ui ∩ U , the center letter is
the same as the letter of gi . For example, both g5 and g7 in Fig. 1 are free while g6 is
neither free nor dead.
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In [12], it is shown that L is a valid radius only if the following condition holds:

A2. No string gi ∈ N is dead.

Since d is a valid radius only when L is a valid radius, we hereafter assume that
Condition A2 holds.

5.1 Decomposing gi ∈ N

Throughout this subsection, fix a genotype segment gi ∈ N and two haplotype seg-
ments hj1 and hj2 in H . Note that it is possible that j1 = j2. Our goal is to decide if
there is a haplotype pair (hi,1, hi,2) for gi satisfying the following conditions:

B1. dist(hi,1, hj1) ≤ d .
B2. dist(hi,2, hj2) ≤ d .
B3. hi,1|U �= s|U .
B4. hi,2|U �= s|U .

To reach the above goal, we first define several notations:

• d1 = dist(gi |Ui
, hj1 |Ui

).
• d2 = dist(gi |Ui

, hj2 |Ui
).

• S is the set of positions q ∈ Ui such that the letters of hj1 and hj2 at position q

coincide.

Example 5.1 If gi = g5, hj1 = h7, and hj2 = h9 in Fig. 1, then d1 = 3, d2 = 1, and
S = {4,7,16,18}.

Lemma 5.1 If at least one of the following conditions holds, then it is easy to decide
if there is a haplotype pair (hi,1, hi,2) for gi satisfying Conditions B1 through B4.

1. d1 = d or d2 = d .
2. d1 + d2 + |S| > 2d .
3. d1 < d , d2 < d , d1 + d2 + |S| ≤ 2d , and gi is free or (U ∩ Ui) \ S contains two

positions q1 and q2 such that the letter of hj1 at position q1 is not the center
letter at position q1 and the letter of hj2 at position q2 is not the center letter at
position q2.

Proof Suppose that d1 = d . Then, every haplotype pair (hi,1, hi,2) for gi satisfy-
ing Condition B1 must satisfy hi,1 = hj1 . Note that there is a unique haplotype pair
(hi,1, hi,2) for gi with hi,1 = hj1 . So, it suffices to check if this pair (hi,1, hi,2) satis-
fies Conditions B1 through B4. Obviously, this checking can be done in O(L) time.
Similar arguments apply when d2 = d .

Next suppose that d1 + d2 + |S| > 2d . We claim that there is no haplotype
pair (hi,1, hi,2) for gi satisfying Conditions B1 and B2. To this claim, first ob-
serve that for each position q ∈ S, either the letters of hi,1 and hj1 at position
q differ or the letters of hi,2 and hj2 at position q differ. Thus, the positions in
S contribute |S| to dist(hi,1, hj1) + dist(hi,2, hj2). We also know that the posi-
tions outside S contribute at least d1 + d2 to dist(hi,1, hj1) + dist(hi,2, hj2). Hence,
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dist(hi,1, hj1) + dist(hi,2, hj2) > 2d . Consequently, it is impossible for (hi,1, hi,2) to
satisfy Conditions B1 and B2.

Finally, suppose that d1 < d , d2 < d , d1 + d2 + |S| ≤ 2d , and gi is free or (U ∩
Ui) \ S contains two distinct positions q1 and q2 such that the letter of hj1 at position
q1 is not the center letter at position q1 and the letter of hj2 at position q2 is not the
center letter at position q2. Then, we can arbitrarily partition S into two subsets S1 and
S2 such that d1 + |S1| ≤ d and d2 + |S2| ≤ d . For example, we can let S1 = {4} and
S2 = {7,16,18} in Example 5.1 because g5 is free. We can now construct a haplotype
pair (hi,1, hi,2) for gi as follows. For each position q ∈ Ui , let the letters of hi,1 and
hi,2 at position q be the letter of gi at position q . For each position q ∈ Ui \ S, let the
letter of hi,1 (respectively, hi,2) at position q be the letter of hj1 (respectively, hj2 )
at position q . For each position q ∈ S1 (respectively, q ∈ S2), let the letter of hi,1 at
position q be different from (respectively, the same as) the letter of hj1 at position q ,
while let the letter of hi,2 at position q be the same as (respectively, different from) the
letter of hj2 at position q . For example, if we partition S in Example 5.1 into S1 = {4}
and S2 = {7,16,18}, then h5,1 and h5,2 are as shown in Fig. 2. Obviously, (hi,1, hi,2)

satisfies Conditions B1 through B4 and can be constructed in O(L) time. �

By Lemma 5.1 and Condition A2, we may assume that the following hold:

D1. d1 < d and d2 < d .
D2. d1 + d2 + |S| ≤ 2d .
D3. gi is neither free nor dead.
D4. (U ∩ Ui) \ S does not contain two positions q1 and q2 such that the letter of hj1

at position q1 is not the center letter at position q1 and the letter of hj2 at position
q2 is not the center letter at position q2.

By Condition D3, |U ∩Ui | ≥ 2. Without loss of generality, we assume that the center
letters at the positions in U ∩ Ui are all 0s.

Lemma 5.2 If at least one of the following two conditions holds, then there is no
haplotype pair (hi,1, hi,2) for gi satisfying Conditions B1 through B4.

E1. |U ∩ Ui | = 2, U ∩ Ui ⊆ S, the two letters of hj1 at positions in U ∩ Ui are
different, and d1 = d2 = d − 1.

E2. d1 + d2 + |S| ≥ 2d − 1, U ∩ S = ∅, and either the letters of hj1 at the positions
in U ∩ Ui are all 0s or the letters of hj2 at the positions in U ∩ Ui are all 0s.

Otherwise, we can find a haplotype pair (hi,1, hi,2) for gi satisfying Conditions B1
through B4 in O(L) time.

Proof Suppose that Condition E1 holds. Towards a contradiction, assume that there
is a haplotype pair (hi,1, hi,2) for gi satisfying Conditions B1 through B4. Then, since
the two center letters at the positions in U \Ui are both 0s, Conditions B3, B4, and D3
together imply that either hi,1|U\Ui

= 01 and hi,2|U\Ui
= 10, or hi,1|U\Ui

= 10 and
hi,2|U\Ui

= 01. We assume that hi,1|U\Ui
= 01 and hi,2|U\Ui

= 10; the other case

is similar. On the other hand, since the two letters of hj1 at positions in U ∩ Ui

are different, either hj1 |U\Ui
= hj2 |U\Ui

= 01 or hj1 |U\Ui
= hj2 |U\Ui

= 10. In the
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former case, the two letters of hi,2 at positions in U \ Ui are both different from
the letters of hj2 at the same positions. Moreover, in the latter case, the two let-
ters of hi,1 at positions in U \ Ui are both different from the letters of hj1 at the
same positions. So, in both cases, dist(hi,1, hj1) ≥ d1 + 2 > d or dist(hi,1, hj2) ≥
d2 + 2 > d , a contradiction against Conditions B1 and B2.

Suppose that Condition E2 holds. Consider an arbitrary haplotype pair (hi,1, hi,2)

for gi . As observed in the second paragraph of the proof of Lemma 5.1, the positions
outside Ui ∩U already contribute at least 2d −1 to dist(hi,1, hj1)+dist(hi,2, hj2) be-
cause U ∩ S = ∅. So, dist(hj1 |Ui∩U ,hi,1|Ui∩U) = 0 or dist(hj2 |Ui∩U ,hi,2|Ui∩U) = 0;
otherwise, (hi,1, hi,2) does not satisfy Condition B1 or B2. But then, Condition E2
implies that either the letters of hi,1 at the positions in U ∩ Ui are all 0s or the letters
of hi,2 at the positions in U ∩ Ui are all 0s. In either case, (hi,1, hi,2) does not satisfy
Condition B3 or B4.

Next, suppose that neither Condition E1 nor Condition E2 holds. We want to con-
struct a haplotype pair (hi,1, hi,2) for gi satisfying Conditions B1 through B4. To this
end, we refine the construction in the last paragraph of the proof of Lemma 5.1, by
distinguish several cases as follows.

Case 1: d1 + d2 + |S| ≥ 2d − 1. In this case, since Condition E2 does not hold,
Condition D4 implies that U ∩S �= ∅. We refine the construction in the last paragraph
of the proof of Lemma 5.1, by distinguish five cases as follows.

Case 1.1: |U ∩ S| = 1. Then, since |Ui ∩ U | ≥ 2, (Ui ∩ U) \ S contains at least one
position q . Obviously, either the letter of hj1 at position q is a 1 or the letter of hj2 at
position q is a 1. We assume that the letter of hj1 at position q is a 1; the other case is
similar. Then, when partitioning S into S1 and S2, we put the following restriction: If
the letter of hj1 at the unique position q ′ ∈ U ∩ S is a 0, q ′ ∈ S2; otherwise, q ′ ∈ S1.

Case 1.2: U ∩ S contains two positions q1 and q2 such that the two letters of hj1 at
positions q1 and q2 are identical. In this case, when partitioning S into S1 and S2, we
also require that |{q1, q2} ∩ S1| = 1.

Case 1.3: |U ∩ S| ≥ 2, d1 < d − 1, and the letters of hj1 at the positions in U ∩ S

are distinct. In this case, |U ∩ S| = 2. Let q1 and q2 be the positions in U ∩ S. Then,
when partitioning S into S1 and S2, we also require that {q1, q2} ⊆ S1.

Case 1.4: |U ∩ S| ≥ 2, d2 < d − 1 and the letters of hj1 at the positions in U ∩ S are
distinct. This case is the same as Case 1.3 except that we require {q1, q2} ⊆ S2.

Case 1.5: None of Cases 1.1 through 1.4 occurs. Then, |U ∩ S| = 2, d1 = d2 =
d − 1, and the two letters of hj1 at the positions in U ∩ S are different. In turn,
since Condition E1 does not hold, (U ∩ Ui) \ S �= ∅. Let q0 (respectively, q1) be the
position in U ∩ S at which the letter of hj1 is a 0 (respectively, 1). Let q be an arbi-
trary position in (U ∩ Ui) \ S. Then, when partitioning S into S1 and S2, we put the
following restriction: If the letter of hj1 at position q is a 1, then q1 ∈ S1 and q0 ∈ S2;
otherwise, q1 ∈ S2 and q0 ∈ S1.

Case 2: d1 + d2 + |S| ≤ 2d − 2. In this case, we refine the construction in the last
paragraph of the proof of Lemma 5.1, by distinguish four cases as follows.
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Case 2.1: |(U ∩ Ui) \ S| ≥ 2. In this case, we select an arbitrary position q in (U ∩
Ui) \ S. By Condition D4, either the letters of hj1 at the positions in (U ∩ Ui) \ S are
all 0s or the letters of hj2 at the positions in (U ∩Ui)\S are all 0s. When partitioning
S into S1 and S2, we also require that d1 + |S1| ≤ d − 1 and d2 + |S2| ≤ d − 1.
Moreover, when constructing the haplotype pair (hi,1, hi,2) for gi , we fix the letters
of hi,1 and hi,2 at the positions in Ui \ S as follows. As before, for each position
q ′ ∈ Ui \ (S ∪ {q}), let the letter of hi,1 (respectively, hi,2) at position q ′ be the letter
of hj1 (respectively, hj2 ) at position q ′. However, let the letter of hi,1 (respectively,
hi,2) at position q be different from the letter of hj1 (respectively, hj2 ) at position q .
This change yields that dist(hi,1, hj1) = d1 + |S1| + 1 ≤ d and dist(hi,2, hj2) = d2 +
|S2| + 1 ≤ d .

Case 2.2: |(U ∩Ui)\S| = 1. In this case, let q1 be the unique position in (U ∩Ui)\S.
Note that either the letter of hj1 at position q1 is a 1 or the letter of hj2 at position q1

is a 1. We assume that the letter of hj1 at position q1 is a 1; the other case is similar.
Let q2 be an arbitrary position in U ∩ S. Then, when partitioning S into S1 and S2,
we put the following restriction: If the letter of hj2 at position q2 is a 0, then q2 ∈ S2;
otherwise, q2 ∈ S1.

Case 2.3: U ∩ S contains two positions q1 and q2 such that the two letters of hj1 at
positions q1 and q2 are identical. This case is the same as Case 1.2.

Case 2.4: None of Cases 2.1 through 2.3 occurs. In this case, U ∩ Ui ⊆ S,
|U ∩ Ui | = 2, and the letters of hj1 at the two positions in U ∩ Ui are different.
In turn, since Condition E1 does not hold, d1 ≤ d − 2 or d2 ≤ d − 2. We assume that
d1 ≤ d − 2; the other case is similar. Let q1 and q2 be the two positions in U ∩ Ui .
Then, when partitioning S into S1 and S2, we also require that {q1, q2} ⊆ S1. �

For convenience, we say that an integer p ∈ {1, . . . ,m} is valid for a gi ∈ N if there
is a haplotype pair (hi,1, hi,2) for gi satisfying Condition C3. Now, we are ready to
state the key lemma in this subsection.

Lemma 5.3 Given an integer p ∈ {1, . . . ,m}, we can decide in O(m2L(n − k)) time
if p is valid for every gi ∈ N .

5.2 Decomposing the Strings in D

Throughout this subsection, fix an integer p ∈ {1,2, . . . ,m} that is valid for every
gi ∈ N . Let sp be the haplotype segment constructed by letting sp[q] be the center
letter at position q for each q ∈ U , and letting sp[q] = hp[q] for each q ∈ U . Obvi-
ously, if t is a binary string with |t | = L and t |U = sp|U , then for each gi ∈ D, there
is a unique haplotype pair (hi,1, hi,2) with hi,1 = t . So, we use t (i) to denote this hi,2.

Let dp = dist(sp|U ,hp|U). Our task is to decide if we can obtain a string t by
modifying at most d − dp letters of sp at the positions in U so that for each gi ∈ D,
there is an integer xi ∈ {1,2, . . . ,m} with dist(t (i), hxi

) ≤ d . Our task becomes much
easier if we know the integer xi for each gi ∈ D. So, we consider this case first.
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Input: A triple (s,P, b), where s is a string of length L with s|U = sp|U ,
P is a subset of [1..L] with U ⊆ P , and b is a nonnegative integer less
than or equal to d − dp.

Output: A string t obtained by modifying at most b positions of s in U \ P

such that dist(t (i), hxi
) ≤ d for each gi ∈ D, if such a t exists;

nothing, otherwise.
1. If dist(hxi

, s(i)) ≤ d for every gi ∈ D, then output s and stop immediately.
2. Select an arbitrary gi ∈ D with dist(hxi

, s(i)) > d .
3. If dist(s(i), hxi

) − d > min{b, |{s(i) �≡ hxi
} \ P |}, then return.

4. Let Q = {s(i) �≡ hxi
} \ P and � = dist(s(i), hxi

) − d .
5. Guess a subset Z of Q with � ≤ |Z| ≤ b.
6. Obtain a string s′ by modifying s by flipping the letters at the positions in Z.
7. Recursively call the algorithm on input (s′,P ∪ Q,min{b − |Z|, |Z| − �}).

Fig. 3 Algorithm 1 for the SC problem

5.2.1 The Case When x1, . . . , xk in Condition C2 Are Known

In this case, we want to decide if we can obtain a string t by modifying at most d −dp

letters of sp at the positions in U so that dist(t (i), hxi
) ≤ d . This case resembles the

binary closest string (BCS) problem. Recall that an instance of the BCS problem
is a pair (S, d), where S is a set of binary strings of the same length L and d is a
nonnegative integer. Given (S, d), the BCS problem asks if there is a binary string
t of length L such that dist(t, si) ≤ d for all si ∈ S . Known algorithms for the BCS
problem can be found in [2, 3, 7, 13, 17, 20]. All the algorithms indeed solve a more
general problem (called the extended BCS problem). An input to the extended BCS
problem contains not only (S, d) but also a triple (s,P, b), where s is a string of
length L, P is a subset of [1..L], and b is an integer less than or equal to d . The
objective is to decide if we can modify at most b letters of s at the positions in
[1..L] \ P so that dist(s, si) ≤ d for all si ∈ S .

The correspondence between the extended BCS problem and the special case
of the SC problem is as follows: s, b, si ∈ S , and P in the former correspond to
sp , d − dp , hxi

, and U in the latter, respectively. A slight difference between the
two is that the former tests if dist(s, si) ≤ d for all si ∈ S , while the latter tests if
dist(sp(i), hxi

) ≤ d for all gi ∈ D. Based on this correspondence and difference, it is
easy to modify the algorithm in [13] for the extended BCS problem so that it works
for the special case of the SC problem. The resulting algorithm (called Algorithm 1)
is shown in Fig. 3.

To solve our special case, it suffices to call Algorithm 1 on input (sp,U,d − dp).
The correctness of Algorithm 1 relies on the following lemma:

Lemma 5.4 Let (s,P, b) be an input to Algorithm 1. Assume that t is an output
of Algorithm 1 on input (s,P, b). Suppose that dist(s(i), hxi

) > d for some gi ∈ D.
Let � = dist(s(i), hxi

) − d , z be the number of positions q ∈ {s(i) �≡ hxi
} \ P with

t (i)[q] �= s(i)[q], and b′ be the number of positions q ∈ [1..L] \ (P ∪ {s(i) �≡ hxi
})

with t (i)[q] �= s(i)[q]. Then, b′ ≤ min{b − z, z − �}. Consequently, b′ ≤ 1
2 (b − �).
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Fig. 4 Strings s(i), hxi
, and t (i) in Lemma 5.4, where for each position i ∈ [1..L], two of the strings have

the same letter at position i if and only if they are illustrated in the same color or pattern at position i

Proof The proof is the same as that of Lemma 3.1 in [2]. To be self-contained, we
include it here.

Obviously, d(s(i), t (i)) = z + b′ (see Fig. 4). Since t is an output of Algorithm 1
on input (s,P, b), dist(t (i), s(i)) ≤ b. Thus, b′ ≤ b − z.

Let a = |P ∩{t (i) �≡ hxi
}|, and let c be the number of positions q ∈ {s(i) �≡ hxi

}\P

with s(i)[q] = t (i)[q]. Then, |{s(i) �≡ hxi
}| = a + c + z and dist(t (i), hxi

) = a +
c + b′. So, by assumption, a + c + z = d + � and a + c + b′ ≤ d . Thus, b′ ≤ z − �. �

To see the correctness of Algorithm 1, first observe that Step 1 is clearly correct. To
see that Step 3 is also correct, first note that dist(hxi

, s(i)) = |{hxi
�≡ s(i)}| = d + �.

So, in order to satisfy dist(hxi
, s(i)) ≤ d , we need to first select at least � positions

among the positions in {hxi
�≡ s(i)} and then modify the letters at the selected po-

sitions. By definition, we are allowed to select at most b positions and the selected
positions have to be in Q = {hxi

�≡ s(i)} \P ; so no solution exists if � > min{b, |Q|}.
The correctness of Step 7 is guaranteed by Lemma 5.4. This can be seen by viewing
|Z| in Algorithm 1 as z in Lemma 5.4, and viewing b′ in Lemma 5.4 as the num-
ber of positions (outside P ∪ {hxi

�≡ s(i)} = P ∪ Q) of s(i) where the letters can be
modified in order to transform s(i) into t (i). That is, min{b − |Z|, |Z| − �} in Step 7
corresponds exactly to min{b − z, z − �} in Lemma 5.4.

The execution of Algorithm 1 on input (s,P, b) can be modeled by a tree T in
which the root corresponds to (s,P, b), each other node corresponds to a recursive
call, and a recursive call A is a child of another call B if and only if B calls A directly.
We call T the search tree on input (s,P, b). By the construction of Algorithm 1, each
non-leaf node in T has at least two children. Thus, the number of nodes in T is at
most twice the number of leaves in T . Consequently, we can focus on how to bound
the number of leaves in T . For convenience, we define the size of T to be the number
of its leaves.

Let T1(d, d − dp) be the size of the search tree of Algorithm 1 on input (sp,U,

d − dp). Similar to Theorem 3.4 in [2], we can prove the next lemma:

Lemma 5.5 T1(d, d − dp) ≤ (6
√

3)d

(
√

3· 3√4)dp
.

As observed in [17], Algorithm 1 can be made faster by replacing Step 2 with the
step in Fig. 5.

We call the modified algorithm Algorithm 2. The intuition behind Algorithm 2 is
as follows. By Lemma 5.4, the larger � is, the smaller b′ is. Note that b′ means the
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2′. If b = d − dp , then select a gi ∈ D such that dist(hxi
, s(i)) ≥ dist(hxj

, s(j))

for all gj ∈ D. Otherwise, select an arbitrary gi ∈ D with dist(hxi
, s(i)) > d .

Fig. 5 Obtaining Algorithm 2 by modifying Step 2 of Algorithm 1

2′′. If b = d − dp , then guess a gi ∈ D and make a copy s0 of s and a copy
i0 of i. Otherwise, select an arbitrary gi ∈ D with dist(hxi

, s(i)) > d and
dist(hxi0

, s0(i0)) ≥ dist(hxi
, s0(i)).

Fig. 6 Obtaining Algorithm 3 by modifying Step 2′ of Algorithm 2

number of letters of s(i) we need to further modify. Thus, by maximizing �, we can
make the algorithm run faster.

Let T2(d, d − dp) be the size of the search tree of Algorithm 2 on input (sp,U,

d − dp). Similar to Theorem 4.3 in [2], we can prove the next lemma:

Lemma 5.6 T2(d, d − dp) ≤ 8d

2dp
.

We next obtain a slower version of Algorithm 2 by replacing Step 2′ with the step
in Fig 6.

We call the modified algorithm Algorithm 3. Algorithm 3 will be useful later in this
paper when we consider the general case where x1, . . . , xk are not known. Basically,
if b = d − dp , a string gi ∈ D in Step 2′ is hard to find when x1, . . . , xk are not
known. In this case, our idea is to guess this gi ∈ D and use i0 and s0 to memorize
i and s (for later use), respectively. Note that Algorithm 3 does not verify that for
all gj ∈ D, dist(hxi0

, s0(i0)) ≥ dist(hxj
, s0(j)). Indeed, only for those gi selected in

Step 2′′ of subsequent recursive calls, Algorithm 3 verifies that dist(hxi0
, s0(i0)) ≥

dist(hxi
, s0(i)).

Algorithm 3 on input (sp,U,d −dp) is clearly correct, because (1) it performs the
guess operation for b = d − dp by trying all gi ∈ D and (2) when trying the gi ∈ D

with dist(hxi
, sp(i)) ≥ dist(hxj

, sp(j)), it does the same as Algorithm 2. To estimate
the running time of Algorithm 3 on input (sp,U,d − dp), let T3(d, b) be the size of
the search tree of Algorithm 3 on input (sp,U,d − dp).

Lemma 5.7 T3(d, d − dp) ≤ k · 8d

2dp
.

Proof Suppose that we modify Algorithm 3 on input (sp,U,d −dp) by not guessing
gi ∈ D but rather choosing a particular gi ∈ D. Let Ti be the search tree of the mod-
ified algorithm on input (sp,U,d − dp). Obviously, T3(d, d − dp) does not exceed
the total size of T1, . . . , Tn. So, it suffices to show that for each i ∈ {1, . . . , k}, the size
of Ti is at most 8d/2dp .

Fix an i0 ∈ {1, . . . , k}. To show that the size of Ti0 is at most 8d/2dp , first note
that for each non-root node μ of Ti0 , the recursive call (of the modified algorithm)
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Input: Same as that of Algorithm 1.
Output: A string t obtained by modifying at most b positions of s in U \ P

such that for each gi ∈ D, there is an integer xi ∈ {1, . . . ,m} with
dist(t (i), hxi

) ≤ d , if such a t exists; nothing, otherwise.
1. If for every gi ∈ D, there is a string hj ∈ H such that dist(hj , s(i)) ≤ d ,

then output s and stop immediately.
2. Select a gi ∈ D such that for every hj ∈ H , dist(hj , s(i)) > d .
3. If all hj ∈ H satisfy dist(s(i), hj ) − d > min{b, |{s(i) �≡ hj } \ P |}, then

return.
4. Guess an hxi

∈ H such that dist(s(i), hxi
)− d ≤ min{b, |{s(i) �≡ hxi

} \P |}.
5–7. Same as Steps 4, 5, and 6 in Algorithm 1, respectively.

8. Recursively call the algorithm on input (s′,P ∪ Q,min{b − |Z|, |Z| − �}).
Fig. 7 Algorithm 4 for the SC problem

corresponding to μ selects a gi ∈ D in Step 2′′ such that dist(hxi
, s(i)) > d and

dist(hxi0
, s0(i0)) ≥ dist(hxi

, s0(i)). Because of these two inequalities, we can use
similar arguments to those in the proofs of Lemmas 4.1 and 4.2 and Theorem 4.3
in [2] to prove that the size of Ti0 is at most 8d/2dp . �

5.2.2 The General Case

Here, we extend Algorithms 1 and 3 so that they work for the (general) SC problem.
Motivated by an idea in [13], we extend Algorithm 1 by guessing xi in Step 4. That
is, we do not guess all of x1, . . . , xk in advance. Rather, we guess xi dynamically. The
algorithm (called Algorithm 4) is shown in Fig. 7.

Obviously, if we do not guess hxi
in Step 4 of Algorithm 4 but rather choose an

arbitrary hxi
in H there, then the search tree of Algorithm 4 on input (s,P, b) has the

same size as the search tree of Algorithm 1 on input (s,P, b) does. So, to estimate
the size of the search tree of Algorithm 4 on input (s,P, b), it suffices to find out how
the guesses in Step 4 of Algorithm 4 expand the size of the search tree of Algorithm 1
on input (s,P, b). Clearly, the “guess” operation in Step 4 requires Algorithm 4 to
try all hj ∈ H with dist(s(i), hj ) − d ≤ min{b, |{s(i) �≡ hj } \ P |}. A single “guess”
expands the size of the search tree by a factor of at most m. Because of Lemma 5.4,
the recursion depth of Algorithm 4 is at most �log2(b + 1)	. Thus, the size of the
search tree of Algorithm 4 on input (s,P, b) is at most m�log2(b+1)	 times that of the
search tree of Algorithm 1 on input (s,P, b).

Now, let T4(d, d − dp) be the size of the search tree of Algorithm 4 on input
(sp,U,d − dp). Then,

Lemma 5.8 T4(d, d − dp) ≤ (6
√

3)d

(
√

3· 3√4)dp
· m�log2(d−dp+1)	.

Theorem 5.9 Algorithm 4 takes O(kmL + kmd · (6
√

3)d

(
√

3· 3√4)dp
· m�log2(d−dp+1)	) time.
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Input: Same as that of Algorithm 1.
Output: Same as that of Algorithm 4.

1. If for every gi ∈ D, there is a string hj ∈ H such that dist(hj , s(i)) ≤ d ,
then output s and stop immediately.

2. If b = d − dp , then guess a gi ∈ D and make a copy s0 of s and a copy i0 of
i. Otherwise, select a gi ∈ D such that for every hj ∈ H , dist(hj , s(i)) > d .

3. If all hj ∈ H satisfy dist(s(i), hj ) − d > min{b, |{s(i) �≡ hj } \ P |}, then
return.

4. If b = d − dp , guess an hxi0
∈ H such that dist(s(i0), hxi0

) − d ≤
min{b, |{s(i0) �≡ hxi0

} \ P |}. Otherwise, guess an hxi
∈ H such that

dist(s(i), hxi
) − d ≤ min{b, |{s(i) �≡ hxi

} \ P |} and dist(s0(i0), hxi0
) ≥

dist(s0(i), hxi
).

5–7. Same as Steps 4, 5, and 6 of Algorithm 1, respectively.
8. Recursively call the algorithm on input (s′,P ∪ Q,min{b − |Z|, |Z| − �}).

Fig. 8 Algorithm 5 for the SC problem

Proof Obviously, excluding the recursive calls, each step of Algorithm 4 takes
O(kmL) time. To improve this time bound to O(kmd), the idea is to perform
an O(kmL)-time preprocessing. In the preprocessing, for each pair (i, j) with
i ∈ {1, . . . , k} and j ∈ {1, . . . ,m}, we compute �i,j = {sp(i) �≡ hj } and discard it
if |�i,j | > 2d − dp . Note that we modify only O(d) letters of sp at Step 7 of Al-
gorithm 4 on input (sp,U,d − dp) and hence we can accordingly update each re-
maining �i,j within O(d) time. This is also true in subsequent recursive calls. So, by
Lemma 5.8, the total time complexity of Algorithm 4 is as stated in the theorem. �

By Lemma 5.3 and Theorem 5.9, we have the following corollary immediately:

Corollary 5.10 The SC problem can be solved in time

O

(

m3L(n − k) + m2Lk + kd · (6
√

3)d

(
√

3 · 3
√

4)d
′ · m�log2(d−d ′+1)	+2

)

,

where d ′ = minp∈{1,...,m} dist(sp|U ,hp|U).

We next extend Algorithm 3 so that it works for the general case. The idea is the
same as that used to obtain Algorithm 4 from Algorithm 1. That is, as in Algorithm 4,
we guess xi dynamically in Step 4. The resulting algorithm (called Algorithm 5) is
shown in Fig. 8.

Let T5(d, d − dp) be the size of the search tree of Algorithm 5 on input (sp,U,

d − dp). Then, as we obtained Lemma 5.8 from Lemma 5.5, we can obtain the next
lemma from Lemma 5.7:

Lemma 5.11 T5(d, d − dp) ≤ k · 8d

2dp
· m�log2(d−dp+1)	.
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Using Lemma 5.11, we can prove the next theorem (whose proof is similar to that
of Theorem 5.9):

Theorem 5.12 Algorithm 5 takes O(kmL + k2md · 8d

2dp
· m�log2(d−dp+1)	) time.

By Lemma 5.3 and Theorem 5.12, we have the following corollary immediately:

Corollary 5.13 The SC problem can be solved in time

O

(

m3L(n − k) + m2Lk + k2d · 8d

2d ′ · m�log2(d−d ′+1)	+2
)

.

Roughly speaking, Algorithm 5 is faster than Algorithm 4 if and only if d ≥ logb k,

where b = 3
√

3
4 .

6 Experimental Results

We have implemented Algorithms 4 and 5 in C++ and used them to form a software
package for linkage analysis for closely related individuals without a known pedigree.

Recall that to identify the true mutation regions of a chromosome C, we break C

into a set R of length-500 segments [12]. For each segment r ∈ R, we can obtain an
instance (Dr,Nr,Hr, d) of the SC problem and we first call the algorithm for the
SC problem proposed in [12] (APPROX for short) on input (Dr,Nr,Hr,2d). If the
algorithm outputs “no”, then we view r as an invalid region. Otherwise, we view r

as a candidate region and then call our new Algorithm 4 (EXACT for short) on input
(Dr,Nr,Hr, d). If EXACT outputs “yes”, then we view r as a valid region.

Let CR (respectively, VR) denote the set of candidate (respectively, valid) regions
found by APPROX (respectively, EXACT). Then we process CR (respectively, VR)
as follows: If there are two adjacent regions r1 and r2 (i.e., the finishing SNP site of
r1 is the same as the starting SNP site of r2, or vice versa ) on the chromosome C,
we modify CR (respectively, VR) by merging r1 and r2 into a single region. In this
way, we obtain two new sets CR′ and VR′ of regions. By experiments on some sim-
ulated data, we have found that VR′ may miss some true mutation regions due to the
errors added by the χ2 model when generating the input genotype data. Therefore,
we further modify VR′ as follows: For a length-500 region r ∈ CR \ VR, if there are
two regions r1 and r2 in VR′ connected by r and the length ratio between r1 and r2
is between 0.2 and 5, we further modify VR′ by replacing r1 and r2 with the smallest
region that contains r1 and r2. In this way, we obtain a new set VR′′ of regions. Fi-
nally, we output the first few longest regions in CR′ and VR′′ as the mutation regions
of C. For convenience, we denote the heuristic producing CR′ (respectively, VR′′) by
APPROX-HEU (respectively, EXACT-HEU).

The datasets used here to compare the performance of APPROX-HEU and
EXACT-HEU are almost the same as those in [12]. The only difference is in the
generation of the reference haplotype database Hr . Here, instead of deleting the hap-
lotype data of the founders, we fix an error ratio ER (say, 5 %) and modify each
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Table 1 The average precision and recall for P2 through P4, where each average is taken over 50 tests.
The table consists of two parts separated by two consecutive horizontal lines. The first (respectively, sec-
ond) part shows the results of APPROX-HEU (respectively, EXACT-HEU)

Heuristic Pedigree

P2 P3 P4

precision recall precision recall precision recall

Longest 37.67 % 54.37 % 52.48 % 77.38 % 69.86 % 98.12 %

First-2-longest 36.66 % 85.98 % 47.33 % 92.59 % 62.08 % 98.59 %

First-3-longest 34.61 % 97.83 % 45.74 % 98.59 % 61.38 % 98.59 %

Longest 37.90 % 54.27 % 54.97 % 77.52 % 69.88 % 95.88 %

First-2-longest 37.78 % 87.85 % 48.97 % 90.18 % 63.28 % 96.34 %

First-3-longest 35.20 % 97.72 % 48.36 % 98.13 % 63.28 % 98.34 %

length-500 region r of the haplotype of each founder by flipping the bits at randomly
selected �500 ·ER	 positions of r and further put the modified haplotype back into Hr .
In this way, we can make sure that if r is a true mutation region and the children’s
haplotype segments inherited from their parents are identical to those of their parents,
then there must be a solution to (Dr,Nr,Hr, �500 · ER	).

To compare the performance of APPROX-HEU and EXACT-HEU, we use the
three different pedigrees P2, P3, and P4 in [12]. P2, P3, and P4 all have five gener-
ations but have 3, 4, and 5 diseased individuals in the youngest generation as part of
the input to the programs, respectively.

We have done 50 experiments for each pedigree and calculated the average perfor-
mance of the programs. The criteria used in the comparison are precision and recall.
Recall that the correctly detected mutation regions by a program are the intersection
of the regions outputted by the program and the true mutation regions. Here, precision
is defined as the number of SNPs in the correctly detected mutation regions divided
by the total number of SNPs in the regions outputted by the program. Moreover,
recall is defined as the number of SNPs in the correctly detected mutation regions
divided by the total number of SNPs in the true mutation regions. So, if recall is 1,
then all the SNPs in the true mutation regions have been outputted by the program.
Similarly, if precision is 1, then all the SNPs reported by the program are in the true
mutation regions.

The experimental results for ER = 5 % (and hence d = �500 · ER	 = 25) are sum-
marized in Table 1, where columns P2, P3, and P4 show the results for pedigrees
P2, P3, and P4, respectively. The table consists of two parts separated by two con-
secutive horizontal lines, where the first (respectively, second) part shows the re-
sult of APPROX-HEU (respectively, EXACT-HEU). Moreover, each part has three
rows: Longest, First-2-longest, and First-3-longest. Longest shows the result that our
program just outputs the longest detected region, while First-2-longest (respectively,
First-3-longest) shows the result that our program outputs the first two (respectively,
three) longest detected regions as the output. In each case, if the outputted regions
have no overlap with the true mutation regions, both precision and recall are treated
as 0.
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Table 2 The total number of
regions correctly excluded by
EXACT-HEU for P2
through P4, where each total is
taken over 50 tests

Pedigree #yes #correct percentage

P2 175 155 88.57 %

P3 130 106 81.54 %

P4 69 52 75.36 %

Table 3 The average length of
the true mutation regions and
that of the regions detected by
APPROX-HEU and
EXACT-HEU for P2 through P4

Pedigree P2 P3 P4

true region 5140 4893 3831

Longest 8657 9118 6516

First-2-longest 13307 12298 7493

First-3-longest 15681 13290 7639

Longest 8568 8857 6397

First-2-longest 13145 11849 7272

First-3-longest 15374 12874 7429

As can be seen from columns P2, P3, and P3 in Table 1, the average precision
of EXACT-HEU is slightly better than that of APPROX-HEU while the recall re-
mains very much the same. In other words, the improvement is small. This might
be explained as follows. Recall that when APPROX outputs “no” for a length-500
region r , EXACT outputs “no” for r as well. On the other hand, when APPROX out-
puts “yes” for r , EXACT may output “yes” or “no” for r . Thus, EXACT may output
fewer length-500 regions than APPROX. Therefore, one may expect that EXACT
gives better precision but worse recall.

We have done 50 experiments for each of pedigrees P2, P3, and P4. The number
of length-500 regions for which APPROX outputs “yes” but EXACT outputs “no”
is given in column #yes of Table 2. Column #correct in Table 2 gives the number of
regions for which EXACT outputs “no” and these regions indeed do not belong to
the true mutation regions. As can be seen from the table, 88.57 % of the length-500
regions eliminated by EXACT are correct for pedigree P2.

We have also investigated the reason why EXACT fails to output “yes” for some
true mutation regions and we found that the χ2 model also adds errors to the chil-
dren’s haplotype segments inherited from their parents. Thus, it is possible that the
SC problem may have no solution to a region for the exact radius d .

Table 3 consists of three parts separated by two consecutive horizontal lines. The
first part shows the average lengths of the true mutation regions for P2, P3, and P4,
while the second (respectively, third) part shows the average lengths of regions de-
tected by APPROX-HEU (respectively, EXACT-HEU). We can see from the table that
the average lengths of regions detected by EXACT-HEU are always shorter than those
detected by APPROX-HEU. In particular, as can be seen from Table 1, this advantage
is achieved without decreasing recall for pedigree P3 when both APPROX-HEU and
EXACT-HEU only outputs the longest detected region.

Our experiments have been performed on a Windows-7 desktop PC with Intel(R)
Core(TM) 2 CPU (2.40 GHz) and 4 GB memory. Table 4 lists the running time of
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Table 4 The longest, average,
and shortest running times (in
seconds) of EXACT-HEU on a
length-500 region with
ER = 5 % for P2 through P4
over 50 tests

Pedigree P2 P3 P3

longest time 2.458 2.469 2.219

average time 0.213 0.166 0.059

shortest time 0.006 0.007 0.009

Table 5 The longest, average,
and shortest running times (in
minutes) of EXACT-HEU on the
whole chromosome with
ER = 5 % for P2 through P4
over 50 tests

Pedigree P2 P3 P3

longest time 41.950 17.500 7.600

average time 8.138 4.646 2.118

shortest time 1.167 0.583 0.167

EXACT-HEU for a length-500 region with ER = 5 %. We can see from the table
that on average, it takes less than a second to investigate a single length-500 region.
Moreover, Table 5 shows the total running time of EXACT-HEU for investigating a
whole chromosome (Chromosome 1) with ER = 5 %.

6.1 Modifying APPROX-HEU and EXACT-HEU

In the aforementioned experiments with APPROX-HEU (respectively, EXACT-
HEU), we investigate length-500 regions one by one using different center indices p.
Therefore, APPROX-HEU (respectively, EXACT-HEU) can say “yes” for different
length-500 regions based on different p’s.

Suppose that we modify APPROX-HEU (respectively, EXACT-HEU) as follows.
After finding all candidate (respectively, valid) length-500 regions in a whole chro-
mosome, we choose the index p that appears the most among all the reported can-
didate (respectively, valid) length-500 regions and use this p to further verify all the
reported candidate (respectively, valid) regions. In other words, we here use an ex-
tra condition that for a fixed index p (instead of different p’s for different regions),
the instance (Dr,Nr,Hr,2d) (respectively, (Dr,Nr,Hr, d)) of the SC problem for
each candidate (respectively, valid) length-500 region r must have a solution where
the center haplotype segment s is within a distance of at most 2d (respectively, d)
from hp ∈ Hr . For convenience, we denote the modified APPROX-HEU (respec-
tively, EXACT-HEU) by APPROX-HEU′ (respectively, EXACT-HEU′).

We have done 50 tests with APPROX-HEU′ and EXACT-HEU′ for pedigrees P2,
P3, and P4 with different ER’s. The results are summarized in Tables 6, 7, and 8.
In general, EXACT-HEU′ achieves better precision than APPROX-HEU′, while they
achieve almost the same recall.

6.2 Comparing the Speed of Algorithms 4 and 5

We also compare the average running time of Algorithms 4 and 5 on a length-500 re-
gion with ER = 8 % for pedigree P4, where each average is taken over 100 tests. The
experimental results are summarized in Table 9 where we can see that Algorithm 4
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Table 6 The average precision and recall achieved by APPROX-HEU′ and EXACT-HEU′ for P2, where
each percentage is taken over 50 tests. The table consists of 3 parts separated by two consecutive horizontal
lines. The first (respectively, second) part shows the results of APPROX-HEU′ (respectively, EXACT-
HEU′), while the third part shows the average running time (in minutes) of EXACT-HEU′ on the whole
chromosome

Heuristic Error Ratio

5 % 6 % 7 % 8 %

precision recall precision recall precision recall precision recall

Longest 29.06 % 40.37 % 38.76 % 51.47 % 38.13 % 52.78 % 38.44 % 40.61 %

First-2-longest 29.73 % 48.07 % 36.46 % 56.60 % 37.21 % 65.17 % 33.02 % 50.22 %

First-3-longest 28.84 % 49.30 % 36.39 % 61.32 % 36.60 % 69.61 % 31.60 % 57.02 %

Longest 31.89 % 43.84 % 40.84 % 53.03 % 38.91 % 56.53 % 37.05 % 52.30 %

First-2-longest 32.25 % 50.2 % 37.99 % 56.13 % 38.86 % 65.62 % 33.96 % 56.28 %

First-3-longest 31.91 % 50.83 % 38.17 % 57.67 % 38.28 % 66.78 % 32.83 % 57.23 %

running time 34.732 37.691 49.971 71.181

Table 7 The average precision and recall achieved by APPROX-HEU′ and EXACT-HEU′ for P3, where
each percentage is taken over 50 tests. The table consists of 3 parts separated by two consecutive horizontal
lines. The first (respectively, second) part shows the results of APPROX-HEU′ (respectively, EXACT-
HEU′), while the third part shows the average running time (in minutes) of EXACT-HEU′ on the whole
chromosome

Heuristic Error Ratio

5 % 6 % 7 % 8 %

precision recall precision recall precision recall precision recall

Longest 57.75 % 67.55 % 60.57 % 68.45 % 56.62 % 72.17 % 39.44 % 59.79 %

First-2-longest 52.29 % 69.51 % 57.14 % 74.30 % 53.58 % 75.03 % 40.05 % 68.98 %

First-3-longest 49.77 % 70.64 % 55.50 % 75.78 % 52.95 % 77.21 % 38.72 % 71.62 %

Longest 61.10 % 73.35 % 62.86 % 72.40 % 56.82 % 73.44 % 47.99 % 69.95 %

First-2-longest 59.06 % 74.71 % 61.72 % 77.85 % 56.21 % 75.81 % 45.19 % 70.14 %

First-3-longest 57.89 % 74.71 % 61.11 % 77.85 % 55.81 % 75.81 % 44.96 % 70.63 %

running time 24.217 26.341 33.861 48.649

is faster than Algorithm 5. It is worth mentioning that although d = 500 · ER = 40 in
our experiments, d − dp is usually much smaller than d .

To compare the speed of Algorithms 4 and 5, we have also run the programs
on other simulated datasets. To generate a simulated dataset, we here generate an
instance (s1, . . . , sk,L, d) of the BCSS problem and then use it to obtain an instance
of the SC problem via the reduction in the proof of Theorem 4.1. Each instance
(s1, . . . , sk,L, d) of the BCSS problem is generated as follows.

1. Generate k random binary strings s1, . . . , sk of the same length K , and also gen-
erate a random binary string t of length L.
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Table 8 The average precision and recall achieved by APPROX-HEU′ and EXACT-HEU′ for P4, where
each percentage is taken over 50 tests. The table consists of 3 parts separated by two consecutive horizontal
lines. The first (respectively, second) part shows the results of APPROX-HEU′ (respectively, EXACT-
HEU′), while the third part shows the average running time (in minutes) of EXACT-HEU′ on the whole
chromosome

Heuristic Error Ratio

5 % 6 % 7 % 8 %

precision recall precision recall precision recall precision recall

Longest 67.53 % 97.98 % 67.53 % 97.23 % 71.02 % 91.33 % 76.78 % 94.94 %

First-2-longest 63.87 % 97.98 % 64.31 % 98.68 % 68.21 % 93.25 % 70.99 % 95.85 %

First-3-longest 63.69 % 97.98 % 64.00 % 98.68 % 67.75 % 93.94 % 69.47 % 95.85 %

Longest 68.34 % 96.71 % 67.96 % 96.97 % 71.22 % 92.25 % 74.96 % 94.79 %

First-2-longest 65.85 % 98.88 % 65.28 % 97.95 % 70.03 % 93.04 % 72.43 % 95.67 %

First-3-longest 65.85 % 98.88 % 65.12 % 97.95 % 70.10 % 93.27 % 72.46 % 95.88 %

running time 10.602 10.641 18.327 22.280

Table 9 The average running time (in seconds) of Algorithms 4 and 5 for simulated biological data, where
k is the number of diseased individuals and d is the radius

“yes” instances “no” instances

d k Algorithm 4 Algorithm 5 d k Algorithm 4 Algorithm 5

40 5 0.028 0.680 40 5 0.142 0.203

2. For each i ∈ {1, . . . , k}, first obtain a string ti from t by selecting d positions
uniformly at random and flipping the bits of t at the selected positions, and further
modify si by first selecting a position q ∈ {1, . . . ,K −L+1} uniformly at random
and then replacing the substring si[q..q + L − 1] with ti .

There are three merits of generating (s1, . . . , sk,L, d) in the above way. First,
(s1, . . . , sk,L, d) always has a solution but (s1, . . . , sk,L, d − 1) usually does not.
Secondly, d − dp is almost always equal to d . Thirdly, it is easy to choose
a triple (k,L,d) such that it takes time to solve each of (s1, . . . , sk,L, d) and
(s1, . . . , sk,L, d − 1). Because of the three merits, we can obtain a meaningful com-
parison in speed between Algorithms 4 and 5 for both “yes” and “no” instances.
In our experiments, we fix K = 75 and L = 60 but choose k from {10,15,20} and
d from {10,11,12}. These choices are made so that the generated instances of the
BCSS problem are reduced to instances of the SC problem that are close to the sim-
ulated biological datasets used in our aforementioned linkage-analysis experiments.
For each combination of (K,L, k, d), we generate 20 random instances and summa-
rize the average running time (in seconds) of Algorithms 4 and 5 in Table 10. By the
table, Algorithm 4 seems to be always faster than Algorithm 5. The superiority of
Algorithm 4 over Algorithm 5 becomes more obvious when d becomes larger.
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Table 10 The average running time (in seconds) of Algorithms 4 and 5 for simulated datasets, where k is
the number of diseased individuals and d is the radius

“yes” instances “no” instances

d k Algorithm 4 Algorithm 5 d k Algorithm 4 Algorithm 5

10 10 0.184 2.415 9 10 0.341 1.592

11 10 2.430 21.106 10 10 1.017 7.508

12 10 19.403 164.523 11 10 5.214 47.002

10 15 0.616 6.562 9 15 1.045 3.069

11 15 2.341 29.724 10 15 1.831 12.596

12 15 21.111 238.538 11 15 5.011 62.805

10 20 0.449 7.277 9 20 2.279 4.778

11 20 2.402 43.508 10 20 2.887 17.196

12 20 20.203 381.833 11 20 7.052 94.158

6.3 Conclusion

In summary, an exact algorithm for the SC problem can be used to achieve usually
better precision and keep recall much the same. Honestly speaking, the improvement
in precision does not look so significant. Therefore, it remains an open problem how
to make use of an exact algorithm for the SC problem in linkage analysis.
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