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Abstract In this paper we present techniques to significantly improve the space com-
plexity of several ordered tree comparison algorithms without sacrificing the corre-
sponding time complexity. We present new algorithms for computing the constrained
ordered tree edit distance and the alignment of (ordered) trees. The techniques can
also be applied to other related problems.

Keywords Space efficient algorithms - Constrained tree edit distance - Alignment
of trees

1 Introduction

Ordered labeled trees are trees whose nodes are labeled and in which the left to right
order among siblings is significant. Comparing such trees with distance and/or simi-
larity measures has applications in several diverse areas such as computational mole-
cular biology [5, 8, 14], computer vision, pattern recognition, programming compi-
lation and natural language processing [2].

Algorithms have been developed for ordered labeled tree comparisons [5, 9, 10,
12, 15]. The degree-one edit distance was introduced by Selkow [9] in which in-
sertions and deletions are restricted to the leaves of the trees. The degree-two edit
distance was introduced by Zhang et al. [13, 16] in which insertions and deletions
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are restricted to tree nodes with zero or one child. Zhang [12] introduced the con-
strained edit distance which is a bit more general than degree-two edit distance. The
(general) edit distance between ordered labeled trees was introduced by Tai [10]. His
algorithm has been improved by several authors [3, 6, 15]. The alignment of trees
was introduced by Jiang et al. in [5].

Given two ordered trees 77 and 7>, the degree-one edit distance, the degree-two
edit distance, and the constrained edit distance can all be computed in (|77||72]|) time
and space, where |T'| is the number of nodes in 7T [9, 12, 13]. Richter [7] presented
an algorithm for the constrained edit distance with O (|T1||T2| deg(T7) deg(7>)) time
and O (|T1|dep(Tz) deg(T>)) space, where dep(T') denotes the depth of T and deg(T')
denotes the degree of T'. For small degree and low depth trees, this is a space improve-
ment. According to a recent survey on tree edit distance by Bille [1], the algorithms
of Zhang [12] and Richter [7] are currently the best for the constrained tree edit dis-
tance. In this paper, we present an algorithm for the constrained tree edit distance
with O(|T1]|Tz|) time and O (log(|T1])|T2|) space. The techniques used can also be
used for the degree-one and the degree-two edit distance to achieve the same time
and space complexities.

For alignment of trees, the algorithm in [S] runs in O(|T1||T>|(deg(T1) +
deg(7»))?) time and needs O(|Ti||T>|(deg(T1) + deg(7>)) space. Recently, there
is a strike to reduce the space [11]. The space required for the new algorithm is
O (log(|T1])|T2|(deg(T7) +deg(T>)) deg(T1)). However, the running time is increased
to O(|T1|3| 7| (deg(Ty) + deg(Tz))z). In this paper, we proposed a new algorithm that
runs in time O (|T1||T2|(deg(Ty) + deg(Tz))z) and requires the same space as in [11]
O0(og(ITi DI T>| (deg(T) + deg(T»)) deg(T1)).

2 Constrained Edit Distance between Ordered Trees
2.1 Notations

The nodes in an ordered tree of size n are numbered from 1 to n according to the pos-
torder, where the left siblings are ordered before the right siblings. Given an ordered
labeled tree T, the ith node of tree T is represented as t[i], the subtree of T rooted
at node #[i] is represented as T'[i], and the subforest obtained by deleting ¢[i] from
T[i] is represented as F[i]. The parent of node #[i] in T is denoted as #[p(i)]. The
number of nodes in a tree T is denoted as |T'|.

Let 6 be the empty tree, and A a space. y(a, A), y (A, a), and y(a, b) denote the
cost of deleting a, inserting a, and substituting a with b, respectively.

Consider two trees 77 and 7> to compare. Suppose that the degrees of node #[i]
and node 1,[j] are m; and n, respectively. Denote the children of #[i] from left to
rightas #1[i1], ..., t1[in,; ] and children of #,[ j] from left to right as ;[ ji ], .. ., tz[jnj ].

The constrained edit distance metric is based on a constrained edit mapping al-
lowed between two trees. We will first give the definition of constrained editing map-
ping and then use it to define the constrained editing distance metric.

Formally we define a triple (M, T, T2) to be a constrained edit mapping from 77
to Tp, where M is any set of pairs of integers (i, j) satisfying:
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M 1=<i<sITh,1=j=ITa];
(2) For any pair of (i1, j1) and (i3, j2) in M,
(a) i1 =iy iff j; = j» (one-to-one)
(b) #1[i1] is to the left of #1[i2] iff #2[j1] is to the left of #[j,] (sibling order
preserved);
(c) t1[i1]is an ancestor of #1[i2] iff #2[ j1] is an ancestor of #[ j»] (ancestor order
preserved);
(3) For any triple (i1, j1), (i2, j2) and (i3, j3) in M, let Ica() represent least common
ancestor function,
t1[lca(iy, i2)] is a proper ancestor of 7 [i3] iff #[lca(ji, j»)] is a proper ancestor
of o[ j3].

This definition adds constraint (3) to the definition of the edit mapping [15]. This
is why we call it a constrained edit mapping. The intuitive idea behind this definition
is that two separate subtrees of 77 should be mapped to two subtrees of 7> and vice
versa.

We will use M instead of (M, Ty, T») if there is no confusion. Let M be a con-
strained editing mapping from 77 to 7>. We can define the cost of M:

yM) = Y y@liloliD+ Y y@lil»+ Yy, nli.

@, j)eM i¢M jeM

Let F1[p] and F>[q] be forests of T} and T». The cost of M with restrict to Fy[p]
and Fy[q] is

y (M, Filp), F2lq]) = > y (1lil. ol

(G, ))eM&nlileFi[pl&n[jleFalq]

+ Y y@biln+ Y yOenliD.

igM&t[i]leFilp] JEM&n[jl1€F2lq]
The constrained edit distance between 77 and 7> is defined as:

DT\, T») = rr}En{y(M ) | M is a constrained edit mapping between 77 to T»}.
Similarly, the constrained edit distance between F[p] and F>[q] is defined as
D(Fi[p], F2lq)) = mA/i[n{y(M, F1lpl, F2[q]) | M is a constrained edit mapping
between T} to T»}.
2.2 A Simple Algorithm
We now present an algorithm for computing the constrained edit distance between
two ordered trees. This algorithm is given in [12] and is the basis of our new space
efficient algorithm.

The algorithm in [12] for the constrained edit distance between two ordered trees
is given in Fig. 1. While we do not show the details of the correctness of the algorithm,
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Input: T and Tp
Output: D(T1[i], Ta[j]), where 1 <i <|Ti|and 1 < j <|T3|
D(9.6) =0;
fori =1to |Ty|
D(F1[i1,0) = YL, D(Tilix],6)
D(T[i],0) = D(F1[i1,0) + y (11 [i], 1)
for j =1to |T3|

D@®. F2lj) =YL, DO. T2Lik))
D(O. Tlj]) = DO, FLjD) +y (. 121D

fori=1to |T}|
for j =1to |T,|

Compute E(m;,nj)

D®, Falj]) + miny << {D(F1[i], F2lje]D) — D@, F2ljeD} ... (2.1)
D(Fi[i], F2[jD) =min y D(Fi[i],0) + minj <s<m, {D(F1lis], F2[j]) — D(F1lis], 0)}...(2.2)
E(mj,nj) ...(23)

DO, T2jD) + miny <t <, AD(T1[i], T2Lje]) = DO, T2Lje D} ... B.1)
D(T1[i], T2[j]) = min { D(Ty[i],6) + minj <5<, {D(T1lis], T2[j]) — D(T1lis], 6)} ... (3.2)

D(Fili], B1iD +y®lil, 17D ...(3.3)

Fig. 1 A simple algorithm, Algorithm 1

we now explain the ideas of the algorithm. Let #1[i] and #2[ j] be two nodes. T1[i] and
T7[j] are the two subtrees rooted at #1[i] and #[ ], respectively. We use m; and n; to
denote the numbers of children for #[i] and #,[j], respectively.

The computation of D(Ti[i], T>[j]) has several cases. In one case, Ti[i] is
matched to a child subtree of 7>[j]. See (3.1) in Fig. 1. In a symmetric case, T>[j] is
matched to a child subtree of T7[i]. See (3.2) in Fig. 1. We denote

Gi=D(Nli].0) + min {D(Ti[is]. T2[j]) — D(Tilis]. 0)}

and will use it in the new algorithm later. In the last case, #1[i] is matched with
t2[j] and therefore Fi[i] is matched with F;[j] which means that we need to know
D(F[i], Fo[j]). See (3.3) in Fig. 1.

Similarly, the computation of D(F1[i], F2[j]) has several cases. In the first case,
Fi[i] is matched to F>[j;], 1 <t <nj, a subforest of a child of F>[j]. See (2.1) in
Fig. 1. In the second case, F>[j] is matched to Fi[is], 1 <s < m;, a subforest of a
child of Fi[i]. See (2.2) in Fig. 1. We denote

Fi = D(F[i],0) + lgglw{D(Fl[is], F[j1) — D(Filis], )}

In the third case, there is a matching between Ti[i1],..., T1lin,;] and T2[j1], ...,
T2l jn;]. The optimal matching between these subtrees are computed using the
sequence edit distance algorithm treating each subtree as an unit. For a given
pair of nodes #[i] and #[j], E(m;,n;) is the cost for an optimal matching be-
tween T1[i1], ..., Ti[in;] and T2[j1],..., Tz[j,,j]. The code for the computation of
E(m;,n;] is shown in Fig. 2.
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Fig. 2 The code to compute c(0,0)=0
Elm;,n;] for s =1 tom;
c(s,0) = c(s — 1,0) + D(Ty[is], 0)
fort=1ton;
c(0,1)=c(0,t = 1)+ D, T2[j: ]
for s =1 to m;
forr=1to nj

c(s,t = 1)+ DO, Talj: D

c(s,t)=min{ c¢(s — 1,¢) + D(Ty[is],6)
c(s — 1,1 — 1)+ D(Tylis], T2 Lji D

Elmj,njl=c(m;,nj).

The time and space complexity for computing E(m;,n ;) is obviously O(m; x
n ;). The complexity of computing D(T1[i], T2[j]) is bounded by O (m; +n ;). The
complexity of computing D(F[i], F>[j]) is bounded by O (m; +n}).

Hence for any pair i and j, the complexity of computing D(Ti[i], T2[j]) and
D(Fi[i], F2[j]) is bounded by O(m; x n;). Therefore the complexity of the algo-
rithm is

|Th| |T2| [T1] |T2]
ZZ O(m; xnj)= O(Zmi x Zn,> =0(T\| x |T)).
i=1 j=1

i=1 j=1
2.3 Reducing the Space Complexity of Algorithm 1

In practice, the space required for Algorithm 1 might be a bottleneck. In this section,
we propose a method to modify Algorithm 1 so that the space required is reduced to
O(log(IT1) - |T2]).

The basic idea is straightforward. In order to compute the constrained edit dis-
tance, some computed values are no longer useful after they were used. We simply
release the space that are no longer useful. To achieve our goal, we use two tricks:
(1) We use a new order of nodes for 77; and (2) We also modify the computation
of node 11[i] slightly. Let #1[i1], t1[i2], ..., t1[im,] be the children of #;[i]. When the
computation for node #{[i1] is completed, we immediately start the computation of
E[m;,n;], F; and G; without waiting for the computation of #1[i2].

Using a New Order of Nodes in Ty Here we give a more restricted order for the
nodes in 77. Consider a node #1[i] in T7. Let #1[i1], t1[i2], . .., t1[im,] be the children
of #1[i] in T} and |T1[ix]| be the number of nodes in the subtree T1[ix]. The compu-
tational order of the children of #[i] is that the child with largest number of nodes,
which we refer to as the favorable child, would be the first. For the rest of children of
t1[i], the order is from left to right. This order is applied to all the nodes and if #;[u]
and #1[v] are siblings in 77 and #{[u] is ordered before #{[v] then all nodes in 7 [u]
are ordered before any node in 77[v]. Figure 3 gives an example of the new order.
Let use consider a new algorithm, called Algorithm 1.1. Algorithm 1.1 is identical
to Algorithm 1 except that the order for 77 is new. Figure 4 gives the sketch.
Considering the computation for nodes #[i] in 77 and #;[j] in 7. In order to
compute E[m;,n;], we have to keep the computed values for nodes #[i1], #1[iz2],
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Fig.3 An example of the new
order

Input: 77 and T
Output: D(T1[i], Tp[j]), where | <i <|T{|and 1 < j <|T3|

for i =1 to |T| (using the new order)
for j =1to |T,|

Compute E(m;,nj)
{ D@, F2[j]) +miny </ <n; {D(F11i], F2Lje]) = DO, F2jeD}- .. 2.1
D(F\[i], F2[j]) = min y D(F[i],0) + minj <5<, {D(F1lis], F2[j1) — D(Filis], 0)} ... (2.2)
E(mi,nj) ...(2.3)

DO, T2[jD) + miny < <p {D(T11i], T2[je]) = DO, T2Ljie D} ... B.1)
D(Ty[i], To[jD =min § D(T[i],0) + minj <g<; {D(T1 [is], T2[j]) — D(T[is], 6)} ... (3.2)
D(Fili], B[iD +y®lil, 17D ...(3.3)

Fig. 4 Algorithm 1.1

Fig. 5 The nodes required to be
stored in order to compute the
values on node #1[i] in T}

..., 11[im;]. To get the values on ¢ [i ], we have to know the values on the children of
t1[ix]. In general, in the computation for node #{[i ], we have to store all the dark nodes
as shown in Fig. 5. Since we use the new order, we know that the height of the tree in
Fig. 5 is at most O (log|T1]). Thus, the space required is O ((log|7T1|) deg(T1)|T2]),
where deg(77) is the degree of T7. To achieve a better space complexity, we use the
second trick.
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Input: T and Tp
Output: D(T1, T[j1), where 1 < j <|T>|

Initialization of variables

for i =1 to |T;| (the new order)
for j =1to |T,|
D@, F2[jD) +miny < <, {D(F1), F2Lje]) — DO, F2j: D}
D(Fi[i], F2[j]) =min { F;
E(mi,nj)
D@, To[j]) +miny < <, {D(T1[i], T2[je]) — D@, T2 D}
D(Ti[i], T2[j]) = min § G;
D(Fili], B20iD + v Ll LD
Let #1[p(i)] be the parent of #1[i] and #1[p s ] be the favorable child of 11 [p(i)]
Case 1: if 7{[i] is the favorable child of 7;[p(i)] then
Epi(0)=0;
Fpiy=D(Fi1lpD)], 0) + D(F1li], F2[j]) — D(Fi[i], 0);
Gpiy=D(Tp()],0) + D(T1li], T2[j ) — D(T1[i]. 0);
fort=1ton;
Epi) () =Epp (@ — 1)+ D@, T2l D;
Case 2: if 71 [i] is not the favorable child of #{[p(i)] or ¢ [i] is the leftmost child of #;[p(i)] then
Fpiy =min{Fy, D(Fi[p(D)],0) + D(F\li], F2[j]) — D(Fili], 6)}
Gp) =min{Gp, D(T1[p()],6) + D(T1li], To[j1) — D(T1[i], 6)}
fort=0ton;
0 _ .
Ep(,-)(t) —fp(t), -
Ep(iy(0) = ES;, (0) + D(Ty1i1,6);
forr=1ton;
Epiy(t =1+ DO, T2lji D)
Ep(,-)(t):min Eg(i)([)+D(T][i], 0)
E) )t = D)+ D(Ty[i1, TaLjiD)
Case 3: if 11 [i] is the left sibling of the favorable child #1[p ¢] of #1[p(i)] then
for1=0ton;
ES )= Epiy @
Eyp(iy ) = ES; (0) + D(Ty[py1,6);
forr=1ton;
Epiy(t =1+ D©, T2lji D
Epiy (1) =min { E) () + D(Tilps1.0)

Eg(l.)(t =D+ D(Tlp sl Toljt)

Fig. 6 A more space efficient algorithm, Algorithm 2

Changing the Computation on Node t1[i] Now, we slightly change the computation
on node #1[i]. When the computation for one of the children of #[i], say, #1[i1], is
completed, we immediately start the computation of E[m;,n;], F; and G; without
waiting for the computation of #;[i»]. In this way, we can avoid storing the values on
the dark nodes as in Fig. 5. Instead, we only have to keep the values on the grey nodes
in the path from 7 [i] to the bottom of the tree. Thus, the space complexity is reduced
to be O(log|T1| x |T2]).

The modified algorithm, Algorithm 2, is shown in Fig. 6. In the algorithm, we will
use this new order for 77 and the same post order as in Algorithm 1 for 7,. For each
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node #1[i], we will first compute D(Fi[i], F2[j]) and D(T1[i], T»[j]) for all nodes
[ j]in T assuming E[m;, n;], F;, and G; have been computed.

Computation of E[m;,n;], F; and G; Suppose that ¢;[p(i)] is the parent of #;[i].
We can immediately use D(Fi[i], F>[j]) and D(T1[i], T>[j]) for the computation of
E[mp@y,njl, Fpi) and G p(;). There are several cases.

Case 1: 1[i] is the favorable child of #{[p(i)] and it is not the leftmost child of
t1[p(@@)]. In this case, we can start computing F;y and G p(;) by setting

Fpay= D(Fi[p()],0) + D(Fi[i], F2[j]) — D(F1li], 0)
and

Gpiy=D(Ti[p()].0) + D(T1[i], T2[j1) — D(T1[i], 0).

We also start the computation of E[m ), n;]. The computation for E[m;, n ;] must
be from left to right (see Fig. 1) and thus we have to keep the values on node #[i]
for later use since #1[i] is not the leftmost child of #;[p(i)]. Again, as shown in
Fig. 1, computing E[m;,n ;] needs the values for the m; x n; cells c(s,t)’ for
s=1,2,...,m; and j=1,2,...,n;. There are two indices s and ¢. Here in the
new algorithm, we also need the values for the m; x n; cells. However, we do not
simultaneously store all the m; x n; cells. To get the value of c(s, ), we need the
values of the three cells c(s — 1,7 — 1), c(s — 1,¢) and c(s,t — 1). We use Eg(l.)(t)
to store c(s — 1,¢) and use E;)(?) to store c(s, ¢). In this way, we do not have to
store all ¢(1, 1), c(2,t), ..., c(m;, t) simultaneously. Instead, we just need to keep
Eg(i)(t) and E ;) (t). Therefore at this stage, we set the initial values E,(;(0) =0
and E, () = Epi (t — D)+ DO, Ir[j;]) fort =1,2,...,n;.

Case 2: t[i]is not the favorable child or it is the favorable child and also the leftmost
child. In this case, we can use it immediately for the computation of E(p(i), j). We
first pass the value E ,;(¢) to E 107 @) (¢) and then compute the new values for E ;) (¢)
as

E,(0) = E%(0) + D(T1lil, 6);
fort=1ton;

Epiy(® — 1)+ D@, Tzl j: D
E (@) =min { E) 0 + D(T1lil,6)

E) ;) = 1)+ D(T1li], T2[j:])

Therefore for each node #[i] in 77 such that at least its favorable child’s computation
is completed, we at most will need to keep two sets of values: the values for its
favorable child and the partial computation of E(m;, n;). Notice that for any node
t1[i] in T1, if the computation of its favorable child is not completed, we do not need
to store any value and if the computation of all its children have been completed,
then in the next step the computation for node #{[i] is completed and we can release
the space used.
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Fig. 7 Initialization of the D(@6,6)=0;

variables fori=1to |Ty|
D(Fi[i],0) = Y3, D(Tylix].0)
D(T1li],0) = D(Fi[i],0) + y (1 [i], )

for j =1to |T;|

D@. F[j) =YL, DO. Tlj)
D®. Talj1) = D@, B[] +y (. Lj])

Case 3: 11[i] is the left sibling of the favorable child #1[ps] of #{[p(i)]. The com-
putation for node #{[i] has been done in Case 2. Now, we do computation for node
tilpr] to calculate E(m;,n;). See Fig. 6. By using such a new order for T; and
the above straightforward idea, we now have an algorithm with much less space.
The initialization of variables is shown in Fig. 7. The modified algorithm is called
Algorithm 2 and is given in Fig. 6.

The following lemma shows that the space complexity of Algorithm 2 is reduced
to O (log(IT1DIT2)).

Lemma 1 The time and space complexities of Algorithm 2 are O(|T1||T2|) and
O (log(IT1 DIT2)).

Proof From the algorithm, it is clear that for each i of 77, the number of steps

is bounded by O(Z'f;‘l

o B np = oqmmD.

For the space complexity, let us consider the status of a node in 77 with respect
to the space requirement. We say a node #[i] in 7} is active if the computation of its
favorable child is completed and the computation for node #{[i] itself has not been
completed. Therefore a node is inactive if the computation of its favorable child has
not been completed or if the computation for node i is completed.

If a node is inactive because its computation is completed and this node is the
favorable child of its parent, then we cannot immediately release the space used since
these values will be used for the computation of its parent. However in this situation,
we can contribute the space requirement of the favorable child to its parent, which
is active, when counting the space requirement. Therefore, we can assume that if a
node is inactive, then we can release the space used for that node. This means that we
only have to check maximum space used by active nodes during the execution of the
algorithm.

For any active node #1[p], assuming that its favorable child is #;[p ], then we
need O(|T3)) to store D(Fi[py], F2[j1) and D(Ti[ps], Ta[j]) for 1 < j < |T], and
O(ZI/.TZZ1 nj) = O(|T2]) to store E,(t) where 1 <t <n; for all j in T,. Therefore
for each active node, the space required is O(|72|). Because of the new order, if two
nodes are active at the same time, then one has to be the ancestor of the other. There-
fore all active nodes of 77 are on a path in 77. Let #1[s] and #1[¢] be two neighboring
active nodes on this path and #;[s] is an ancestor of #;[¢], then |T1[s]| > 2|T1[¢]| since
the computation of #1[s ¢], the favorable child of #; [s] with maximum size, is already
completed and therefore #;[¢] is not a descendant of #1[s f].

n;). Therefore the time complexity of Algorithm 2 is
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This means that there are at most O (log(|71])) active nodes. Therefore the space
complexity is O (log(|T11])|T3]). U

2.4 Finding the Optimal Constrained Edit Mapping between Two Trees

In previous section we show that D(T7, T;) can be computed in O(|7T1||T2|) time
and O(log(|T1|)|T»|) space. However in real application the optimal mapping that
achieves D(T7, T>) maybe required.

Finding the optimal mapping in O(log(|7T1])|T>|) space is in fact a more diffi-
cult task. This is similar to the situation of computing edit distance between two
sequences. Computing the edit distance in linear space is easy, but finding the opti-
mal edit script in linear space is more involved. Hirschberg [4] presented a clever way
to do this.

In this section we will present a method that can find the optimal mapping between
two ordered trees in O(|71||7T2]) time and O (log(|71|)|T2]) space. When the input
is two sequences (trees such that each node only has one child), then our method
produces the optimal edit script for sequence edit distance in O(|7T1||7>|) time and
O(|T3]) space.

The main idea is as the follows. Given 77 and 7, there is a unique node, called
key node, #1[k] in T7 such thatin O(|T1||T2|) time and O (log(|7T1|)|T>|) space we can
determine, in the optimal mapping, what subtree and subforest in 73 that 7[k] and
F1[k] would match to produce D(T7, T2). With this information, we then decompose
the optimal mapping into several components mapping such that for each component
the subtree or subforest of 77 involved has a size less than or equal to half of |77. This
means that in the next step if we repeat the same process for each component then
the total cost for all the components is O (0.5|71||T2|) time using O (log(|71))|73])
space. Therefore, repeating this process at most log(|77|) times, we can compute the
optimal mapping in O (|T1]|T2|) time and O (log(|T1])|T2]|) space.

Given T, the unique key node f1[k], with children #1[k1], ©2[k2], ..., ti[kp, ], is @
node satisfying the following properties.

o |T1[k]| > 0.5|T],
o |Ti[ks]] <0.5|T| for 1 <s <my.

With a small modification of Algorithm 2, when computing D (77, T>), we can
also compute two integers ¢ and #, for subtree T1[k] and two integers f] and f> for
subforest Fj[k].

We now define the meaning of 7| and #,. If in the optimal mapping 71[k] is deleted,
then #; = £, = 0. If in the optimal mapping subtree T7[k] is matched with subtree
T»[1] such that in this mapping T1[k,] is matching with 7>[/] and the rest of T} [k] is
deleted, then #; = kg and t, = /. If in the optimal mapping node #1[k] is matched with
node #>[!], then t; = k and #, = /. If in the optimal mapping #;[k] is deleted and Fi[k]
is matched with F[l],thent; =k +1and t, =1.

f1 and f; are defined similarly. Note that f; and f> are only meaningful when
t1 =k or t; =k + 1, Otherwise f1 = f> = —1. If in the optimal mapping Fi[k] is
deleted, then f; = f> = 0. If in the optimal mapping Fi[k] is matched with F>[I]
such that in this mapping F[ks] is matching with F>[I] and the rest of Fi[k] are
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deleted, then f; =k and f> =[. If in the optimal mapping Fj[k] is matched with
F>[1] and D(F1[k], F>[l]) = E(myg, n;), then f1 =k and f> =1.

We now give the formulae for computing t1, 2, f1, and f>. Since those formulae
are self explanatory, we omit their proofs. We use ¢_T (i, j) to represent (¢, t2) in
the optimal mapping of D(Ti[i], T>[j]). We use f_T (i, j) to represent (fi, f2) in
the optimal mapping of D(T[i], T2[j]). We use t_F (i, j) to represent (¢1, f) in the
optimal mapping of D(Fi[i], F2[j]). We use f_F (i, j) to represent (f1, f2) in the
optimal mapping of D(Fi[i], F2[j]).

Lemma 2 Let t1[k] be the key node of Ty, then

(k, j) if D(F1lk], F2lj]) = E(mg, nj),
(ks, J) if D(F1lk], F2[j1D) = D(Filk], 0) + D(Filks], F2[j])
f_F(k, j)= — D(Filks], 0),

f_F(k, jo) if D(Fi[k], F2[j]) =D, F2[j]) + D(F1lk], F2[j:])
— D0, F2Lji]),

(k. j) if D(T1[k], T2[j]) = D(Fi[k], F2[jD) + v (nlk], 225D,
(ks J) if D(T1[k], T2[j]) = D(T1[k], 0) + D(T1[ks], T2[j])
1 Tk, j)= — D(T1[ks],0),

t_T(k, jo) if D(Ti[k], T2[jD) = D0, T2[j]) + D(Ti[k], T2[j: 1)
— D0, T2j: ),

f_F(k,j) if D(Ti[k], Ta[j]) = D(Filk], F2[j]) + v (1[k], 22[j]),
(=1,=1)  if D(T\[k], T2[j]) = D(T1[k], 6) + D(Ti[ks], T2[j 1)
f Tk, j)= — D(Ti[ks], 6),
f_Tk, jo) if D(Ti[k], T2[j]) =D, T2[j1) + D(T1[k], T2[ji D)
— DO, Ia[: D.

Lemma 3 Let t1[i] be the parent of ti[k]. Let x be t or f in the following formula
forx_T(@, j).

0,0) if D(F1li], F2lj]) = E(m;, nj) and T1[k] is deleted,
t_T(k, j) if D(F1lil, F2[j]) = E(m;, nj) and T[k] is matched
to Tl ji],
0,0) if D(Fili], F2lj]) = D(Fili], 0) + D(F1lis], F2[j]D
1_F@,j)= — D(F1[is], 0), is #k,

(k+1,)) if D(F1lil, F2[jD) = D(F1lil, 0) + D(F1lk], F2ljD)
— D(F,[k],0),

t_F(@, j) if DRl F2jD=D@, F2[j]D) + D(F1li], F2ljiD
— DO, F2[j:]),
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0, 0) if D(F1li], F2lj]) = E(m;, nj) and T1[k] is deleted,
f_T(k,j) if D(Flil, F2[j]) = E(m;, nj) and T[k] is matched
to Tl jt],
0,0) if D(F1[i], F2[j]) = D(Filil, 0) + D(F1lis], F2[j]D
f_F(i,j): _D(Fl[is]’e)J's #kv

f_F(k,j) if D(Filil, F2[j1) = D(F1lil, 0) + D(F1lk], F2[j])
— D(F,[k],0),

f_FG, jo) if D(F1li], F2[j)=D(O, F2[j]) + D(Fili], F2[j:])
— D, F2lji]),

x_FG@,j) if D(Tli]. T2[j]) = D(F1li], F2[jD + v (alil, 20j]).

(0,0) if D(T1[i), To[j)) = D(T1[i], 0) + D(T[is], T2[j])
— D(Th[is], 0),is #k,

x_TG, j)=yx_Tk,j) if D(Nilil, T2[j]D) = D(T1lil, 6) + D(T\[k], T[j])
— D(T1[k]. 6),

x_T@,jo) if D(Nli]. T2[jD) = D0, I2[jD + D(T1li], T2[ji D
— DO, I2[j: D.

Lemma 4 Let t1[i] be a proper ancestor of t1[p(k)] and t1[ix] be the child of t[i]
which is an ancestor of t1[k]. Let x be t or f in the following formulae for x_F (i, j)
and x_T (i, j).

0, 0) if D(F1i], F2lj)) = E(m;, nj) and Ti[iy] is deleted,
x_T (ix, jo) if D(F1[i], F2[j]) = E(m;, nj) and Th[ix] is matched
to T[],
0,0 if D(Fili], F2[j]) = D(Fili], 0) + D(F1lis], F2Lj]D
x_F@,j)= — D(Filis], 0),s #k,
x_F(, j) if D(Fili], F2lj]) = D(Fili], 0) + D(F1lik], F2ljD
— D(Filix], 0),

x_F@,j) if DR F2[jD) = DO, F2[j]) + D(F1li], F2[ji D)
— DO, F2Lji]),

x_FG, j) if D(Nli, T2[jD) = D(Fili], P20 + v (il 207D,

(0,0) if D(T1[i], T2[j])) = D(T1[i], 0) + D(T1[is], T2[j])
— D(T1[is], 0), s #k,

x_TG,j)=x_T(x j) if D(Tili], T2[jD) = D(T1li], 0) + D(T1lix], T2[j D
— D(T1[ix], 0),

x TG, jo) if D], T2[jD =D O, T2[jD + D(T1li], T2Lji D)
— DO, T2 D).

From these formulae, it is clear that we can computer 7_T(|T1]|,|72|) and
f_T(|T1|,|T»]) with a small modification of Algorithm 2.

We now consider how to use ¢_T(|T1],|T2]) = (t1,12) and f_T(|T1l,|T2]) =
(f1, f2) to decompose the optimal mapping into smaller component mappings.

Case 1: 11 =1, = 0. In this case, since T1[k] is deleted, it is not in the optimal map-
ping for D(Ty, T,). Therefore the optimal mapping for D (77, T») would be the op-
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timal mapping for D(T1/T1[k], T>) where T1/Ti[k] is T with T1[k] deleted. Note
that |71/ Ti[k]| < 0.5|T].

Case 2: t| =k, and 1, = [. In this case, T)[k] is matched with 7>[/] and in this match-

ing, Ti[ks] is matched with 7>[/] and the rest of T1[k] is deleted. Therefore the op-
timal mapping for D(T7, T») has two component mappings. One component is the
optimal mapping for D(T/ F1[k], T/ F>[!]) with additional condition that #;[k] has
to match with #[/] though (k, ) is not in the optimal mapping of D (77, T>) since
t1[k] is deleted. The other component is the optimal mapping of D(T1[ks], T»[!].
Note that |7}/ Fy[k]| <0.5|T1| and |T1[k]| < 0.5|T1].
Computing D(Ty/F1[k], T»/ F>[l]) with condition that some of the leaves of
the two trees are forced to match would not be more difficult then computing
D(Ty/F1lk], T»/ F>[1]) without any condition. In fact the condition will force the
ancestors of these matched leaves of the two trees to match making the computation
less expensive.

Case3: ty =k and b =1, fj = fo =0. In case 3, case 4 and case 5, f; = k and
to = 1. This means that in the optimal mapping for D(T1, T»), t1[k] is matched with
2[1]. Therefore one component mapping (for case 3-5) is the optimal mapping for
D(Ty/F1lk], T>/ F>[1]) with additional condition that #;[k] matched with #,[/]. Note
that |71/ Ti[k]| < 0.5]|T1].

In this case, since f1 = f» = 0 there is no additional component.

Cased: ty =k and 1, =, f| = ks and f> = [. In this case, one component map-
ping is the same as that in case 3 and the other component mapping is the optimal
mapping for D(F[k;], F2[l]). Note that | F1[ks]| < 0.5|T1]).

CaseS: 11 =kandt =1, fi =k and f, = /. In this case, one component mapping is
the same as that in case 3 and the other component mapping is the optimal mapping
for D(Fi[k], F2[l]). Since in this case, D(F1[k], F>[l]) = E(mg, n;), the optimal
mapping for D(Fj[k], F2[l]) can be further decomposed into the optimal mappings
of the matching subtree pairs of E (my, n;). Note that | T1[ks]| < 0.5|T1]) for 1 <s <
my.

Case 6-8: 11 =k + 1 and t, = This means that in the optimal mapping for
D(Ty, T), t1[k] is deleted and F[k] is matched with F>[/]. Therefore one com-
ponent mapping (for case 6-8) is the optimal mapping for D(T/Fi[k], T»/ F>[I])
with additional condition that #>[/] matched with a proper ancestor of #;[k]. Note
that |7y — Ty[k]| < 0.5|T1].

There is no additional component for case 6. The other component for case 7 is
exactly the same as that of case 4. The other components for case 8 are exactly the
same as that of case 5.

In all the above cases, with #1, f, f1, and f>, we can determine components
needed except matching subtree pairs of E(my,n;) for case 5 and case 8. Find-
ing the matching subtree pairs of E(mg, n;) can be done in O (| F1[k]||F>[!]]) time
and O (log(|F1[k]])|F2[1]]) space. First we find Ti[ks] such that Zf;ll |Ti k]| <
0.5|F,[k]| and Zf‘:l |Ti[k;]] > 0.5|Fi[k]]. We then determine T73[l;], in
O(|F1k]|| F2[1]]) time and O (log(|F1[k]|)|F2[l]1]) space, such that either Ti[ky]
matched with T>[l;] in E(my,n;) or Tilks] is deleted, Ti[ki],..., Ti[ks—1] are
matched with T>[[1], ..., To[l;], and T1[ksy1], ..., T1[kp, ] are matched with T>[/;4 1],

..., blly] in E(mg,n;). In both cases, since Zf;11|T1[ki]| < 0.5]F[k] and
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Z;'ZS 41 |T1[k;]| < 0.5|F1[k], we can repeat and get all the subtree matching pairs
for E(my,n;) in O(|Fi[k]||F2[!]]) time and O (log(| F1[k1DIF2[/1]).

Therefore using c|77||7>| time for some constant ¢ and O (log(|71])|T2]) space we
can decompose the optimal mapping for D (77, T>) in to some components such that
for each component the involved subtree or subforest of 77 has a size less or equal to
0.5|7T1].

In the next step we will use the same algorithm for all the components and the
total time is bounded by c0.5|71||T3].

The above analysis means that for our algorithm the space complexity is bounded
by O(log(|T1|)|T»|) and the time complexity is bounded by c|T1||T2| + c% |T1 || T2 +

Tl + -+ < 26| T | To| = O(T || T2)).

Theorem 1 Given two ordered trees T1 and T,, the constrained edit distance and
the optimal constrained mapping between them can be computed in O (|T1||T2|) time
and O (log(|T1))|T2|) space.

3 Alignment of Trees

The alignment of tree is another measure for comparison of ordered trees [5]. The
definition of alignment of trees is as follows: Inserting a node u into 7 means that
for some node v (could be a leaf) in T, we make u the parent of the consecutive
subsequence of the children of v (if any) and then v the parent of u. We also allow
to directly add/insert a node as a child of a leaf in the tree. Given two trees 77 and
T», an alignment of the two trees can be obtained by first inserting nodes labeled
with spaces into 77 and 73 such that the two resulting tree 7| and T, have the same
structure, (i.e., they are identical if labels are ignored) and then overlaying Tl’ and Tz/.
A score is defined for each pair of labels. The value of an alignment is the total score
of all the opposing labels in the alignment. The problem here is to find an alignment
with the optimal (maximum or minimum) value.

Theorem 2 The algorithm in [11] for alignment of trees runs in O (|T1||T»|(deg(T1) +
deg(Tz))z) time and requires O (log(|T11)|T>|(deg(T1) + deg(T>)) deg(T1)) space.

The basic ideas of the algorithm are similar to that for constrained edit distance.
We first use the method in [11] to compute the cost of an optimal alignment. The
remaining task is to get the alignment.

Let g be the node in 77 such that |T1[g]| > 0.5|T| and for any child g; of node ¢,
|T1[gi]| < 0.5|T1]. q is refereed to as a cutting point in 7. By definition, there always
exists a cutting point for any 7.

By the definition of the alignment, node ¢ is either aligned with a node 7>[j] or
aligned with an inserted node (labeled with empty). We can modify the algorithm
for computing the cost of an optimal alignment so that when the cost of an optimal
alignment is computed, we immediately know the configuration of node ¢ in the
alignment. Thus, we can decompose the alignment of the whole two tree 77 and 7>
into two parts (1) the alignment of subtree 7T7[q] with a subtree or subforest of 7>,
and (2) the alignment of the remaining parts of 77 and 7>.
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Repeating the process, we can get the alignment. Similar to Theorem 1, we can
show that the time required is still O (|71]|7>|(deg(T1) + deg(Tz))z). In fact, the run-
ning time is twice of that for computing the cost of an optimal alignment.

4 Conclusion

We have presented space efficient algorithms for the computation of constrained edit
distance and tree alignment for ordered rooted trees. The techniques can also be ap-
plied to other tree comparison problems such as degree-one and degree-two edit dis-
tance between ordered trees.
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