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Optimal Embeddings of Paths with Various
Lengths in Twisted Cubes

Jianxi Fan, Xiaohua Jia, Senior Member, IEEE, and Xiaola Lin

Abstract—Twisted cubes are variants of hypercubes. In this paper, we study the optimal embeddings of paths of all possible lengths
between two arbitrary distinct nodes in twisted cubes. We use T'Q,, to denote the n-dimensional twisted cube and use dist(7'Q,, u, v)
to denote the distance between two nodes « and v in T'Q,,, where n > 1 is an odd integer. The original contributions of this paper are
as follows: 1) We prove that a path of length [ can be embedded between « and v with dilation 1 for any two distinct nodes « and v and
any integer [ with dist(T'Q,,u,v) + 2 <1< 2" — 1 (n > 3) and 2) we find that there exist two nodes u and v such that no path of length
dist(7'Qn, u,v) + 1 can be embedded between u and v with dilation 1 (n > 3). The special cases for the nonexistence and existence of
embeddings of paths between nodes v and v and with length dist(7'Q,, u,v) + 1 are also discussed. The embeddings discussed in

this paper are optimal in the sense that they have dilation 1.

Index Terms—Twisted cube, interconnection network, path, edge-pancyclicity, embedding, dilation.

1 INTRODUCTION

INTERCONNECTION networks take a key role in parallel
computing systems. An interconnection network can be
represented by a graph G = (V, E), where V represents the
node set and E represents the edge set. In this paper, we use
graphs and interconnection networks interchangeably.

Graph embedding is to embed a graph into another graph.
It can be formally defined as: Given two graphs G, =
(V1, Eq) and Gy = (Vs, E»), an embedding from G; to G is
an injective mapping ¢: Vi — V5. G and G are called guest
graph and host graph, respectively. An important perfor-
mance metric of embedding is dilation. The dilation of
embedding 1 is defined as

dil(Gy, Ga,v) = max{dist(G2, ¥ (u), ¥(v))|(u,v) € E1},

where dist(Ga, ¥(u), ¥ (v)) denotes the distance between the
two nodes ¥(u) and 1 (v) in Gs. The smaller the dilation of
an embedding is, the shorter the communication delay that
the graph G, simulates the graph G;. We call ¢ the optimal
embedding from G to Gy if ¢ has the smallest dilation in all
the embeddings from G, to G,. Clearly, the dilation of the
optimal embedding is at least 1. Under this circumstance,
G is a subgraph of G,. Finding the optimal embedding of
graphs is NP-hard.

Many graph embeddings take cycles, trees, meshes,
paths, etc., as guest graphs [3], [10], [12], [14], [16], [21], [22]
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because these interconnection networks are widely used in
parallel computing systems. Path embeddings are especially
important because paths are the common structures used to
model linear arrays in parallel processing [5], [6], [17], [18],
[19], [20].

Twisted cubes [1], [13] are variants of hypercubes. The
n-dimensional twisted cube has 2" nodes and n2""! edges.
It possesses some desirable features for interconnection
networks [13]. Its diameter, wide diameter, and faulty
diameter are about half of those of the n-dimensional
hypercube [4]. A complete binary tree can be embedded
into it [2]. It has the same diagnosability as the
n-dimensional hypercube under the t/k-diagnosis strategy
based on the well-known PMC diagnostic model [9]. It was
shown that it is pancyclic [4] and (n — 2)-Hamiltonian and
(n — 3)-Hamiltonian connected [15]. Recently, it was proven
that it has edge-pancyclicity [11], which is a stronger
property compared with its pancyclicity.

In this paper, we discuss the optimal embeddings of
paths of various lengths between any two nodes in twisted
cubes. We use T'Q,, to denote the n-dimensional twisted cube
and use dist(7'Q,, u,v) to denote the distance between two
nodes u and v in T'Q),, where n > 1 is an odd integer. The
original contributions of this paper are as follows:

1. We prove that a path of length [ can be embedded
between u and v with dilation 1 for any two
distinct nodes u and v and any integer [ with
dist(TQn,u,v) +2 <1 <2"—1(n > 3).

2. We find that there exist two nodes u and v such that
no path of length dist(TQ,,u,v)+1 can be em-
bedded between u and v with dilation 1 (n > 3).

The special cases for the nonexistence and existence of

embeddings of paths between nodes u and v and with
length dist(7'Q,, u,v) + 1 are also discussed.

The embeddings discussed in this paper are optimal in

the sense that they have dilation 1.
The rest of this paper is organized as follows: In
Section 2, we give some definitions and notations used in
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Fig. 1. The three-dimensional twisted cube T'Q3;, where (a) and (b)
demonstrate two different drawings of T'Qs.

the paper. In Section 3, we study the embeddings of paths
of all possible lengths between arbitrary two distinct nodes
with dilation 1 in twisted cubes. Section 3 discusses the
nonexistence and existence of embeddings of paths of
length dist(TQ,,u,v)+ 1 for two nodes u and v in TQ,,.
The final section concludes this paper.

2 PRELIMINARIES

Let G = (V, E) be a graph. A path P from node u to node v
in G is denoted by P: u = u(®, v, ... u® = v. Nodes u and
v are called the two end nodes of path P. If u = v, then P is
called a cycle. Path P can also be denoted by

0), MO ,u“fl)7 P, u<j+1), u(j”), R 7}

)

w =l () — o,
where P, is the subpath of P from v to ul), i.e.,
ul® wD ] ul) (i < ). The subpath P, can be denoted
by path(P,u,u). The length of path P is denoted by
len(P). The node set of P is denoted by V(P).

Let C: u=u® v ... u® =vu be a cycle in G. We
use C — (u,v) to denote the path u =u® u® ... u® =y
after deleting the edge (u,v) in C and use C — (v,u) to
denote the path v=u® u*V . 4% =y after deleting
the edge (v,u) in C.

For u,v € V(G), we call v to be a neighbor of u if
(u,v) € E(G). The distance between v and v is defined as
dist(G, u,v) = min{len(P)|P is a path between u and v in G}.
The diameter of G is defined as

diam(G@) = max{dist(G, u,v)|u,v € V(G)}.

G is called a pancyclic graph if G contains any cycle of
length [ with 3 << V|, i.e., any cycle of length [ with
3<I1<|V| can be embedded into G with dilation 1.
However, there is no cycle of length 3 in twisted cubes.
For convenience of discussion in this paper, we call G a
pancyclic graph if G contains any cycle of length [ with
4 <1< |V|]. Similarly, we define edge-pancyclic graphs as
follows.

G is called an edge-pancyclic graph if, for every edge (u, v)
and any integer [ with 4 <[ < |V, any cycle of length [ can
be embedded into G with dilation 1 such that (u,v) is in
this cycle.

Given two graphs G' = (V,EF') and G" = (V",E"), if
there exists a bijection ¢ from V' to V" such that («/,v') € E
if and only if (¢(u'), ¢(v')) € E” for any twonodes v/, v' € V7,
then we say that G’ is isomorphic to G".
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Fig. 2. The five-dimensional twisted cube T'Q);, where the end nodes of a
missing edge are marked with arrows labeled with the same letter.

Let G; and G, be two subgraphs of G. We use G1|J G2
to denote the subgraph induced by the node subset
V(G1) UV (G2) in G. The Cartesian product of G; and Gs is
defined as the graph G; x G, where V(Gi x G2) =
V(G1) x V(Gy) and, for any z,y € V(Gy x Gg) with z =
(u1,u2) and y = (v1,v2), (z,y) € E(Gy x Go) if and only if
u; = v and ('LLQ,’UQ) € E(Gg) or us = vy and (ul,vl) S E(Gl)

A binary string u of length n is denoted by
Up—1Up—2 ... Ug. The ith bit u; of u can also be written as
bit(u, ). The complement of u; is denoted by w; =1 — v,
In [13], the n-dimensional twisted cube TQ,, was defined. It
is an n-regular graph with 2" nodes and n2""! edges,
where n is an odd integer. We label all the nodes of 7'Q),
by binary strings of length n. In this paper, we do not
distinguish between the nodes of 7'Q),, and their labels. If
U= Uy 1Up—2...u € V(TQ,), for 0 <i<n-—1, we define
flu,9) =u; Pui1 P...Puy, where @ is the exclusive
operation. According to the definition of 7'Q, in [13], we
may give a recursive definition of T'Q,, for any odd integer
n > 1 as follows:

Definition 1. The one-dimensional twisted cube T'Q is defined as
the complete graph with two nodes labeled 0 and 1. For an odd
integer n > 3, TQ,, consists of four subcubes, TQY ,, TQ" ,,
TQY,, and TQn o, where TQ™ , is isomorphic to TQ, s
and V(TQ®,) = {abalz € V(TQ,2)} and E(TQY,) =
{(abz, aby)|(z,y) € E(TQn—2)} for any a,b € {0,1} and

V(TQH) = U ( Qn 2) (TQYL): U rL 2 UE/

a,be{0,1} a,be{0,1}
where, for the nodes u = u,_1Up_2 . . . U,
-V € V(TQ71)7
(u,v) € E' if uwand v satisfy one of the following conditions:

V= Un-1VUp-2 .-

. w=v,"71v 20y 3...00,
2. u=Ty1 UpaUn3...vand f(u,n—3) =0, or
3. U=Uy_1 Up_aUn_3- voandf(un—3)—1

Fig. 1 and Fig. 2 show TQ3 and T'Qs, respectively.
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Notation 1. For n >3 and a,b € {0,1}, the four (n—2)-
dzmenszonal subcubes of TQ, are denoted by TQY,,
Q" 7Q"";", and TQ'' 3", respectively. For exam-
ple, if a=0 and b=1, then TQ™., denotes TQ" ., and
TQ(1 D01 denotes TQY,.

For convenience, in the following sections, the para-
meter n always denotes an odd integer.

3 EMBEDDING PATHS OF VARIOUS LENGTHS
BETWEEN ANY Two DISTINCT NODES

In this section, we study the optimal embeddings of paths
of all possible lengths. Theorem 2 is the major result, which
states that a path with length [ can be embedded between
any two nodes u and v with dilation 1 in 7'Q,, where
dist(T'Qn, u,v) +2 <1< 2" — 1 (n > 3). To prove Theorem 2,
we need to introduce Lemmas 1, 2, 3, and 4 and Theorem 1.
Lemma 1 discusses the existence of a shortest path between
any two nodes in T'Q),, and the special properties of this
shortest path. The other three lemmas and Theorem 1 are
from [7], [10], [11], and [13], respectively.

To prove Lemma 1, we need to use the shortest path
routing algorithm proposed by Abraham and Padmanab-
han in [1]. The 0th “double bit” of node u = u,_1u, o ...uy
is defined as the single bit uy and the jth “double bit” is
defined as ugjug;—1 for 1 < j < % Let u, v be any two nodes
in TQ),,. The double Hamming distance of u and v, denoted
by h4(u,v), is defined as the number of different double bits
between u and v. Clearly, dist(7Q,,, u,v) > hq(u,v).

By using the algorithm proposed in [1], a shortest path
between any two nodes can be found. Let u and v be two
nodes in T'Q),,. Let z = u. The detailed algorithm is described
as follows:

1. If z =, then the path is determined.

2. Assume that there exist neighbors w of z such that
ha(w,v) = hy(z,v) — 1. Let w' be the w that differs
from z with the largest double bit. Then, reset z to
be w'.

3. Assume that all the neighbors of z, say w, satisfy
ha(w,v) > ha(z,v). Let j be the smallest index of
double bits that z differs from v. Choose v’ to be the
neighbor of z that differs from z in the 2;jth bit. Then,
reset z to be w'.

We call this shortest path routing algorithm the AP

algorithm. By this algorithm, we will prove the following
lemma:

Lemma 1. For any u,v € V(T'Q,) and any a,b € {0,1}, we
have:

1. Ifu,v € V(TQ™,), then there exists a shortest path P
between u and v in TQ, such that P is in TQ®
2. If weV(TQ™,) and ve V(TQ "), then there

exists a shortest path P: v\ =, oM .. o) =y

between u and v in T'Q,, such that
{v(0>7v(1)7"’7v(k)} C V( n— 2)

and {v®+V o®+2 0y c VTQUT) for a cer-

tain integer k with 0 < k <[ — 1.

3.

Proof.

IfueV(TQ®,UTQ\,") and

veV(TQ (1— bUTQl a)(1— b)

then there exists a shortest path P: v =
,v“) =0 between w and v in TQn such
W} c V(TQ“”2UTQ,, ;") and
) C virQi Tl

for a certain mteger kwith0<k<l-1.

u, v
that {0, v
{utk+), ,U(k+2 N

Let P: o9 =, v, ... v = v be a shortest path
between v and v in T'Q,, achieved by using the AP
algorithm. Then, for any v e Pwith 1<k<],
we always have

bit(v®, n — 1)bit(v™,n — 2) =
bit (v, n)bit(v!”, n — 1) = ab.
Thus, we are done.
Let U( ) = Up—1Up—2 - U[), U(l) = Up—-1Up-2 ... Up.

Then, v € V(TQ<1 )b ), Up—1Up—2 = ab, and
ha(v'V),v) = ha(v®,v) — 1. By the AP algorithm,
v is in a shortest path between v and v in T'Q),,.
By item 1, we can let P, be a shortest path
between v and v in TQ, such that P is in
TQ"3". Then,

0 = u, Py

is a shortest path between v and v in T'Q,,, where
{u} C V(TQ™,) and V(P;) C V(TQ!"""). Thus,
we are done.

Let P: ul” = u,u,... ul) = v be a shortest path
between v and v in TQ,. Since u® =ue

V(rQ,UTQ\ ;") and
WD =ye V<TQZ( ; UTQl a)(1- b)

there must exist an integer m such that v™ ¢

V(P)NV(TQ,UTQ") and
(m+1 c V ﬂv(TQ‘l<1 b) UTQH ) )

Let k be the smallest integer such that v(¥) €
VT, UTQ, ") and

ot e v(TQi, " JToly >).

By items 1 and 2, we can let P, be a shortest path
between v**1) and v in TQ, such that P is in
TQ 1 b) UTQI a)(1-b) _Then,

0)

w0 = u,u(l),...,u<k>,P1

is a shortest path between u and v in TQ,,

where {u®, u®, Y V(TQ“ UTQ (1~ a)b)
and V(P) CV TQa<1 b UTQ" """, Thus, we
are done. O
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Fig. 3. The three-dimensional crossed cube CQ;.

Crossed cubes are also variants of hypercubes [7]. The
n-dimensional crossed cube is denoted by CQ),,, which has
the same degree, node number, and edge number as TQ),.
CQ3 is shown in Fig. 3. In [11], the edge-pancyclicity of
crossed cubes was proven:

Theorem 1 [11]. T'Q, is an edge-pancyclic graph for n > 3.

Obviously, Theorem 1 is equivalent to the following
corollary:

Corollary 1. For any integer n >3, any z,y € V(TQ,) with
dist(TQy, x,y) = 1, and any integer | with 3 <1 <2" —1,
a path of length | can be embedded between x and y with
dilation 1 in TQ,.

On the other hand, we introduce the following lemma
in [11]:

Lemma 2 [11]. TQs is isomorphic to CQs.

The following lemma gives a result on path embedding
in CQ, [10]:

Lemma 3 [10]. If n >3, for any u,v € V(CQ,), u # v, and
any integer I, [%] +1<1<2"—1, there exists a path of
length 1 between u and v in CQ,.

Lemma 4 provides the diameter of T'Q,, [13]:
Lemma 4 [13]. diam(7Q,) = ["51].

With the above lemmas and corollary, we will prove the
major result on path embedding in 7'Q), in the following
theorem. We will adopt induction on n to prove this
theorem. In the induction part of the proof, we identify
three cases according to the locations of two specific nodes.
In each case, we further deal with many subcases according
to the size of the given length of embedded path. This
makes the proof long.

Theorem 2. For any integer n > 3, any u,v € V(TQ,) with
u # v, and any integer l with dist(TQ,,, u,v) +2 <1< 2" —1,
a path of length | can be embedded between w and v with
dilation 1 in TQ,,.

Proof. We use induction on n.

By Lemma 4, for any u,v € V(TQ,) with u# v, we
have dist(TQ,, u,v) € {1,2}. By Lemma 2 and Lemma 3,
we can easily verify that the theorem holds when n = 3.

Supposing that the theorem holds forn =7—2 (7 > 5),
we consider the case for n = 7.

Let v and v be any two different nodes in 7'Q).. By
Corollary 1, the theorem holds when

dist(TQr,u,v) = 1.
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Therefore, by Lemma 4, we only need to consider the
case for 2 < dist(T'Q-, u,v) < diam(TQ,) = [T}]. For any
a,b € {0,1}, without loss of generality, we deal with the
following cases:

Case 1. u,v € V(TQ®,). For

dist(TQr,u,v) +2 <1 <27 — 1,
we have the following subcases:

Case 1.1. dist(7Q;,u,v) +2<1<272—1. By Lem-
ma 1, item 1, dist(7Q%,, u,v) = dist(7Q., u,v). By the
induction hypothesis, there is a path of length ! between
uwand v in TQ®, and, thus, in TQT

Case 1.2. [ =272 Let v/ and v/ be the neighbors, in
TQ - a)b, of v and v, respectively. By the induction

hypothe51s, there 1s a path P of length 2772 — 2 between
« and ¢ in TQT 2 *. Then,

u, P,v

is a path of length [ between u and v in TQ%, |J TQ(1 a)b
and, thus, in TQ,.

Case 1.3. 2724+1<(<2'—1 Let l =[]
ly=(1—-1)—1. Then, |, + 1, =1 —1 and, by Lemma 4,

-1
dist(TQ™ 5, u,v) + 2 < FTW +2
<3< <L <221,

By the induction hypothesis, there is a path P; of length I,
between u and v in TQ®, (See Fig. 4a). Select an edge
(«/,v") inthe path P, and let v’ be between wand v'. Further,
respectively, select the neighbors «” and v”, in TQ<1 9 of
the nodes v’ and v/. By Definition 1, (v”, v") € E(TQ 1 a)b).
Sinced < [ +2<1, <272 —1,by Corollaryl there is
a path P, of length [, between v” and v" in TQ<1 @) Then,

path(Py,u,u), Py, path(Py, v, v)

is a path of length (I; — 1) 4+ ly + 2 = [ between u and v
in 7Q™, JTQ" " and, thus, in TQ,.

Case 1.4. 27! <1 <2"—1. Let |, = |5} and
Iy = (l—l)—l1.Th€I’l, lh+1lh=1—1and

72 1< <lh<2 -1,

We first prove the following claim:

Claim. There is a path P, of length [/; such that
there is an edge (w,r) in P, with we V(TQ™,) and
z e V(TQ!,™).

For 2772 <[, <271 — 1, from Case 1.2 and Case 1.3,
we can deduce that there is a path P; of length [; between
w and v in TQ™,UTQ",". Since I, > [V(TQ™,)|, P,
satisfies the conditions in the claim. For {; = 2772 — 1, let
! =272 — 3. Then,

-1
dist(TQ™ 5, u,v) +2 < [T

4+2<272_3=0<22_1.

By the induction hypothesis, there is a path P’ of length /'
between u and v in TQ®,. Select an edge (u/,v') in the
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path P, and let v be between w and «. Further,
respectively, select the neighbors u” and v" in TQQ:?"')}’
of the nodes « and ¢. By Definition 1, (u",v") €
E(TQ(::;')!'). Then, path(P’,u,u’),v”,v", path(P,v',v) is
a path of length (I'—1)+3=1{; between u and v in
TQ® ,UTQ" . Let w=1v' and z=u". Hence, the
claim holds.

Now, we keep on with the following proof. By the
above claim, let (w,z) be an edge in P, such that w €
V(TQ™.,) and z € V(TQ!""") (See Fig. 4b). Further, let y
and zbe the neighbors, in TQ""; " UTQ!" ;""" ™, of wand
z, respectively. By Definition 1, y and z lie in the different
subcubes TQ(; 1; " and TQ (7m0 respectively, with
(y,2) € BE(TQ"," UTQ!3""™). Without loss of gener-
ality, we assume y € V(TQT 12 Py and z € V(TQU V),
Selectan edge (y, s) in TQT_2 )and let ¢ be the ne1ghbor in

TQ" """, of 5. By Definition 1, (z,t) € E(TQ!" ;"""
Let loy = |%52], loo = (I — 1) — 1. Then, lo; + 1oy = l» — 1
and 3 <273 —1<ly <lyp <272—1. By Corollary 1,
there is a path P; of length [ between s and y in

(TQ"(1 ) ) and a path P»; of length I3, between zand ¢ in

Q(l D08 Then,

path(Pl,u,:U),P227P217path(P1,w, ’U),

is a path of length (I; — 1) + {1 + ls2 + 3 = [ between u
and v in TQ;.

Case 2. u € V(TQ™,) and v e V(TQ","). For
dist(TQ-,u,v) +2 <1<2"—1, we have the following
subcases:

Case 2.1. dist(TQ,,u,v) +2 <1 <272 By Lemma 1,
item 2, without loss of generality, we can let P: u=

ul® ) = = be a shortest path between u and v
in TQ”” UTQ " such that P satisfies the following
three conditions for some integer j > 0 (See Fig. 5a):

1. uDeV(TQ™,)fori=0,1,...,jwith0 <j<k—2.
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Fig. 4. The path of length | between v and v in T'Q,, where a straight line represents an edge and a curved line represents a path between two nodes.

2. uD e V(T fori=j+1,j+2,... k

3. len(path(P,ul*V) v)) > len(path(P, u, u?)).
Then, k— j>2. Obviously, path(P,ut*Y v) is a

shortest path between uV*™) and v in both TQ, and
Q(l “®_ Since

dist (TQQ{—;W, i+ 1,) +2 = [dist(TQ,, u,v) + 2]
- len(path<P, u, u(-”l))) = [dist(TQr, u,v) + 2]
G+ <I-(G+1)<I-1<277 -1,
by the induction hypothesis, there is a path P’ of
length I — (j + 1) between uY*!) and v in TQSI:Q”')}). Then,
path (P7 u, u('j)) P

is a path of length j + [l—(j+1)]+1=1IDbetween u and
vin TQ®,JT Q 1 9" and, thus, in TQ,.

Case 22. 2724+1<[<21—-1. We can always
select an edge (z,y) in TQ®,JTQ!","" such that
z € V(TQ™,) — {u} and y e V(TQ""") — {v}. Let
ll = LZ_TIJ, lQ = (l* 1) *ll. Then, l1+lz =[—-1 and

max{dist(TQ?IiQ,u,:r),dist( Q(l ”)b )}
+2< [%1]+2§2”3§h <L <2 -1
By the induction hypothesis, there is a path P, of

length I, between v and x in TQ&Z’_2 and a path P, of
length I, between y and v in TQ(TI:;)I). Then,

P, P

is a path of length l1 +1ls+1=1 between u and v in
Q™ , U TQ and, thus, in TQ,.
Case 2.3. 21 <l<2—1 Let I — 5], &=
(l—1)—1. Then, l; + 1, =1—1 and

72 1< <l<2l 1.



IEEE TRANSACTIONS ON PARALLEL AND DISTRIBUTED SYSTEMS, VOL. 18, NO. 4, APRIL 2007

6y
u=u(" v=u®) g
P ud)
Ut
T, TR

(@)

From Case 2.1 and Case 2.2, we can deduce that there is a
path P of length I; between u and v in TQ% UTQ<1 %
(See Fig. 5b). Clearly, there is an edge (w,z) in P; such
thatw € V(TQ™,) and = € V(TQ!",""). Let y and zbe the
neighbors, in 7Q"";” UTQ!" """, of w and z, respec-
tively. By Definition 1, y and z are in TQZ(}; " and
TQ(1 a)(1-8) , respectively. Still, from Case 2.1 and Case 2.2,
we can deduce that there is a path P, of length I, between
yand z in T7Q";” YTQ" "™ Then,
path(Py, u, w), Py, path(Py, z, v)

is a path of length (I; — 1) + s + 2 = [ between v and v
in TQ-.
Case 3. u € V(TQ*,JTQ!" ") and

UEV(TQa(l b) UTQI a)(1- b)

For dist(TQ,,u,v) +2 <1< 2" —1, we have the follow-
ing subcases:

Case 3.1. dist(TQ,,u,v) +2<1<2"! —1. By Lem-
ma 1, item 3, without loss of generality, we can let P:
u=u"uV .. u¥ =v be a shortest path between u
and v in TQ; such that P satisfies the following three
conditions for some some integer j >0 (Similar to
Case 2.1):

1. W e V(TQ™, UTQQ;“”) for i=0,1,...,7 with
0<j<k-2.

2. u® e VT, UTQ MY for i=j+1,5+
2.,k

3. len(path(P,ul*V) v)) > len(path(P, u, u)).
Then, k—j>2. Obviously, path(P,ul*) v) is a

shortest path between u*!) and v in both TQ, and
QP YT, Considering that

ubV e v (i)

Py

1—a)b
Q) Q%Y

TR UTQE Y

(b)

Fig. 5. The path of length | between w and v in T'Q ., where a straight line represents an edge and a curve line represents a path between two nodes.

or ut) e V(TQ' ") and that v € V(TQ",") or
v e V(TQ! V"™, without loss of generality, we only

need to consider the following two cases:

a. ult) v e V(TrQ™;") and

b. ul) e V(TQ™,") and v € V(TQ! "),

For Case 3.1.a, by Lemma 1, item 1,
dist (TQ¢9;b>, WD), U) +2 = [dist(TQ,, u,v) + 2]
- 1en(path<P, u, u(j“))) = [dist(T'Q~, u, v) + 2]
—G+<I-(@G+1 <27t -1
For Case 3.1.b, by Lemma 1, item 2,
dm(TQ OIS Wi, ) +2
= [dist(TQr, u,v) + 2] — len(path(P, u, u(”l)))
<l-(+n<27t -1
Thus, for Case 3.1.a by Case 1.1, Case 1.2, and Case 1.3
and for Case 3.1.b by Case 2.1 and Case 2.2, there is a
path P’ of length [ — (j+ 1) between uVU*) and v in
TQa(lgb) U TQ(l—Qa)(l—b). Then
path(P, u,ul?), P’

is a path of length j+ [l — (j +1)] + 1 = [ between u and
vin TQ™, JTQ""" and, thus, in TQ,.
Case 3.2. 271 << 2" — 1. Clearly, we can always

select an edge (z,y) such that = € V(TQ®, JTQ"3"") —
{u} and

yeV(TQ: " T ) — fo).

Let y = |5, l=(—1)— 1. Then, Iy +l; =1—1 and
2772 1<} <l,<2'—1. By Case 1 and Case 2,

there is a path P, of length /; between u and z in
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TQ™ ,UTQ!" " and a path P, of length I, between y
and v in 7Q;" UTQ" """, Then,

P1>P2

is a path of length I, +l; + 1 = [ between v and v in T'Q;.
So, we have completed the proof when n = 7. m|

The proof of Theorem 2 is constructive. By this proof, we
can find a path of length [ between u and v for any u,v €
V(TQ,) with u # v and any integer | with dist(T'Q,,, u,v) +
2<1<2"—11in TQ, (n > 3). For example, letting n =5,
u = 00001, v = 01100, and [ = 14, the process to find a path
of length [ between u and v in T'Q),, is as follows:

By Case 3.1, we can get a shortest path u = u(”) = 00001,
u®) = 01001, u® = 01000, u'® = 01100 = v between v and v
in TQs5, which satisfies Conditions 1, 2, and 3 in Case 3.1,
where j=0 and k=3. Since 8 <! —(j+1) =13 <15, let
L =32 =6 and I, = (13—-1) —I; = 6. By Case 1.3, we
can select a path

Py : 'Y= 01001,01011,01010,01110,01111,01101, 01100 = v

of length 6 between u and v in TQY'. Let u' = 01011,
' = 01010, «” = 11011, and v” = 11010. Note that (v/,?') is
an edge in the path P, and «” and v” are neighbors, in TQ1!,
of v/ and v/, respectively. By Case 1.3, we can select a path

Py 4" = 11011, 11111,11101, 11001, 11000, 11110, 11010 = ¢"
of length 6 between v” and v” in TQ!!. Then,

w = 00001, 01001, 01011, Py, path(P,, o/, v)
is a path of length [ = 14 between v and v in T'Q)s.

4 NONEXISTENCE AND EXISTENCE OF EMBEDDINGS
OF PATHS WITH LENGTH dist(7'Q,,, u,v) + 1

Theorem 2 gives embeddings of paths of all possible lengths
between dist(7'Q,,, v, v) + 2and 2" — 1in T'Q),,. In this section,
we will discuss the cases for the nonexistence and existence of
embeddings of paths with length dist(7T'Q,, u,v) + 1. Theo-
rems 3 and 4 discuss the nonexistence of and Theorems 5 and
6 discuss the existence of embeddings of paths with length
dist(TQy, u,v) + 1, respectively. Before discussing these
results, we first introduce the following two lemmas:

Lemma 5 [4]. hy(u,v) < dist(TQ,, u,v) < hg(u,v) + 1 for any
u,v € V(TQy).

Lemma 6. For any u,v € V(TQy), if hq(u,v) =[],
dist(TQy, u,v) = [=H].

Proof. If hg(u,v) = [*2], by Lemma 5, dist(T'Q,,u,v) >
hi(u,v) = [%1]. By Lemma 4, dist(TQ,,u,v) < [%F].
Hence, dist(T'Q,, u,v) = [%]. O

Theorem 3. For any n >1, a cycle of length 3 cannot be
embedded with dilation 1 in TQ,,.

Proof. We can easily verify that the result holds for
n € {1,3}. Then, we will prove the following two claims:

then

1. For n >3, if there is no cycle of length 3 in
TQ,, then there is no a cycle of length 3 in
TP UTQ!~" for any a,b € {0,1}.

2. For n>5, if there is no cycle of length 3 in
TQ™, UTQn1 " for any a,b € {0,1}, then there
is no a cycle of length 3 in T'Q,,.
The two claims can be proved similar to the proof of
Lemma 5 in [8]. Hence, we omit the further proof. O
Theorem 4. Foranyn > 3andany lwith2 <[ < f%] — 1, there
exist two nodes u,v € V(TQ,,) such that dist(TQn,u,v) =1
and a path of length | + 1 cannot be embedded between u and v
with dilation 1in TQ,,.
Proof. For 2 <1 <[] —
v=10"
First, we prove dist(TQ,, u,v) = l. Let

land n > 3,letu = (11)'0" % and

uY = (00Y(11)" 70", j=0,1,...,L

By the AP algorithm, we can verify that u(® =
uw,uM, ... ul = v is a shortest path between u and v in
TQ,. Obviously, the length of this path is [. Hence,
dist(TQp, u,v) = 1.

In what follows, we will prove that there does not
exist a path of length {4 1 between u and v in TQ,, by
contradiction.

Suppose that there is a path, say

Piu=u" o0 ) =y,
of length I+1 between u and v in TQ,. Let u® =
uf,k)lu;k)Q uy”)uo for k=0,1,...,1+ 1.

Wy e E(TQ,L) by Definition 1, there is a
double bit such that u!) differs from «(? in this double bit.
Assume that u!
with 0 < j; <22, Noticing that f(u"),i’) = 0 for any
i’ €{0,2
and u%ugl/z L =11if 1 < j; <»=2=1 Then,

ha(uV,v) = hg(u”,v) +1=1+1.
By Lemma 5, dist(7Q,, uV,v) > hy(uV,v) > 1+ 1 and

Since (u,u
) differs from u(”) in some j,th double bit

— 3}, we have ugl = u(()n =1if ;=0

len(P) = len(path(P, u,u))) + len(path(P, u, v))
> 1+ dist(TQ,, u(l),v) >[1+2.

This contradicts that the length of the path P is [+ 1.

Therefore, =2+ < j; <21, We have the following
two cases:
1) 0 (0 1+1) (141
1. uéhuéjz L= uéji uz;? ;=00 = <].1 >u2jﬁ>1. Then,
<1) = u,> for all
i€ {0,1,...,n—1} —{2j; — 1,2}
Thus, hg(uV,v) = he(u®,v) =1 =1-1.
1 0 14+1) (141
2. uéjzuéjz L= uéjiuéjl , =01 = (2]1 uéjlf)l. Then,

(,1) = ui,> for all

i e{0,1,...
Thus, hg(uV,v) =

yn—1}—{2j — 1,25 }.
ha(u®,v) = 1.



For 1 <m <1 -2, suppose that there are m integers
J1,42,- -, jm such that one of the following two cases
holds:

Case 1. u(™ satisfies the following three conditions:

1. ul™ =0forall i €{0,1,...,n—20—1}.

2. %M <ji < % and u(;;; ugi) 1 =00= 21}+1)u§l]+11)
forall k€ {1,2,...,m}.

3 (m) (m)

Uy Ui,y = 11 for all

n—2+1 n—20+3 n—1

K
e{ 2 ) 2 ) b

Case 2. u(™ satisfies the following four conditions:

1. ul™ =0forall i €{0,1,...,n—20—1}.

2. There is an integer ¢ such that 225 < j, <271
and UQZL)Ug,Zfl =01= (QZII)ug]ﬁ)l, where ¢ is an

integer with 1 < ¢ < m.

3. % < J < u and u;;i U(QZ:)—l — 00 for all
k € {17 27 m} {q}
4. uful? | =11 for all
n—21+1 n—-20+3 n—1
k/ T - . .‘ R .77L .
6{ 2 2 T2 } {125 dm}

Then, we separately discuss Case 1 and Case 2 in the
following;:
For Case 1, we have

ha(u™ v) = hg(u®,0) —m =1—m

For w(™*Y, since (u(™,u(™*V)) € E(TQ,), by Definition 1,
there is a double bit such that u™*") differs from u(™ in
this double bit. Suppose that u(™*! differs from (™ in
some j,,;1th double bit with 0 < j,,11 < "5=. Similar to
the above discussion about u® and «(Y, it is not poss-

ible that 0 < j,,.1 <2=2=L. Hence, =24 < j, ., <27t

Further, we have ju,.1 € {j1,J2,---,Jm}- Otherwise,

(m+1) m+1) (1+1) (1+1) 'm+1) (m)
2ot Ujia—1 7 U2jpy U2, -1 AN Uy uy - for all
7: € {0717"'7n_1}_{2jm+l - 172jm+1}-

Thus, hd(u(m-#l)’p) = hd(u<"”),1)) +1=1-m+1. By
Lemma 5,
len(P) = len (path (P7 u, u(m+1))) +1len (path (P7 um D), v))
> (m+ 1) + dist(TQy, ul™ ), v) >
 ha(u™, ) > (m+ 1) +

(m+1)
(l—m+1)=10+2,

contradicting that the length of the path Pis !+ 1. Hence,

Jm1 & {41,52,---»dm}. As a result, we have LQJ“S

n 1 (m) (m)

Jmi1 < 2= such that Ugj  Uni = 11. Thus, we have

the followmg two cases for Case 1:

}_ {j]a.j?w"a.jm}‘
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(m+1) (m+1) _  (m) (m) —00= (1+1) (1+1)

a. 2jm+1  2mr =17 T2mer 2 —1 2jmi1 " 2jmi—1"
By Definition 1, u\/""") = /" for all
7'./ € {07 17 ceey— 1} - {2jm+1 - 17 2jm+1}-
Thus, hg(u™ v) = hg(u™ v) =1 =1~ (m+1).
(mt1) (m41) - (m)  (m) gy, (D), (1)
b. QZranrl 2;77“ 1= QZ}nH 27]:7“ 1= 0l= 2j ntl - 2Jm1—1°
(m+1) _ (m)

By Definition 1, w;, =, q for all

n-— 1} - {Qj'mﬂ - ]-7 2jm+1}~
0) = ha(u™, o) = 1~ m

i €{0,1,...,

Thus, hg(u™
For Case 2, we have

ha(u™ v) = hg(u®,v) — (m —1) =l —m + 1.

For w(™*Y, since (u™ (™)) € E(TQ,), by Definition 1,
there is a double bit such that u™*V differs from u(™ in
this double bit. Suppose that u™+! differs from u™ in
some j,11th double bit w1th 0 < Jmyr <5
the above discussion about u(”) and u(V), it is not possible
that 0 < ji,.1 <2251 Hence, =2+ < 0 < 2551

In what follows, we will prove that

. Similar to

jm+1 € {jl,an e 7jm}-

First, we have jy,41 # j,. Otherwise, by Definition 1,
u(mH) () € {11,10} and, hence,

i1 U2mia—1

(m+1), (m+1) £u (GRVMCRY

Lmi1 P2mi1—1 7 W2 W21 -1
Similar to the discussion in Case 1, we can deduce
ha(u™*V 0) = hg(u™, v) =1 —m+ 1 and len(P) > 1+ 2,
contradicting that the length of the path P is [+ 1.
Therefore, j,,+1 # j, Further, also similar to the discussion
in Case 1, we can deduce j,,+1 & {j1,J2,- -, Jm} — {Jq}- TO

sum up/jm+1 ¢ {j17j27' .. 7j777}'

(m) (m)

As a result, we have Ug; Usi'

;=11 and

n—20+1 . n—1
4< m S—'
9 > Jm+l B)

(m+1)  (m+1) (m) (m)
By Definition 1, uy; " ‘uy; 1) =uyp  ugp |
g’ji{ gfﬂ L and u ('"H) = u(,m for all

P e 0,1, n— 1} — {2mer — 1,2}

Thus, hg(u™,v) = hg(u™,v) =1 =1—m
According to the discussions for Cases 1 and 2, we
have the following two cases:

=00 =

Case A. For any m with 0 <m <1 -2, there exists
an integer j,.1 with =25 < ., <22l such that

w1 differs from « in the jn,,ith double bit,

(m+1) (m+1) u(m) (m) - 00 (m+1) (m)
2jm+1 " 2m1—1 T 2mir T 2m—1 T 4 i’

for all ¢ €{0,1,....,n—1} —{2jmn
we have hy(u" v) =1 and there is an integer i
such that »(™) = (00)"(11)0"2"~2, In summary,
(u'~Y,v) € B(TQ,). Considering that

and
_172]7n+1}- Then/

"

P:u=u" o0 . o) =y



is a path, we have (u!~1 u®), (u?, w*)) € E(TQ,) and,
thus, w1, u® u*) = w1V is a cycle of length 3,
contradlctmg Theorem 3.

Case B. There exists an integer m with 0 <m <[ -1
such that the following two conditions hold:

1. ™D differs from u™ in the j,.1th double bit

for some integer jy,i with 2240 <, <ol

(m+1) (m+1) _  (m) (m) _ (m+1)
it W2 —1 = Ui Y21 — 1*01 and

(m fori € {0,1,...,n— 1} — {241}
2. For any m’ € {0,1,...,[— 1} — {m}, there exists

; : : 241 -1
an integer jyi1 with =5+ < g <55

that w1V differs from «() in the j,.ith

such

'+1), (m'+1) (m') () _
double bit, u;]n, u;]n/H L= UQZ;mu?Zmurl =00,
and u<m 1) (, for all

7:/ € {07 17 ceey N — 1} - {2jm’+1 - 1a 2jm’+l}-

Then, we have h,(u”),v) = 1 and there is an integer 7"
such that v = (00)" (01)0"%"~1. Since

f(u<’> n—2i" —2)=0,

by Definition 1, (v, v) ¢ E(TQ,). However, since P: u =
w@ D @ u““) =v is a path, we should have
(u,v) € B(TQ,), a contradiction.
According to the above discussion, there does not
exist a path of length [ + 1 between v and v in 7Q,. O

Theorem 5. For any n >3 and any | with 2 <1 <[] -1,
there exist two nodes u, v € V(T'Q,,) such that

dist(TQ.,, u,v) =1
and the path of length [ + 1 can be embedded between u and v
with dilation 1 in TQ,.

Proof. Let u = (11)"'0" 211 and v = 0". Then, hy(u,v) = I.
First, we prove dist(T'Q,,u,v) = l. Let

U(]) — (11)1—10n72l+27

u® = 0%-2(11)"'on242, § = 2,3,... 1. By Definition 1,
we can easily verify that P: u = u(® oM ... u) =visa
path of length [ between v and v in TQ,. Hence,
dist(TQy, u,v) < len(P) = I. By Lemma 5,

dist(TQn,, u,v) > ha(u,v) = 1.

Consequently, dist(TQy,u,v) = l.

Next, we prove that there is a path of length [+ 1
between u and v in TQ,. Let v) = (11)'72(01)0"2+11,
U(Z) _ (11)1—20717214»31’ ,U(3) — (11)1—20n,721+4,

,U(Z) — (1 1)171‘«#1077,721+27',727

i=4,5,...,1+ 1. By Definition 1, we can easily verify
that P: u = v o) ... v+ = yis a path of length [ + 1
between u and v in TQ,,. O

Theorem 6. For any n >3 and any u,ve V(TQ,), if

dist(TQp, u,v) = [*H], then there is a path of length
[ + 1 between w and v in TQ,.
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Proof. We still use induction on n.

By Lemma 2, TQ)3 is isomorphic to CQ3. Further, by
Lemma 3, when n = 3, the theorem holds.

Supposing that the theorem holds for n =7 —2(7 > 5),
we consider the case for n = 7.

Let u and v be any two nodes with dist(TQ-,u,v) =
744 in TQ..

Clearly, for any a,b € {0,1}, both v and v are not in
TQ™ ,. Without loss of generality, we separately deal
with the following cases:

Case 1. There exist a, b, ¢, d, € {0,1} and

w e V(TQ™,),

such that u € V(TQ®,), ve V(TQ“,
and ab # cd.

By the AP algorithm, w is in a shortest path between u
and v in TQ, and

), (u,w) € E(TQ;),

dist(TQr, w,v) = dist(TQ, u,v) — dist(TQ,, u, w)

T+ 1 T—1
e
Considering that w,v € V(TQ%,), by Lemma 1, item 1,
dist(TQ ,, w,v) = dlst(TQT,w,v) = [%1]. By the induc-

tion hypothe51s, there is a path P of length [51] +1
between w and v in TQ’,. Then,

u, P

is a path of length [71] + 2 = [51] + 1 between u and v
in TQ..

Case 2. For any a, b, c,d € {0,1} with ab # cd, all of the
following three conditions hold:

l. weV(TQ®,), ve V(TQH,).

2. For any s e V(TQT_ ), (u,s) & E(TQ-).

3. Porany y € V(TQ™,), (v,y) & E(TQ,).

For simplicity, we only consider the case for
uwe V(TQY,), ve V(TQ",). For other cases, similarly
discuss. By Definition 1, there exists a node w €
V(TQ!M,) such that (u,w) € E(TQ.). By Lemma 5, we
deal with the following subcases.

Case 2.1. dist(T'Q;, u, v) = hy(u,v). By Definition 1, we
can let = be the neighbor, in TQ!',, of v (see Fig. 6a).
Then, bit(z,4) = bit(v,4) for all ¢ € {0,1,...,7 — 3}. Simi-
larly, since we V(TQ!,) and (u,w) € E(TQ,), by
Definition 1, bit(w,4) = bit(u,4) for all ¢ € {0,1,...,7—3}.
Obviously, bit(w,s) = bit(z,i) for i€ {r—1,7—2}.
Therefore, hg(w,z) = hg(u,v) — 1 = [FH] — 1 = [C=241),

By Lemma 6,
-2)+1] [r-1
2 2 )

N w,z) = dist(TQ,, w,z) =
[751]. Hence, we canlet Pbea path of length [%51] between
wand zin TQ!,. Then,

dist(TQ, w, z) = hy(w,z) = {(T

By Lemma 1, item 1, dist(7

u, P,v

is a path of length [] +2 =
in TQ,.

[7] + 1 between u and v
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v
z
P
w
T, TQL,
u/
Y, TQRY,

(@)

t/\ry v

Tle— TQT 2
TQRY, X,

(b)

Fig. 6. The path of length [=}1] + 1 between « and v in TQ., where a straight line represents an edge and a curve line represents a path between

two nodes.

Case 2.2. dist(T'Q,u,v) = hg(u,v) + 1. Then, there is a
unique same double bit between u and v. We assume the
jth double bit is this same double bit between u and v.
Clearly, 0 < j < [%51]. Let u = wy,_1uy—s . . . ug. Further, let
Z = Up—1Up—2 ... u2(7-+1u_2ju2j_1u2j_2 LU lf 1 S ] S f%-l
and z=u,_1Up—2... uou g if j=0. By Definition 1,
(u,2) € V(TQY,) and

ha(z,v) = hg(u,v) + 1 = dist(TQr, u,v) = WTH]
(see Fig. 6b). Since Condition 2 holds, there exists a w €
V(TQ!M,) such that (u,w) € E(TQ.). By Definition 1,
f(z,T— 3)=1-flu,7—3)=1. Thus z has a neighbor

in TQ" ,,. Let the neighbor, in TQ" ,, of z be t. Then,
ha(t,v) = hy(z,v) — 1 = hd(u v) = dist(TQ, u,v) — 1
= s
By Lemma 6, dist(T'QY ,,¢,v) = ha(t,v) = [51]. Let P’ be

a path of length [= 1 between t and v in TQF . Then,

2
/
u, z, P

is a path of length [51] + 2 = [7] + 1 between v and v
in TQ,. O

5 CONCLUSIONS

Twisted cubes are variants of hypercubes. In this paper, we
have studied the optimal embeddings of paths of all possible
lengths between arbitrary two distinct nodes with dilation 1
in twisted cubes. We have proved the following desirable
results of T'Q),,: 1) For any two distinct nodes v and v and any
integer | with dist(7TQn,u,v) +2<1<2"—1, a path of
length ! can be embedded between v and v with dilation 1
(n > 3).2) There exist two nodes v and v such that no path of
length dist(TQ,, u,v) + 1 can be embedded between u and v
with dilation 1 (n > 3). The special cases for the nonexis-
tence and existence of embeddings of paths between nodes u

and v and with length dist(7'Q,,u,v) + 1 have also been
discussed.
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