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Minimum k Arborescences with Bandwidth Constraints1

Mao-cheng Cai,2 Xiaotie Deng,3 and Lusheng Wang3

Abstract. Let G = (V, A) be a digraph with source r . A weight function w and bandwidth constraint
function b (positive integer) on A are given. We present algorithms for finding k r -arborescences in G with
minimum total weight and with bandwidth constraints.
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1. Introduction. Let G = (V, A) be a finite digraph with vertex set V and arc set
A. Parallel arcs are allowed, but loops are not. An arc from u to v is denoted by uv. A
vertex r ∈ V is called a (graphical) source of G if there is no arc entering r in G. An
r-arborescence of G is defined as a spanning tree directed in such a way that each vertex
of G, except r , has one arc entering it.

Consider a scenario where each arc a ∈ A has an integer bandwidth b(a), indicating
the number of times such an arc can be used. The problem of k arborescences with
bandwidth constraints is to find k arborescences rooted at the k given sources r1, r2, . . .,
rk in V , covering each arc a ∈ A at most b(a) times. We may assume that the k required
arborescences are rooted at the same source r . Otherwise we add a new source r and
k new arcs rri to G, and set b(rri ) = 1 and w(rri ) = 0 (i = 1, 2, . . . , k). Clearly, k
required arborescences in G correspond to k arborescences rooted at r in the new digraph.
This version is called the problem of k r-arborescences with bandwidth constraints.

In a more general setting, we consider the problem of minimum k r-arborescences
with bandwidth constraints: In addition to the upper bound function b (positive integer)
on A, a weight functionw on A is given, we are to find k r -arborescences (not necessarily
distinct) in G having minimum total weight and covering each arc a ∈ A at most b(a)
times.

The problem of minimum k r -arborescences with bandwidth constraints has important
applications in network communications. In group multicast, for example, each message
(a plain text, a piece of speech or a frame of video image, etc.) multicast by a presenter
must be received by all the participants and every participant can be a presenter. The
multicast routing from a single source to a group of destinations is to find a tree rooted
at the source and containing all destinations. Routing of a group multicast is to find a
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set of routing trees, one for each group number, so that each member can use its own
routing tree to multicast messages [2]–[5], [12], [17].

We are interested in efficient algorithms for the problem of minimum k r -arbores-
cences with bandwidth constraints. Several general approaches in combinatorial opti-
mization can be applied to this problem, e.g., the approach of matroid intersection and
the ellipsoid method. However, the resulting time complexity would be very high. In this
paper we take the approach of the intersection of two polymatroids which requires solu-
tions of several subprocedures, including a maximum flow algorithm for independence
testing of subsets for the related polymatroids.

We first present the combinatorial algorithm using polymatroid intersection for the
problem of minimum k r -arborescences with bandwidth constraints in Section 2. In
Section 3 we prove the validity of the algorithm. In Section 4 we present an algorithm
for constructing the required arborescences. Finally, we conclude our paper with some
discussions.

2. Algorithms. In this section we give a combinatorial algorithm for the problem.
First, we give some definitions. For any B ⊆ A and S ⊆ V , let V (B) denote the set of
end-vertices of B, let E(S) be the set of arcs with both end-vertices in S, let �−(S) be
the set of arcs in A entering S, let �+(S) = �−(S̄), let S̄ = V \S and let V \v = V \{v}
for v ∈ V . For disjoint subsets S, S′ ⊂ V we write E(S, S′) for the set of arcs from S to
S′.

For a function f defined on set S and T ⊆ S, we write f (T ) = ∑
t∈T f (t), and

set f (∅) = 0. For a family F of specified subsets of A and a weight function w on A,
F ∈ F is said to be w-minimal in F if w(F) ≤ w(X) for all X ∈ F .

If we construct a new digraph G∗ = (V, A∗) from G = (V, A) by replacing each arc
a ∈ A by b(a) parallel arcs with weight w(a) each, then the k required r -arborescences
correspond to k arc-disjoint r -arborescences with minimum total weight in G∗, and they
are also a minimum weight k(n−1)-arc intersection of two matroids, one is the union of
k graphic matroids of G∗ considered as undirected and the other is the partition matroid
(A∗, I) where I = {I ⊆ A∗ : |I ∩ D−G∗(v)| ≤ k,∀v ∈ V \r}. Hence the problem can be
solved by matroid intersection algorithms, see, for instance, [10] and [13]. However, this
approach has two drawbacks: the number of the arcs is largely increased by replacing
every arc a ∈ A by b(a) parallel arcs and it repeatedly calls a matroid partitioning
algorithm of complexity O(k3n4) [6], [13] as a subroutine for independence testing in
the matroid union. The complexity of the matroid intersection approach for this problem
is O(k4(b(A))2n5) [10].

To avoid these drawbacks, we consider the problem as an optimal intersection of two
weighted polymatroids on A. The first one is

P1 = {x ∈ Q A : x ≥ 0, x(B) ≤ kρ(B),∀B ⊆ A},
where ρ is the rank function of the graphic matroid of G. It is easily shown that

P1 = {x ∈ Q A : x ≥ 0, x(E(S)) ≤ k(|S| − 1),∀∅ �= S ⊆ V }.
The second polymatroid is

P2 = {x ∈ Q A : x ≥ 0, x(�−(v)) ≤ k,∀v ∈ V \r, x(a) ≤ b(a),∀a ∈ A}.
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Suppose that G has k required r -arborescences, let x(a) denote the times of a ∈ A
covered by the r -arborescences, then x ∈ P1 ∩ P2 has minimum total weight under
condition x(A) = k(n − 1).

Conversely, suppose the linear program

min{wx : x ∈ P1 ∩ P2, x(A) = k(n − 1)}(1)

has an optimal solution, then it has an integral optimal solution x by the extended
polymatroid intersection theorem [16]. Note that k(n−1) = x(A) =∑{x(�−(v)) : v ∈
V \r} ≤ k(n − 1), we have x(�−(v)) = k for all v ∈ V \r . Thus for any nonempty S ⊆
V \r , x(�−(S)) = k|S| − x(E(S)) ≥ k. Based on Edmonds’ arc-disjoint arborescence
theorem [7], G has k r -arborescences covering each a ∈ A at most x(a) times and hence
exact x(a) times because x(A) = k(n − 1).

To solve the problem, we first find an optimal solution to (1) by a weighted polymatroid
intersection algorithm, which is an adaptation of Frank’s weighted matroid intersection
algorithm [10], and then decompose the intersection into k required r -arborescences by
an adaptation of Lovász’ arborescence packing algorithm [14].

The polymatroid intersection algorithm starts with x ≡ 0, w1 ≡ 0 and w2 ≡ w.
In a general step, suppose we have x ∈ P1 ∩ P2, w1 and w2 such that w1 + w2 = w,
x(A) < k(n − 1) and x is wi -minimal in Pi with x(A) being fixed (i.e., wi x ≤ wi x ′ for
all x ′ ∈ Pi with x ′(A) = x(A)) (i = 1, 2). We construct new x ′ ∈ P1 ∩ P2, w′1 and w′2
such that w′1 +w′2 = w, x ′(A) ≥ x(A)+ 1 and x ′ is w′i -minimal in Pi with x ′(A) being
fixed.

Given an x ∈ P1 ∩ P2, S ⊆ V is called P1-tight with respect to x if x(E(S)) =
k(|S| − 1). Clearly, ∅ cannot be P1-tight. We say S ⊆ V contains arc a ∈ A, denoted by
a ∈ S, if a ∈ E(S).

LEMMA 1. If S and S′ are intersecting P1-tight subsets (with respect to x), then

(1) S ∩ S′ and S ∪ S′ are also P1-tight and
(2) x(E(S\S′, S′\S))+ x(E(S′\S, S\S′)) = 0.

PROOF. Indeed, write µ for the left-hand side of the last equality, then we have

x(E(S ∩ S′))+ x(E(S ∪ S′))
= x(E(S))+ x(E(S′))+ µ
= k(|S| + |S′| − 2)+ µ
= k(|S ∩ S′| − 1)+ k(|S ∪ S′| − 1)+ µ
≥ x(E(S ∩ S′))+ x(E(S ∪ S′))+ µ,

implying the assertions.

Let ea ∈ Q A denote the unit vector with 1 only in a’s component. Suppose an integral
x ∈ P1 ∩ P2 and an a ∈ A with x(a) < b(a). If x + ea �∈ P1, then by the definition of P1

there exists a P1-tight S ⊆ V containing a. We denote by S1(x, a) the intersection of all
P1-tight subsets containing a. Then S1(x, a) is the unique minimal P1-tight subset (under
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inclusion) containing a. Obviously, S1(x, a′) ⊆ S1(x, a) if S1(x, a) contains a′ ∈ A and
x(a′) < b(a′).

For a = uv ∈ A with x(a) < b(a), if x + ea �∈ P2, clearly, x(�−(v)) = k by the
definition of P2, put S2(x, a) = �(v).

Write Ci (x, a) = {a′ ∈ Si (x, a) : x(a′) > 0}, i = 1, 2.

Algorithm A

Step 0. For all a ∈ A, set x(a) = 0, w1(a) = 0 and w2(a) = w(a).
Step 1. Let mi = min{wi (e) : x(e) < b(e), x + ea ∈ Pi } (i = 1, 2),

Ai = {a ∈ A : x(a) < b(a), x + ea ∈ Pi , wi (a) = mi } (i =
1, 2).

Label each a = uv ∈ A2 with (∅, π) where π = min{b(a) −
x(a), k − x(�−(v))}.

Set L+ = A2 and L− = ∅.
Step 2. Set L = L+ ∪ L−.

If some a ∈ A1 is labeled, go to Step 3. If there are no
unscanned labeled arcs, go to Step 4, else by the first-labeling-
first-scanning method we label arcs as follows.

Suppose a ∈ L is the first labeled but unscanned arc and has label
(a′, π).

If a ∈ L+, give each a′′ ∈ C1(x, a)\L with w1(a′′) = w1(a) label
(a,−π ′′) where π ′′ = min{π, x(a′′)} and put a′′ into L−.

If a ∈ L−, give each a′′ ∈ A\L such that a ∈ C2(x, a′′) and
w2(a′′) = w2(a) label (a, π ′′) where π ′′ = min{−π, b(a′′) −
x(a′′)} and put a′′ into L+.

Go to Step 2.
Step 3. Augment x . Using backtracking find an augmenting arc sequence

Q = a1a2 · · · a2�+1 where a1 ∈ A2 and a2�+1 ∈ A1 (notice that
no arcs a ∈ A1 can get a label from L+ since no P1-tight subsets
contain a, hence a2�+1 ∈ L+). Suppose a2�+1 has label (a2�, π).
Find σ(x, a2�+1) by Subroutine A with a2�+1 and x .

Set θ = min{π, σ(x, a2�+1)} and modify x along Q as follows:

x ′(a) =



x(a)+ θ if a = a2i+1,
x(a)− θ if a = a2i ,
x(a) otherwise.

If x ′(A) < k(n − 1), set w′i = wi (i = 1, 2) and remove all labels,
go to Step 1, else then x ′ is a required intersection, stop.

Step 4. Modify weights w1 and w2. Set
θ = min{θ1, θ2, θ3, θ4} where
θ1 = min{w1(a)− w1(a′) : a ∈ L+, x + ea �∈ P1,

a′ ∈ C1(x, a)\L},
θ2 = min{w1(a)− m1 : a ∈ L+, x + ea ∈ P1},
θ3 = min{w2(a)− w2(a′) : a �∈ L , x(a) < b(a), x + ea �∈ P2,

a′ ∈ C2(x, a) ∩ L−},
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θ4 = min{w2(a)− m2 : a �∈ L , x(a) < b(a), x + ea ∈ P2}.
(The minimum is +∞ when it is taken over the empty set.)
If θ = +∞, then the problem is infeasible, that is, there exists such a

nonempty subset S ⊆ V \r that b(�−(S)) < k, stop. Otherwise
revise

w′1(a) =
{
w1(a) if a ∈ L,
x(a)+ θ otherwise,

and w′2 = w − w′1. Go to Step 1.

Subroutine A

Step 1. For given arc a ∈ A and x ∈ P1 ∩ P2, construct a network N from
G = (V, A) as follows. For every v ∈ V \r with x(�−(v)) < k,
add a new arc rv with capacity k − x(�−(v)), and let x be the
capacities of arcs in A.

Step 2. By a maximal flow algorithm find an r -cut of minimum capacity
separating r from V (a) in N [1], [8], whose value is denoted by
σ(x, a).

The complexity of the subroutine is bounded by O(kn2) (see Theorem 7.22 of [1]).
(Note that all the arcs concerned in this subroutine, except a, are in {a′ ∈ A : x(a′) > 0},
hence the number of such arcs is less than kn.)

3. Proof for Algorithm A. In this section we prove the validity of Algorithm A. We
need several lemmas.

LEMMA 2. x ∈ Pi is wi -minimal with x(A) being fixed if and only if for any a ∈ A
with x(a) < b(a),

(1) x + ea �∈ Pi implies wi (a) ≥ wi (a′) for every a′ ∈ Ci (x, a) and
(2) x + ea ∈ Pi implies wi (a) ≥ wi (a′) for every a′ ∈ A with x(a′) > 0.

LEMMA 3. Let x ∈ P1 ∩ P1 and x is wi -minimal with x(A) being fixed where w1 +
w2 = w.

(1) x is also w′i -minimal with x(A) being fixed after modifying weights in Step 4.
(2) x ′ is wi -minimal with x ′(A) being fixed after augmenting x in Step 3.

Furthermore, x ′ is also w-minimal in P1 ∩ P2 with x ′(A) being fixed.

The proofs of Lemmas 2 and 3 are very similar to those given in [10] and are omitted.

LEMMA 4. There is an algorithm of complexity O(kn2) to decide, for an x ∈ P1 ∩ P2

and an a ∈ A with x(a) < b(a), whether there exists a P1-tight subset S containing a
or not, and in the former case, determine S1(x, a).
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PROOF. Let S be a P1-tight subset, we examine two cases according to whether r ∈ S
or not.

Case 1: r ∈ S. Then S is P1-tight if and only if x(�−(S)) = 0 and x(�−(v)) = k for
all v ∈ S\r by noting that x(E(S)) = k(|S| − 1), �−(r) = ∅ and x(�−(v)) ≤ k for all
v ∈ S\r .

Given a ∈ A with x(a) < b(a), it is easy to detect such a P1-tight S containing a.
Indeed, let S∗ be the set of vertices v′ ∈ V from which there is path to V (a) using only
such arcs a′ that x(a′) > 0. If r �∈ S∗ or x(�−(v′)) < k for some v′ ∈ S∗\r , then there
are no P1-tight subsets containing r and a; otherwise S∗ is a P1-tight subset containing
r and a. The running time of such a detection is bounded by kn.

Furthermore, if S is a P1-tight subset containing r and an arc, we contract S into a
new source r ′ and fix x on the arcs uv ∈ A with v ∈ S. To see this, we show that no
P1-tight subsets S containing r contain labeled arcs. Assuming it was not true, let S be
a maximal one among such tight subsets and let a = uv ∈ L be the first labeled arc in S
and have label (a′, π). Obviously, a �∈ L− for otherwise the P1-tight subset Sa′ contains
a′ and a. Thus S∪ S′ is P1-tight, t ∈ S∪ S′ ⊃ S as a′ �∈ S, contradicting the choice of S.
Hence, a ∈ L+. However, a �∈ A2 otherwise S contains v with x(�−(v)) < b(a). Then
a ∈ L+\A2, a′ ∈ L− ∩�−(v) ∩�−(S), implying x(�−(S)) > 0, a contradiction.

Case 2: r �∈ S. Given a ∈ A, find σ(x, a) and a maximal flow f by Subroutine A. If
σ(x, a) > k, there are no P1-tight subsets containing r and a. Otherwise, let S be the
set of vertices v′ ∈ V from which there is path to V (a) using only such arcs a′ that
x(a′) > f (a) ≥ 0. The running time of such a detection is bounded by O(kn2).

For an x ∈ P1 ∩ P2 and an a ∈ A with x(a) < b(a), we first detect whether there
exists a P1-tight subset containing r and a; if not, then detect whether there exists a
P1-tight subset containing a or not, in the former case, determine S1(x, a). The running
time is also bounded by O(kn2).

LEMMA 5. The problem is infeasible if θ = +∞ in Step 4 of Algorithm A.

PROOF. To prove the lemma, it suffices to show there is a S ⊆ V \r such that S �= ∅ and
b(�−(S)) < k. Put U = {v ∈ V \r : x(�−(v)) < k}. Then U �= ∅ since x(A) < k(n−1)
at that time. We may assume L �= ∅ otherwise b(�−(v)) = x(�−(v)) < k for all v ∈ U .

First we claim that each arc a ∈ L is contained in some S1(x, a′). Indeed, if a ∈ L+,
then x+ea �∈ P1 as θ2 = +∞, thus a ∈ S1(x, a) by the definition of S1(x, a). If a ∈ L−,
say a has label (a′, π), then a ∈ S1(x, a′).

Now consider a hypergraph H with vertex set V and hyperedge set {S1(x, a) : a ∈
L+}. Then each connected component C of H is P1-tight by Lemma 1. Moreover,
C ∩ U �= ∅. To see this, suppose a1 = uv has label (∅, ∗), ai+1 has label (ai , ∗)
(i = 1, 2, . . . , 2 j), a2i ∈ L− and a2i+1 ∈ L+. Then v ∈ U ∩S1(x, a), a2i ∈ S1(x, a2i−1),
a2i , a2i+1 ∈ �−(v′) for some v′ ∈ V \r , implying v′ ∈ S1(x, a2i−1) ∩ S1(x, a2i+1) and
v ∈ C . Furthermore, every a ∈ L is contained in some connected component of H .

We show x(�−(C)) = b(�−(C)). Suppose to the contrary, we take any a =
uv ∈ �−(C) with x(a) < b(a). Clearly, a �∈ L as no component of H covers it.
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Hence x(�−(v)) = k otherwise θ ≤ θ4 < ∞. Notice that x(E(C)) + x(�−(C)) =∑{x(�−(v′)) : v ∈ C} < k|C | as C ∩ U �= ∅, we have x(�−(C)) < k since
x(E(C)) = k(|C | − 1) by Lemma 1, yielding there is some a′ ∈ �−(v) ∩ E(C)
with x(a′) > 0. By Lemma 1, a′ is contained in some S1(x, a′′). Then a′ ∈ L follows
from θ1 = ∞. Clearly, a′ �∈ L− otherwise θ3 < ∞. However, if a′ ∈ L+, say a′ has
label (a′′, ∗), then a can also get label (a′′, ∗) since θ3 = +∞, {a, a′, a′′} ⊆ �−(v) and
x(a) < b(a), a contradiction. Therefore b(�−(C)) = x(�−(C)) < k.

THEOREM 1. Algorithm A can solve the problem in O(k2m2n3) time.

PROOF. The labeling process requires at most m2 steps to find an augmenting path or
the subset T . Each step calls Subroutine A at most once. If the augmenting path is found,
x(A) increases by at least one. Otherwise modify weights w1 and w2, each modification
results in at least one arc being labeled and the current labels can be used again. Thus
the complexity of the algorithm can be bounded by O(k2m2n3).

REMARK 1. We use Subroutine A of complexity O(kn2) instead of a matroid partition-
ing algorithm of complexity O(k3n4) for independence testing to reduce the algorithm’s
complexity.

REMARK 2. Algorithm A can be slightly modified to solve the following generalized
problem:

Let G = (V, A) be a digraph with source r . A weight function w and upper and
lower bound functions b ≥ b′ (positive integer) on A are given. Find k r -arborescences
in G covering each arc a at least b′(a) and at most b(a) times such that each of the k
r -arborescences contains exactly one arc leaving r and the total weight is minimized.

4. Algorithm of Decomposition. Suppose that an optimal integral x ∈ P1 ∩ P2 with
x(A) = k(n−1) is found. Thus x(�+(S)) ≥ k,∀S ⊂ V with r ∈ S. Now we recursively
construct k r -arborescences as follows.

Algorithm B

Step 0. Set F = {a = rv} with x(a) > 0 and x = x − ea .
Let F be an r -subarborescence satisfying

x(�+(S)) ≥ k − 1 for all S ⊂ V with r ∈ S.(2)

Step 1. If V (F) ⊂ V , go to Step 2, else F is a required arborescence.
Step 2. Choose an arc a ∈ �+(V (F)) such that x(a) ≥ 1 and x−ea satisfies

(2), set F = F ∪ {a} and x = x − ea , if x(a) = 0, remove a. Go
to Step 1.

THEOREM 2. Algorithm B is correct and runs in O((kn)3) time.
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PROOF. We first show the existence of the chosen arc in Step 2. Suppose it was not true,
then for each arc a ∈ �+(V (F)) with x(a) ≥ 1 there exists Sa ⊂ V such that r ∈ Sa ,
a ∈ �+(Sa) and x(�+(Sa)) = k−1. Put S∗ =⋃a∈�+(V (F)) Sa . Then by (2) and induction
on |�+(V (F))|, it is easily shown that x(�+(S∗)) = k − 1, implying S∗ ⊂ V . Clearly,
r ∈ S∗, {a ∈ �+(S∪ S∗) : x(a) ≥ 1} ⊆ {a ∈ �+(S∗) : x(a) ≥ 1} since v ∈ S∗ for each
a = uv ∈ �+(V (F))with x(a) ≥ 1. Hence x(�+(V (F)∪ S∗)) ≤ x(�+(S∗)) = k−1.
On the other hand, as V (F) ⊆ V (F) ∪ S∗, we have (x(�+(V (F) ∪ S∗)) ≥ k, a
contradiction.

In order to determine the arc being chosen in Step 2, we check the arcs a ∈ �+(V (F))
with x(a) > 0 one by one by solving n − 1 maximal flow problems from r to all other
vertices with arc capacity x − ea . Choose a if the minimum value of n − 1 maximal
flows is great than or equal to k − 1.

Note that during the construction time of an r -arborescence, each arc in {a ∈ A :
x(a) > 0} is checked at most once since, when it is checked, either it is put into F or
it cannot become an element of F anymore. Hence the complexity of Algorithm B is
bounded by O((kn)3) [14].

5. Discussions. The problem can also be solved using the ellipsoid method [11]. How-
ever, the time complexity is high and it is not practical for the application area that
motivated our study [2]–[5], [12] for which b is bounded by a constant because of the
technology constraints. On the other hand, the ellipsoid method results in a polynomial
time algorithm when the size of b is taken into consideration of the input size. This is of
independent interest theoretically. Therefore, we include a sketch of the proof here.

THEOREM 3. The k arborescence problem is polynomially solvable by the ellipsoid
method [11].

PROOF. Indeed, based on Edmonds’ arborescence theorem [7] and Frank’s kernel theo-
rem [9], the k arborescence problem has the following linear programming formulation:

min
∑
a∈A

w(a)x(a)

s.t.
x(δ−(S)) ≥ k, ∀∅ �= S ⊆ V \r,
0 ≤ x(a) ≤ b(a), ∀a ∈ A.

(3)

Note that the number of constraints is exponential in n. However, the problem can be
solved in polynomial time by the ellipsoid method since its strong separation problem can
be done in polynomial time with a maximal flow algorithm. To see this, let x be a vector
in Q A. We first test whether 0 ≤ x(a) ≤ b(a) for all a ∈ A. If one of these inequalities
is violated, we have a separating hyperplane. We further test whether x(δ−(S)) ≥ k for
all ∅ �= S ⊆ V \r . The latter test can proceed as follows. Considering x as a capacity
function on A, for each v ∈ V \r we determine an r -cut �(Sv) of minimum capacity
separating r from v by a maximal flow algorithm and determine whether x(�(Sv)) ≥ k
or not. If x(�(Sv)) ≥ k for all v ∈ V \r , then x is an optimal solution. Otherwise some
inequality x(�(Sv)) ≥ k is violated and a separating hyperplane is found.
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A more general problem arising in network communications is the following k directed
Steiner trees with bandwidth constraints problem: Let G = (V, A) be a digraph. Each
arc a ∈ A has a bandwidth b(a) indicating the number of times such an arc can be
used. We are given a group of processes (a set of vertices) D ⊆ V and a set of sources
S = {s1, s2, . . . , sk} ⊆ V , the problem here is to find k Steiner trees rooted at the
k sources in S and containing every node in D such that the total number of times
(bandwidth) used for each arc a is at most b(a). This problem was shown to be NP-hard
and the weighted version cannot be approximated within any ratio polynomial to the
input size [15].
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