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Distances Between Phylogenetic Trees: A Survey

Feng Shi, Qilong Feng�, Jianer Chen, Lusheng Wang, and Jianxin Wang

Abstract: Phylogenetic trees have been widely used in the study of evolutionary biology for representing the tree-like

evolution of a collection of species. However, different data sets and different methods often lead to the construction

of different phylogenetic trees for the same set of species. Therefore, comparing these trees to determine similarities

or, equivalently, dissimilarities, becomes the fundamental issue. Typically, Tree Bisection and Reconnection (TBR)

and Subtree Prune and Regraft (SPR) distances have been proposed to facilitate the comparison between different

phylogenetic trees. In this paper, we give a survey on the aspects of computational complexity, fixed-parameter

algorithms, and approximation algorithms for computing the TBR and SPR distances of phylogenetic trees.

Key words: phylogenetic tree; tree bisection and reconnection; subtree prune and regraft; fixed-parameter

algorithm; approximation algorithm

1 Introduction

In biology, phylogenetic trees are used to describe
the evolutionary relationships among groups of species
(e.g., organisms and populations); these relationships
are derived from the molecular sequencing data
and morphological data matrices. The leaves of
phylogenetic trees are labeled as the species, and the
internal nodes correspond to speciation events. If the
evolutionary origin is given, then the phylogenetic tree
is termed as rooted; otherwise, it is termed as unrooted.

Constructing a phylogenetic tree is the fundamental
computational problem in phylogenetics. Several
methods have been proposed based on various
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criteria, including (not exhaustively) parsimony[1-3],
compatibility[4], distance[5, 6], and maximum
likelihood[1, 7, 8]. Therefore, given the same set of
species, different data sets and different methods result
in the construction of different trees. Therefore, it is
worthwhile to compare such different phylogenetic
trees. In order to facilitate the comparison of
different phylogenetic trees, several metrics for
measuring the distance between phylogenetic trees
have been proposed, such as Robinson-Foulds
distance[9], Nearest Neighbor Interchange (NNI)
distance[10-19], Tree Bisection and Reconnection
(TBR) distance and Subtree Prune and Regraft
(SPR) distance[20-23]. Among them, the TBR and SPR
distances have been extensively studied in the literature.

In this paper, we provide an analysis of the
computational complexity, fixed-parameter algorithms,
and approximation algorithms for the TBR and SPR
distance problems as well as the Maximum Agreement
Forest (MAF) problem on phylogenetic trees.

2 Related Terminologies

The following definitions follow the ones in Refs. [24,
25].

Given a fixed label-set X , each label in X

corresponds to a specific extant species. An unrooted
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binary phylogenetic tree—simply, an unrooted binary
X-tree—is a tree whose leaves are labeled bijectively by
the label-set X ; further, each internal node is unlabeled
and has a degree 3. If a particular leaf is designated as
the root (such that it is both a root and a leaf labeled with
the special symbol �) that specifies a unique ancestor-
descendant relationship in the tree, then it is called
a rooted binary phylogenetic tree—simply, a rooted
binary X-tree. Recently, the unrooted multifurcating
phylogenetic tree—simply, an unrooted multifurcating
X-tree—has received considerable attention; the leaves
of such an X-tree are also labeled bijectively by
the label-set X and each internal node is unlabeled;
however, the degree of each internal node is not less
than 3.

A forced contraction is an operation performed on a
phylogenetic tree that replaces each degree-2 vertex v
and its incident edges with a single edge connecting the
two neighbors of v and removes each unlabeled vertex
that has degree smaller than 2.

An SPR operation on a binary X -tree T is defined as
the removal of any edge in T , and therefore, pruning
a subtree T 0 and then regrafting the subtree T 0 with
the same removed edge to a new vertex obtained
by subdividing a pre-existing edge in T . A forced
contraction is applied to the resulting tree in order to
delete the degree-2 vertex. To distinguish between the
operations on rooted and unrooted trees, we will refer
to the corresponding operations as rSPR and uSPR.
Figure 1 shows a schematic representation of the SPR
operation.

A TBR operation on a binary X -tree T is defined as
the removal of any edge in T , resulting in two subtrees
T1 and T2, which are then reconnected by creating a
new edge between the midpoints of any edge in T1 and
any edge in T2. A forced contraction is applied to the
resulting tree. The TBR operation is always defined on
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Fig. 1 Schematic representations of SPR and TBR
operations.

an unrooted phylogenetic tree. Figure 1 also shows the
schematic representation of a TBR operation.

The SPR and TBR distances between two
X -trees T1 and T2 with identical label-sets X

are defined as the minimum number of SPR and
TBR operations required to transform T1 into T2,
which are denoted by dSPR.T1; T2/ and dTBR.T1; T2/,
respectively. Evidently, dSPR.T1; T2/ D dSPR.T2; T1/

and dTBR.T1; T2/ D dTBR.T2; T1/. Since the TBR
operation is a generalization of the SPR operation,
the TBR operation can be simulated using two
SPR operations; therefore, we have dSPR.T1; T2/ 6
2dTBR.T1; T2/.

The definitions of the TBR and SPR distance
problems are given below.
� TBR (SPR) Distance Problem: Given two

phylogenetic trees T1 and T2 with identical label-sets,
use the minimum number of TBR (SPR) operations to
transform T1 into T2.
� Parameterized TBR (SPR) Distance Problem:

Given two phylogenetic trees T1 and T2 with identical
label-sets and a parameter k, can T1 be transformed
into T2 by performing no more than k TBR (SPR)
operations?

Given two phylogenetic trees T1 and T2 with
identical label-sets, the MAF models—graphical
theoretical models—are formulated for T1 and T2

involving the TBR and SPR distances[26]. Before
the MAF is defined, we describe a few related
terminologies.

A subtree T 0 of an unrooted X -tree T is a connected
subgraph of T that contains at least one leaf in T (if
T 0 consists of only one leaf, then it is a single-vertex
tree). A subforest of an unrootedX -tree T is a subgraph
of T . An unrooted X -forest F is a subforest of an
unrootedX -tree T that contains all the leaves of T such
that each connected component of F contains at least
one leaf in T . Therefore, an unrooted X -forest F is
a collection of leaf-labeled trees whose label-sets are
disjoint such that the union of the label-sets is equal
to X . Assume that the forced contraction operation is
applied immediately whenever applicable. Two labels
a and b in an unrooted X -forest F are called siblings if
any one of them is adjacent to the same non-leaf vertex
in F , which is called the “parent” of a and b.

A subtree T 0 of a rooted X -tree T is a connected
subgraph of T that contains at least one leaf in T . In
order to preserve the ancestor-descendant relationship
in T , the root of the subtree of T should be defined. If
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T 0 contains the leaf �, then it is the root of the subtree;
otherwise, the node in T 0 that is the least common
ancestor of the leaves in T 0 is defined as the root of
T 0. A (rooted) X -forest F is a subforest of a rooted
X -tree T that contains a collection of subtrees whose
label-sets are disjoint such that the union of the label-
sets is equal to X . Therefore, one of the subtrees in a
rooted X -forest F should have the vertex labeled � as
its root. Assume that the forced contraction operation
is applied immediately whenever applicable. However,
if the root r of a subtree T 0 is of degree 2, then the
forced contraction operation is not applied on r in order
to preserve the ancestor-descendant relationship in T .

If a leaf-labeled forest F 0 is isomorphic to a subforest
of an X -forest F (up to the forced contraction), then
we simply say that F 0 is a subforest of F . An X -
forest is an agreement forest for two X -trees if it is a
subforest of any trees. We define the order of a forest
F as the number of connected components in F , and
it is denoted by Ord.F /. The MAF for two trees is an
agreement forest of the minimum order.

The MAF and parameterized MAF problems are
formally defined as follows:
� MAF Problem: Given two phylogenetic trees T1

and T2 with identical label-sets, construct an MAF for
T1 and T2.
� Parameterized MAF Problem: Given two

phylogenetic trees T1 and T2 with identical label-
sets and a parameter k, is there an agreement forest
having a size of at the most k for T1 and T2?

3 TBR Distance

3.1 TBR distance and order of MAF

Allen and Steel[24] proved that the TBR distance
between two unrooted binary phylogenetic trees is
equal to the order of the MAF of the two trees minus
1 and they used the proof derived by Hein et al.[26] to
show that the TBR distance problem on two unrooted
phylogenetic trees is NP-hard.

Yang[27] studied the MAF problem on two unrooted
multifurcating trees and proved that the TBR distance
between these trees is also equal to the order of the
MAF minus 1. In the following, we provide a detailed
proof for two unrooted multifurcating trees, which is
also applicable to unrooted binary trees.

First, we extend the definition of the TBR operation
with respect to multifurcating trees.

Definition 1[27] A TBR operation on an unrooted

multifurcating phylogenetic tree T is defined as the
removal of any edge, yielding two subtrees T1 and T2,
which are then reconnected by a new edge e. Each end
of the edge e can be on either a non-leaf vertex or the
midpoint of the edges in T1 and T2.

Note that in the definition of the TBR operation on
binary trees, it is required that the ends of the new edge
e be on the midpoints of the edges in T1 and T2 to ensure
that the resulting tree is a binary tree. For multifurcating
trees, we relax this condition and allow the ends of the
new edge e to join the non-leaf vertices in T1 and T2.

Theorem 1 [27] Let T1 and T2 be any two unrooted
multifurcating phylogenetic trees with identical label-
sets; then, dTBR.T1; T2/ D MAF.T1; T2/ � 1, where
MAF.T1; T2/ is the order of the MAF for T1 and T2.

Proof We prove the theorem by applying
mathematical induction on dTBR.T1; T2/ and
MAF.T1; T2/.

For dTBR.T1; T2/ D 0, T1 and T2 are isomorphic; T1

itself is an MAF for T1 and T2, so MAF.T1; T2/ D 1;
hence, the theorem holds true. For dTBR.T1; T2/ D 1,
we remove an edge e in T1, resulting in two subtrees
T 0 and T 00; then, they are connected by a new edge e0

to obtain T2. Therefore, fT 0; T 00g is an agreement forest
for T1 and T2. Because T1 ¤ T2, MAF.T1; T2/ > 1, so
fT 0; T 00g is an MAF for T1 and T2, i.e., MAF.T1; T2/ D

2. The theorem again holds true.
Now, suppose that the hypothesis holds true for pairs

of unrooted multifurcating phylogenetic trees with a
TBR distance of d > 1 and suppose dTBR.T1; T2/ D

dC1. For T1 and T2, there must exist a tree T3 such that
dTBR.T1; T3/ D d and dTBR.T3; T2/ D 1. Therefore,
by the inductive hypothesis, there exists an MAF F D
fT 01; T

0
2; � � � ; T

0
d
; T 0

dC1
g of size d C 1 for T1 and T3 and

an MAF F 0 D T3 n feg of size 2 for T3 and T2. Since
F is a subforest of T1, F n feg is also a subforest of
T1. Since F is a subforest of T3, F n feg is also a
subforest of T2. Therefore, F n feg is an agreement
forest for T1 and T2. The order of forest F n feg is at
the most d C2, i.e., MAF.T1; T2/ 6 d C2. This shows
that dTBR.T1; T2/ > MAF.T1; T2/ � 1.

Now, we again use mathematical induction
on MAF.T1; T2/ to show that dTBR.T1; T2/ 6
MAF.T1; T2/�1. For MAF.T1; T2/ D 1, T1 itself is an
MAF for T1 and T2, i.e., dTBR.T1; T2/ D 0; therefore,
the theorem holds true. For MAF.T1; T2/ D 2, we
can obtain an MAF by removing a single edge from
each T1 and T2; hence, dTBR.T1; T2/ D 1. Suppose
that the hypothesis holds true for pairs of unrooted
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multifurcating phylogenetic trees with an MAF
F D fT 01; T

0
2; � � � ; T

0
mg of size m > 1 and suppose

MAF.T1; T2/ D m C 1. Since T 01; T
0
2; � � � ; T

0
m; T

0
mC1

are disjoint in T1, there exists a simple path P in
T1 that connects two trees in F such that no internal
vertex in P exists in F . Without loss of generality,
suppose that the path P has its two end-vertices v1

and v2 in T 01 and T 02, respectively. Now, we construct
a new tree T3 as follows. First, add a new edge e1

between v1 and v2 in T2, which causes a unique cycle
in T2 [ fe1g; therefore, there exists an edge e2 in the
cycle that does not exist in F . Now, T3 is constructed
by removing the edge e2 in T2 [ fe1g. Note that the
subtree T 0 D T 01 [T

0
2 [ fe1g is a subtree in both T1 and

T3. Therefore, fT 0; T 03; � � � ; T
0
m; T

0
mC1g is an agreement

forest for T1 and T3, i.e., MAF.T1; T3/ 6 m; therefore,
by the inductive hypothesis, dTBR.T1; T3/ 6 m � 1.
Note that T2 differs from T3 by exactly one
TBR operation, i.e., dTBR.T3; T2/ D 1. Therefore,
dTBR.T1; T2/ 6 dTBR.T1; T3/ C dTBR.T3; T2/ 6 m D

MAF.T1; T2/ � 1. This completes the proof of the
theorem. �

3.2 Fixed-parameter algorithms for TBR distance

The TBR distance problem is NP-hard; therefore,
we need to study approximation algorithms or fixed-
parameter algorithms for determining its solution. A
parameterized problem is Fixed-Parameter Tractable
(FPT)[28] if it is solvable in a time of f .k/nO.1/.

Allen and Steel[24] proved that the parameterized
TBR distance problem on two unrooted binary
phylogenetic trees is FPT by proving the problem is
kernelizable[29] with the following reduction rules.
� Subtree Reduction Rule. Replace any pendant

subtree that occurs identically in both the trees by a
single leaf with a new label.
� Chain Reduction Rule. Replace any chain of

pendant subtrees that occur identically in both the trees
by three new leaves with new labels correctly oriented
to preserve the direction of the chain.

Given two phylogenetic trees T1 and T2, the
kernelization algorithm applies the above rules on T1

and T2 whenever applicable. After recursively applying
these rules, the resulting trees have size n0 6 4c.k�1/,
where c is a constant and k is the given parameter
such that the TBR distance between the resulting trees
remains the same as the TBR distance between the two
original trees. Note that n0 is independent of the leaf-set
size n of the original trees T1 and T2. There are O.k3/

possible TBR operations that can be performed on the
resulting trees and an exhaustive search can be used to
determine if there exist at the most k operations that
can transform T1 into T2. Therefore, Allen and Steel[24]

proposed a fixed-parameter algorithm with a running
time of O.k3k C p.n//, where p.n/ is the running
time required to apply the reduction rules. Therefore,
the parameterized TBR distance problem is FPT.

Hallett and McCartin[30] developed a parameterized
algorithm with a running time of O.4kk5 C nO.1// for
the MAF problem on two unrooted binary phylogenetic
trees. Their algorithm proceeds in two phases. In the
first phase, their algorithm determines all the possible
minimal incompatible quartets, each of which need
to be eliminated to construct the MAF for the two
given trees T1 and T2. They have shown that such a
quartet can be removed in exactly four ways, leading
to four branches in the search tree, with a single
edge removed in each case. In the second phase, their
algorithm determines all the possible obstructions, each
of which needs to be eliminated to construct the MAF.
They have shown that each obstruction can be removed
in two ways, leading to two branches in the search
tree, with a single edge removed in each case. They
have also defined the minimal incompatible quartet and
obstruction. Note that at the most k � 1 edges are
removed to yield any solution. Therefore, the depth of
the search tree is bounded by k. Hence, the size of
the search tree is bounded by 4k . Each iteration takes
a time of O.n5/. Hence, the algorithm takes a time of
O.4kn5/.

Whidden and Zeh[31] further improved the time
complexity to O.4kn/. Given two unrooted binary
phylogenetic forests F1 and F2 with identical label-sets,
their algorithm fully utilizes the relationship among
the sibling leaves in trees. For an arbitrary sibling pair
.a; b/ in F2, their algorithm undertakes corresponding
operations according to the three cases for a and b in
F1, until no sibling pair exists in F2. Suppose that F �

is a fixed MAF for F1 and F2. Case 1: a and b are
siblings in F1. Then, a and b must be siblings in F �;
a and b can be merged, and the parents of a and b in
both the forests are labeled with a new label. Case 2: a
and b are in different components of F1. Then, at least
one of a or b is a single-vertex tree in F �. Therefore,
either the edge incident to a or that to b in forest F1

can be removed, leading to two branches in the search
tree. Case 3: a and b are in the same component of
F1. There are three possibilities for a and b in F �: a
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is a single-vertex tree, b is a single-vertex tree, or a
and b are siblings. Let P D fa; c1; c2; � � � ; cr ; bg be
the unique path in F1 that connects a and b, where
r > 2. The cases in which either a or b is a single-vertex
tree in F � result in the removal of the edge incident to
a or b in F1. In order to ensure a and b become siblings
in F1, at the most one of the edges that is not on the path
P but is incident to a vertex in P can be retained. Since
the subtree in an unrooted forest does not need to
preserve any ancestor-descendant relationship, anyone
of these edges can be retained. On the other hand, since
r > 2, at least one of the two edges, which is not on
the path P but is incident to c1 and cr , needs to be
removed. Therefore, there are two branches that require
removing—either the edge incident to c1 or the edge
incident to cr . Consequently, there are four branches in
the search tree for Case 3, with a single edge removed
from the forest F1 in each branch. Since at the most
k � 1 edges can be removed to yield any solution, the
depth of the search tree is bounded by k and its size is
bounded by 4k .

3.3 Approximation algorithms for TBR distance

The parameterized algorithm proposed by Whidden
and Zeh[31] for the MAF problem on two unrooted
binary phylogenetic trees can lead to an approximation
algorithm with a ratio of 4, but the ratio was improved
to 3 in Ref. [31]. Let e.F1; F2; F / denote the size
of the smallest edge set E such that F n E is an
agreement forest of F1 and F2, where F is a subforest
of F1. Suppose a and b are siblings in F2 and are not
siblings in F1, and c is the node having a common
parent with a in F1 and ec is the edge between c and its
parent. Let ea and eb be the edges incident to a and b
in F1, respectively. They have shown that e.F1; F2; F n

fea; eb; ecg/ 6 e.F1; F2; F /�1. Therefore, the number
of edges removed in F is at the most three times of
e.F1; F2; F1/.

3.4 TBR distance between two unrooted
multifurcating phylogenetic trees

Most of the earlier studies on MAF have been
restricted to binary trees. The TBR distance
problem on multifurcating trees has been recently
investigated. Yang[27] proved that the TBR distance
between two unrooted multifurcating phylogenetic
trees is equal to the order of the MAF minus 1 and
presented an FPT algorithm for the MAF problem
on multifurcating phylogenetic trees with a running

time of O.4kn5/. Their algorithm closely follows
the idea of the algorithm on binary phylogenetic
trees in Ref. [30] in which the minimal incompatible
quartets and obstructions are eliminated. However, the
algorithm in Ref. [27] needs to handle the additional
star quartet structures and non-binary structures in its
analysis, which are much more complicated than those
of binary trees.

Chen et al.[32] proposed a O.3kn/-time
parameterized algorithm for the MAF problem on
two unrooted multifurcating trees, which is also
currently the best available algorithm for the MAF
problem on two unrooted binary phylogenetic trees. A
Bottommost Sibling Set (BSS) is a maximal sibling set
X such that either the degree of the parent of X is at
the most jX j C 1 or X is the leaf set of a single-edge
tree. Given two unrooted phylogenetic forests F1 and
F2 with identical label-sets, their algorithm arbitrarily
selects a BSS from F2 and analyzes the possible cases
for the BSS in F1.

Based on the analysis of BBS, Chen et al.[32]

also developed an approximation algorithm with
a ratio of 3 for the MAF problem on unrooted
multifurcating trees, which is the first constant-ratio
approximation algorithm for the MAF problem on
unrooted multifurcating trees.

4 SPR Distance

A uSPR operation on an unrooted binary phylogenetic
tree T is defined as the removal of any edge .u; v/ in T ,
and therefore, pruning two subtrees Tu and Tv and then
either regrafting the subtree Tu by connecting the node
u to a new vertex obtained by subdividing a pre-existing
edge in Tv or regrafting the subtree Tv by connecting
the node v to a new vertex obtained by subdividing a
pre-existing edge in Tu. An rSPR operation on a rooted
binary phylogenetic tree T is defined as the removal of
any edge .u; v/ in T , where u is on the path from the
root of the tree to v, and therefore, pruning a subtree
Tv , and then regrafting the subtree Tv by connecting
the node v to a new vertex obtained by subdividing a
pre-existing edge in the component Cu that contains u.

Hein et al.[26] proved that the SPR distance problem
is NP-hard. First, their reductions transform an instance
of a known NP-complete problem, namely, the exact
cover by 3-sets (X3C), into an instance of MAF of
two rooted phylogenetic trees with identical label-sets;
then, the order of the MAF of two phylogenetic trees is
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transformed into the SPR distance. They have specified
the reduction from the order of the MAF to the SPR
distance; that is, the order of the MAF for T1 and
T2 is one more than the SPR distance for any pair of
rooted (or unrooted) phylogenetic trees T1 and T2 with
identical label-sets. Unfortunately, Allen and Steel[24]

found subtle mistakes in the proofs of the reduction
in Ref. [26] while transforming the order of the MAF
of two phylogenetic trees into the SPR distance and
provided counterexamples to show that the reduction in
Ref. [26] is neither true for unrooted trees, nor for SPR
transformations on rooted trees.

Bordewich and Semple[33] used a revised definition
of the MAF to prove that the computation of the rSPR
distance between two rooted trees is NP-hard. Hickey
et al.[34] used the polynomial-time reduction from X3C
to MAF to prove that the computation of the uSPR
distance between two unrooted trees is NP-hard.

4.1 uSPR distance problem is FPT

The two reductions in Ref. [24] are essential to the
proof of FPT for TBR[24], providing a method to
reduce the initial trees to smaller trees (with equivalent
distances) whose sizes are bounded by the distance
between the trees. The first reduction rule (subtree
reduction) preserves the uSPR distances between the
trees. It is unknown whether the second reduction rule
(chain reduction) preserves the uSPR distance between
the trees. In order to prove that the parameterized uSPR
distance problem on two unrooted binary trees is FPT,
Bonet and John[35] introduced a new reduction rule that
is a variant of the chain reduction rule.
� c-chain reduction rule. Replace a chain of pendant

leaves that occurs identically in both the trees by c new
leaves with new labels correctly oriented to preserve the
direction of the chain.

Given two unrooted binary phylogenetic trees T1

and T2 with identical label-sets, the kernelization
algorithm applies the subtree reduction rule and 9k-
chain reduction rule on T1 and T2 if possible. Let T 01
and T 02 be the resulting trees when no reduction rules
can be applied on T1 and T2. It is shown in Ref. [35] that
duSPR.T1; T2/ D duSPR.T

0
1; T

0
2/ and if duSPR.T1; T2/ 6

k, then jT 01j 6 76k2. The size of T 01 is bounded by
76k2, which is independent of the leaf set size n of T1.
There are at the most O.k4/ possible uSPR operations
that can be performed on the resulting trees. Then, an
exhaustive search can be performed to determine if
there exists at the most k operations that can transform

T1 into T2. Therefore, there exists a parameterized
algorithm for solving the parameterized uSPR distance
problem with a running time of O.k4k C p.n//, where
p.n/ is the running time of the kernelization algorithm.
Therefore, the parameterized uSPR distance problem is
FPT.

4.2 Fixed-parameter algorithms for rSPR distance

The subtree reduction rule proposed by Allen and
Steel[24] preserves the rSPR distance, but is not
preserved by the chain reduction rule[24]. In order to
prove that the parameterized rSPR distance problem is
FPT, Bordewich and Semple[33] proposed a modified
version of the chain reduction rule that preserves the
rSPR distance.
� Rooted chain reduction rule. Replace any chain

of the pendant subtrees that occur identically and with
the same orientation relative to the root in both the trees
by three new leaves with new labels correctly oriented
to preserve the direction of the chain.

Let T1 and T2 be two rooted binary phylogenetic trees
with identical label-sets. The kernelization algorithm in
Ref. [33] applies the subtree reduction rule and rooted
chain reduction rule on T1 and T2 if applicable. Let T 01
and T 02 be the resulting trees when no reduction rules
can be applied on T1 and T2. It is shown in Ref. [33] that
drSPR.T1; T2/ D drSPR.T

0
1; T

0
2/ and if drSPR.T1; T2/ 6

k, then jT 01j 6 28k. There are at the most .56k/2

possible rSPR operations that can be performed on the
resulting trees. Then, an exhaustive search can be used
to determine if there exists at the most k operations that
can transform T1 into T2. Therefore, Bordewich and
Semple[33] proposed a parameterized algorithm with a
running time of O..56k/2k C p.n//, where p.n/ is the
running time of the kernelization algorithm. Therefore,
the parameterized rSPR distance problem is FPT.

Bordewich and Semple[33] proved that the rSPR
distance between two rooted binary phylogenetic trees
is equal to the order of the rooted version of the MAF
minus 1.

For the MAF problem on two rooted binary
phylogenetic trees, Bordewich et al.[36] developed
a parameterized algorithm with a running time of
O.4kk4 C n3/. The idea of their algorithm closely
follows that of the parameterized algorithm proposed by
Hallett and McCartin[30] for the MAF problem on two
unrooted binary phylogenetic trees. First, the algorithm
in Ref. [36] finds a minimal incompatible triple that
can be deleted by removing each of the associated four
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edges in four ways, leading to four branches in the
search tree. The minimal incompatible triple is defined
in Ref. [36]. When there are no more incompatible
triples between F and T , the algorithm iteratively finds
the components of F overlapping in T that can be
deleted by removing each of the two associated edges in
exactly two ways, leading to two branches in the search
tree. Since the algorithm separates into at the most four
branches in each iteration and each iteration takes a time
of O.n4/, it follows that the algorithm takes a time of
O.4kn4/.

Whidden et al.[37] developed a parameterized
algorithm with a running time of O.2:42kk C n3/,
which is currently the best available algorithm for
the MAF problem on two rooted binary phylogenetic
trees. The idea of the algorithm in Ref. [37] follows
the algorithm in Ref. [31] for the MAF problem on
unrooted trees. For an arbitrary sibling pair .a; b/ in the
rooted binary phylogenetic forest F2, the algorithm in
Ref. [37] performs corresponding operations according
to the three cases for a and b in the rooted binary
phylogenetic forest F1 until no sibling pair exists in
F2. Suppose thatF � is a fixed MAF forF1 andF2. Case
1: a and b are siblings in F1. Then, a and b must be
siblings in F �; a and b can be merged and the parents
of a and b in both the forests are labeled with a new
label. Case 2: a and b are in different components of
F1. Then, at least one of a and b is a single-vertex
tree in F �. Therefore, either the edge incident to a or
the edge incident to b in forest F1 can be removed,
resulting in two branches in the search tree. Case 3:
a and b are in the same component of F1. Let P D
fa; c1; c2; � � � ; ch; � � � ; cr ; bg be the unique path in F1

that connects a and b, where ch is the least common
ancestor of a and b, 1 6 h 6 r . Since a and b are not
siblings in F1, r > 2. There are three possibilities for a
and b in F �: a is a single-vertex tree, b is a single-
vertex tree, or a and b are siblings. For the cases in
which either a or b is a single-vertex tree in F �, the
edge incident to a or b in F1 is removed. If a and b
are siblings in F �, all the edges that are not on the path
P but are incident to a vertex cj in P , where j ¤ h,
should be removed. Based on the above analysis, the
size of the search tree is bounded by O.3k/. In order
to get an improved result, Whidden et al.[37] performed
further analysis of Case 3. Case 3-1: r D 2. Their
algorithm only removes the edge incident to ci , i ¤
h. Case 3-2: r > 3. Their algorithm separates into three
branches: remove ea or eb or all the edges that are not

on the path P but are incident to a vertex cj in P , where
j ¤ h. Since there is a branch that removes at least two
edges in Case 3-2, the size of the search tree is reduced
to O.2:42k/.

Chen and Wang[38] implemented the O.3kn/-
time algorithm proposed by Whidden et al.[37] for
computing a maximum (acyclic) agreement forest,
which can output all the maximum (acyclic) agreement
forests. The program can be augmented to construct
an optimal hybridization network for each given
maximum (acyclic) agreement forest. To the best of
our knowledge, this is the first time that optimal
hybridization networks could be rapidly constructed.

4.3 Approximation algorithms for rSPR distance

Hein et al.[26] developed a 3-approximation algorithm
for the MAF problem on two rooted binary trees. For
a sibling pair of a and b in the tree T2, if a and b
are siblings in the tree T1, their algorithm replaces
this pair of a and b with a new leaf labeled as .a; b/
in both the trees. Otherwise, the algorithm removes
the corresponding edge set in T1 according to the
relationship between a and b in T1 until a and b become
siblings or become separated. They have investigated
five cases based on the relationship between a and
b in T1. Eventually, both the trees are cut into the
same forest. Rodrigues et al.[39] described a family of
instances that shows that the approximation ratio of the
algorithm in Ref. [26] is not 3, but 4. Rodrigues et al.[39]

also proposed two 3-approximation algorithms for the
MAF problem on two rooted binary trees which are
similar to the algorithm in Ref. [26].

However, Bonet et al.[40] proved that both the ratios
of the algorithms in Refs. [26] and [39] are 5 for the
rSPR distance on two rooted binary phylogenetic trees.
A 5-approximation algorithm with a linear running time
was proposed by Bonet et al.[40].

Based on the parameterized algorithm for the MAF
problem on two rooted binary trees, Bordewich et
al.[36] proposed a 3-approximation algorithm with a
running time of O.n5/. Given two rooted binary
phylogenetic trees T1 and T2 with identical label-sets,
their approximation algorithm proceeds by removing
the edges from T1 to obtain a forest F of T1; until
F yields an agreement forest for T1 and T2. To
obtain such a forest, their algorithm iteratively finds
a minimal incompatible triple abjc of F with respect
to T2, and removes the associated edges ea, ec , and
er from F . When there is no incompatible triple of F
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with respect to T2, the algorithm iteratively finds the
components Ts and Tt of F that overlap in T2, and
removes the associated edges es and et . When there
are no overlapping components in T2, F becomes an
agreement forest for T1 and T2. Let e.T1; T2; F / denote
the size of the smallest edge set E such that F n E
is an agreement forest for T1 and T2, where F is a
subforest of T1. They have shown that whenever a set
of edges is removed from F corresponding to either
an incompatible triple of F with respect to T2 or a
pair of components in F that overlap in T2, the value
e.T1; T2; F / decreases by at least one. Since the number
of edges removed from F at each iteration is at the most
3, the number of edges that is removed from T1 is at the
most three times of e.T1; T2; T1/.

The parameterized algorithm proposed by Whidden
et al.[37] for the MAF problem on two rooted binary
phylogenetic trees leads to a 3-approximation algorithm
with a linear running time.

Rodrigues et al.[39] extended the approximation
algorithm for the MAF problem on two rooted binary
trees to two rooted multifurcating trees with bounded
degree d > 2 and has a ratio of d C 1, where d is the
maximum number of children that are possible for a
node in the trees.

5 MAF Problem for Multiple Binary
Phylogenetic Trees

There are several methods for constructing
phylogenetic trees. Therefore, for the same set of
species, more than two phylogenetic trees can be
constructed. Hence, it is worthwhile to investigate the
MAF problem on more than two phylogenetic trees. An
MAF of order k for a set of phylogenetic trees implies
that for any two phylogenetic trees in a given set, one of
them can be obtained from the other by performing no
more than k � 1 TBR operations (for unrooted trees) or
no more than k � 1 rSPR operations (for rooted trees).

Shi et al.[25] focused on the MAF problem on
multiple (i.e., two or more) binary phylogenetic trees
for both the rooted and unrooted cases. An O.3kn/-
time parameterized algorithm for the MAF problem
on multiple rooted binary phylogenetic trees and an
O.4kn/-time parameterized algorithm for the MAF
problem on multiple unrooted binary phylogenetic trees
are presented in Ref. [25]. Let C D fT1; T2; � � � ; Tmg be
a collection of rooted or unrooted binary phylogenetic
trees. Note that for any MAF F of order k for the trees

in C, F must be an agreement forest for the trees T1 and
T2, which is not necessarily the maximum.

Shi et al.[25] analyzed all the agreement forests for
T1 and T2 and proposed the terminology of maximal
agreement forest. The maximal agreement forest F
for T1 and T2 is an agreement forest that there is no
agreement forest F 0 for T1 and T2 such that F is
a subforest of F 0 and Ord.F 0/ < Ord.F /. For any
agreement forestF for T1 and T2, F must be a subforest
of a maximal agreement forest of T1 and T2. An MAF
for T1 and T2 is also a maximal agreement forest for
T1 and T2. They have shown that for every MAF F for
fT1; T2; � � � ; Tmg, there is a maximal agreement forest
F � for T1 and T2 such that F is also an MAF for
fF �; T3; � � � ; Tmg.

The general idea of the algorithms in Ref. [25] works
as follows: (1) construct a collection C of agreement
forests for T1 and T2 that contains all the maximal
agreement forests F � for T1 and T2 with Ord.F �/ 6
k; (2) for each agreement forest F for T1 and T2

constructed in (1), perform the operation recursively on
the instance .F; T3; � � � ; TmI k/.

6 Conclusions

In this paper, we survey the results involving the
computational complexity, fixed-parameter algorithms,
and approximation algorithms for computing the TBR
and SPR distances for phylogenetic trees.

Several interesting and challenging questions were
raised as follows:

(1) Approximation algorithms and improved fixed-
parameter algorithms for uSPR distance

No approximation algorithms have been investigated
with regard to the uSPR distance problem in the
literature thus far. Although Bonet and John[35]

proposed a parameterized algorithm with a running time
ofO.k4kCp.n// for the parameterized uSPR disatance
problem, there is still considerable room for further
improvement.

(2) Extend existing algorithms for binary
phylogenetic trees to multifurcating phylogenetic
trees

For several biological data sets[41], the constructed
phylogenetic trees are multifurcating. Yang[27] and
Chen et al.[32] studied the TBR distance problem
on two unrooted multifurcating trees. Therefore, it
is worthwhile to study the problems related to
multifurcating phylogenetic trees, such as uSPR and
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rSPR distance problems.
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