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Abstract In this paper, we study the problem of supporting range sum queries on a com-
pressed sequence of values. For a sequence of n k-bit integers, k < O(log n), our data struc-
tures require asymptotically the same amount of storage as the compressed sequence if
compressed using the Lempel-Ziv algorithm. The basic structure supports range sum queries
in O(logn) time. With an increase by a constant factor in the storage complexity, the query
time can be improved to O(loglogn + k).

1. Introduction

With the proliferation of electronic data nowadays, there is a growing demand to store data
in compressed form. In fact, data compression has long been recognized as an important area
in computer science and engineering. Numerous compression algorithms (Huffman, 1952;
Ziv and Lempel, 1978; Golomb, 1966; Burrows and Wheeler, 1994) have been devised and
used in day-to-day computer operations to reduce the storage requirement for data as well as
the necessary bandwidth for data transmission.

Very often, we need to retrieve or operate on only part of the data. It would be
desirable if the data is compressed in such a way that one could inspect or extract
information about part of the original data directly from the compressed data. For example,
textual information can be stored and indexed by a compressed suffix array (Grossi
and Vitter, 2000; Sadakane, 2003, 2002) or by Burrows-Wheeler Transform combined
with Lempel-Ziv algorithm (Ferragina and Manzini, 2002) so that one can search for a
pattern in the text efficiently. However, for many fundamental data structural problems
including range sum queries, we are not aware of any focused research reported in
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the literature. Thus we are motivated to study the range sum query problems in this
paper.

Formally, our problem can be defined as follows. Given an array A[0..n — 1] of k-bit
integers, k < O(logn), compress it so that range sum queries, i.e., the sum of values in
Ali..j] given the boundaries i and j, can be answered efficiently. Note that when i = j, the
range query becomes a point query. That means, the data structure should be able to report
every entry of A without decompressing the whole data. Clearly, the major performance
measures of interest are the storage and query complexities. We will assume a unit-cost word
RAM with word size ®(logn). On such a model, standard arithmetic and bitwise boolean
operations on word-sized operands can be performed in constant time. Throughout this paper,
storage complexities are expressed in terms of bits.

A simple approach to solve the problem is to compute the prefix (or partial) sum array
P[0..n — 1] such that P[i] stores the sum of A[0..i]. Any range sum, sum (A[i..j]), can be
computed in O(1) time by taking the difference between P[j]and P[i — 1]. Storing P[0..n —
1] requires O(nlogn) bits. This storage requirement can be reduced by way of a succinct
(or space-efficient) data structure. The aim of such a structure is to achieve optimal space
usage to within lower order additive terms while having asymptotically optimal operation
times. In particular, using structures by Raman et al. (2001) and Hon et al. (2003) with
suitable parameters, the partial sum problem can be solved in O(1) time and kn + o(kn)
bits.

However, a succinct data structure is still not taking the full opportunity offered by
the particular data stored in A. To illustrate this point, suppose there are only m < n
non-zero entries in A. Then, we can store the indices to those non-zero entries in A to-
gether with the associated prefix sums in a predecessor structure. Computing a range sum
queries then amounts to two predecessor lookups and an integer subtraction. Using the linear
space predecessor structure of Willard (1983), it takes O(loglogn) time and O(m logn)
storages.

In general, the array A may or may not contain many zeroes. Thus committing ourselves to
either a predecessor structure or a succinct data structure without prior knowledge of A may
not work well always. Even if we do a scan on A before making the choice, it could happen
that A contains few zeroes but is nevertheless rather compressible. To take full advantage
of the compressibility of the data, we propose to design data structures whose storage is
asymptotically the same as the size of the compressed data while having the same operation
times as in a traditional or succinct data structure.

For the range sum query problem here, we design data structures whose space requirement
is of the same order as the compressed array when compressed using the Lempel-Ziv
algorithm (Ziv and Lempel, 1978) (commonly known as ZL78). Our basic structure
answers a range sum query in O(log n) time. With an increase by a constant factor in storage
complexity, we obtain a variant in which the query time is O (loglogn + k). Also our method
does not modify the compressed data and can be viewed as an additional index structure
on it.

Our method is based on the Lempel-Ziv algorithm (obviously) and employed many stan-
dard techniques in succinct data structures. The Lempel-Ziv algorithm and its variants are an
important class of compression algorithms. Its behaviour is well-understood and is optimal
in certain information-theoretic sense. It is popular and easy to implement. For example, it
is implemented in the compress program in UNIX and in the arc program for PC’s. In the
next section, we will describe the main idea of the Lempel-Ziv algorithm. Then we explain
our method for bit strings in sections 3. Section 4 describes the extension to general arrays
and some variations. Section 5 contains the conclusion.
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2. The Lempel-Ziv’s algorithm

The Lempel-Ziv algorithm (Ziv and Lempel, 1978) is a lossless compression algorithm that
will automatically adapt to the data distribution. It can be applied to strings over a finite
alphabet. For our usage here, we just need to understand the compression and we will omit
the decompression. We will first describe the idea on bit strings.

2.1. Parsing the string

The idea is to partition the bit string into phrases not appeared before. After marking
off the end of the last phrase, we start from the next bit in the input sequence until we
come to the shortest string s that has not been marked off before. Denote by s~ the
longest prefix of s, i.e., all but the last bit of s. By minimality of |s|, s~ has appeared
as a phrase before. We mark off s as a new phrase and encode it by the pair (p, b)
where p is the index of the phrase s~ (stored in a dictionary of discovered phrases, to be
described in section 2.2) and b is the last bit of s. Note that by construction, s~ appears only
once before. Moreover, each phrase (of variable length) is now encoded as a fixed length code.

A running example: Consider the following input string. (Spaces are inserted in the string
for clarity.)

1 001 10 011 11 010 101 00 011
It will be parsed into the following sequence of phrases:
abcdefghie

where the substring represented by each phrase is shown in Figure 1.
Note that only the last phrase can be a repetition of some previous phrase. The encoded
string is

A A0b1a0clal cOdlb0e

where A represents the empty string. If there are altogether c(n) distinct phrases, each index
p can be encoded in log c(n) bits. In total, the encoded string has length c(n)(log c(n) + 1)
bits (or (c(n) + 1)(logc(n) + 1) — 1 bits if the last phrase has appeared before). It takes
O(c(n)log c(n)) bits asymptotically in both cases.

Plugged into the example in Figure 1, the original string has 22 bits. There are 10 phrases
in the encoded string, the last one being a repetition of another phrase before. Therefore,
the encoded string has 9 x (4 + 1) + 4 = 49 bits which is longer than the original string.
For longer strings with many repeating patterns, the phrases will get longer and encoding
a long phrase with log c(n) bits will become a big saving. More rigorously, how good we
can compress with Lempel-Ziv is controlled by the parameter c(n). It can be shown that
J/n < c(n) < O(n/logn). Moreover, if we assume the values of A are drawn from a station-
ary ergodic source with entropy rate H (i.e., it takes on average H bits to describe one value

phrase alblc|d| e fl g h i
substring represented || 1 | O | 01 | 10 | 011 | 11 | 010 | 101 | 00

Fig. 1 The string represented by each phrase
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Fig.2 Trie T

OJONO

of A in the long run), then cloge®) o oas n — oco. See, for example, Lemma 12.10.1

and Theorem 12.10.1 of Cover and Thomas (1991) for more details.
2.2. A dictionary of phrases

During the parsing of the input sequence, a dictionary of phrases is gradually built up to
facilitate the discovery of new phrases. Newly discovered phrases will be added to the
dictionary. An appropriate data structure for the dictionary is the binary trie structure.

A binary trie is a tree in which each internal node has at most two children. The edge to
the left (resp. right) child will be labelled with O (resp. 1). Each node in the trie corresponds
to a string, namely, the string obtained by concatenating all the edge labels in the order from
the root to that node. As a special case, the root corresponds to the empty string.

The Lempel-Ziv algorithm will construct a trie 7' so that each node corresponds to a phrase
discovered in the input sequence scanned so far. When we try to discover a new phrase in
the remainder of the input sequence, we search 7' from the root and follow the edges as we
read off the bits from the input sequence until we reach a leaf. Then the string formed by
appending the next bit in the input sequence to the string represented by that leaf is a new
phrase not yet appeared before. We add this to the trie by creating a left or right child to this
leaf depending on the next bit is O or 1. Thus, parsing requires O(n) time. For our running
example, the corresponding trie T is shown in Figure 2.

In the ordinary usage of Lempel-Ziv, T is discarded after parsing is completed. Here, we
will keep T in order to facilitate the construction of our data structure. After the construction,
T is discarded.

3. Range sum queries on compressed bit strings

Now we are ready to describe our data structure for bit strings. On the highest level, we
partition the input bit string into phrases according to the Lempel-Ziv parsing mentioned in
section 2.1. Then we will build two structures:

e the inter-phrase structure that supports queries on the number of 1’s in a contiguous
sequence of phrases, and

e the intra-phrase structure that supports queries on the number of 1’s in a continuous range
within a phrase.
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Query region Query region
A ( A
BEZ ] [T "8 T
a phrase a phrase
left middle right
Case 1 Case 2

Fig. 3 Breaking down a query region

In general, a query range covers a (possibly zero) number of phrases completely and at most
two phrases partially. Thus a query range can be broken into at most three parts. See Figure 3.
The sequence of completely covered phrases is handled using the inter-phrase structure while
the partially covered phrases are handled using the intra-phrase structure.

3.1. The inter-phrase structure

The inter-phrase structure contains the arrays P and S. In P, we store in ascending order the
starting position of each phrase in the input sequence and in S, we store the number of 1’s in
front of each phrase. See Figure 4 for an illustration. In total, P and S require O(c(n)logn)
space and can be constructed in O(n) time during the parsing of the input sequence.

Given a query region [¢, ], we find the smallest i such that P[i] > ¢ and the largest j such
that P[j] — 1 < r. This takes O(log c(n)) = O(logn) time by binary search on P. Then the
i-th to (j — 1)-st phrases are completely within the query range. The number of 1’s in this
sequence of phrases is computed as S[j] — S[i].

After computing i and j in the above query, we need to query the intra-phrase structure
to determine the number of 1’s in a range in the (i — 1)-st and the j-th phrase. To allow for
locating any desired phrase in the intra-phrase stucture, the inter-phrase structure will also
store an array of pointers (bottom row in Figure 4). It will be clear in the next section that
each pointer requires O(log c(n)) bits. Hence the array of pointers requires O(c(n) log c(n))
= O(c(n)logn) bits. This array is constructed at the same time when the inter-phrase stucture
is being built and it takes O(c(n)) time.

3.2. The intra-phrase structure

To compute the number of 1’s within a range in a phrase quickly, we make use of the trie 7'.
In what follows, we will describe a succinct representation of 7' in 4c(n) + o(c(n)) bits, using
many standard techniques in succinct data structure design. This will be useful in minimizing
the storage in practical implementations. We begin with a few easy definitions.

Definition 1. The depth of a node in the trie is defined as the number of edges from the root
to that node.

Definition 2. The level-d ancestor of a node v is the (unique) node that has depth d on the
path from the root to v.

Fig. 4 Inter-phrase structure P 01112741619 11114117]19
S 8 |10 | 10
pointer to phrase [ a | b |c|d|e | f| g | h | 1 | e

(e}
[a—y
[\
w
[S38
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Definition 3. The Euler tour of a rooted tree T is the sequence of edges traversed during a
depth-first traversal of T starting from the root, and ending at the root after visiting all the
nodes in 7'.

For example, the Euler tour of our trie T is shown on the row labelled with E in Figure 5.
Here, we represent an edge by one of the 4 symbols, (g, (1, )o and );, depending on whether
the edge is downward or upward and with label O or 1. Since each edge is traversed twice,
this sequence contains 2¢(n) brackets in total. Furthermore, each bracket is associated with
anode, namely, the node reached by following that edge. See the row labelled with “phrase”
in Figure 5.

Notice that a node may appear more than once in the Euler tour.

Definition 4. An index of a node v in a tree T is the position of an occurrence of v in the
Euler tour of 7', and the principle index is the position of the leftmost occurrence.

The intra-phrase structure will support the following primitive operations:

Count(v) — Given an index of a node v, find the number of 1’s on the path from the root to v.

Depth(v) — Given an index of a node v, find the depth of v, i.e., the number of edges from
the root to v.

Ancestor(v,d) — Given the principle index of a node v and an integer d, find an index of the
level-d ancestor of v.

Given these three operations, we can compute the number of 1’s on the path from the
level-i ancestor to the level-j ancestor of a node v, given i, j and the principle index of
node v. That is, we compute Count(Ancestor(v,j)) — Count(Ancestor(v,i-1)). This corre-
sponds to the number of 1’s in the continuous range from position i to j of a phrase v.
To be able to invoke Ancestor(), the inter-phrase structure stores the principle indices of the
phrases in the array of pointers (bottom row of Figure 4). Each index requires O(log c(n))
bits.

To support the three primitive operations, we store two arrays, C and D, of bits. See Figure
5. (Note that we do not store E and the row labelled with “phrase”.) The array D will give
information on the depth of the nodes in the trie while C and D together will give information
on the number of 1’s along the path from the root to each node.

More precisely, for 0 < i < 2c(n), we define D[i] as +1 (—1) if E[i] is an open (close)
bracket. Hence, the sum of values in D[0..] is the difference between the number of open and
close brackets in E[0..i]. This, in turn, represents the depth of the node reached by following
the traversal specified in E[0..7]. Similarly, for 0 < i < 2¢(n), we define C[i] as

Fig. 5 Intra-phrase structure phrase || b i b c g c e c b

E o] Gl )| GG ) |G|

D -1|+1|+1|+1|-1|-1|+1|-1] -1
9 +1 | +1 | -1 |+1 | -1 |+1|+1|-1]|-1
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o [+1 if Elil=)or(
C[l]—{_l if E[i]=)or(’

It is easy to check that

+2 if E[lil=(
Clil+ Dl[il=4{ -2 if E[i]l=)
0 if E[i]=)or(

Hence the sum of values in C[0..i] and D[0..i] gives twice the number of 1’s from the root
to the node corresponding to E[i].

3.3. Supporting Count(v) and Depth(v)

We need to compute the sum of values in C[0..i] and DJ[0..i] where i is an index of v in
E. We will explain the computation for C[0..i]. (Computaion for D[0..i] is identical.) The
technique is typical in succinct data structures.

We will construct an array C° with lozgg(:()n) = o(c(n)) entries such that for i =0 to
102;(:()”) — 1, the entry C°[i] will store the sum in C [0..(i + 1)log® c(n) — 1]. Since C has

length 2¢(n), the maximum sum can be stored in O(log c(n)) bits. Hence CY will occupy

0 (logz“gn) x log c(n)) = o(c(n)) bits. We can, in O(1) time, look up the number of 1’s in

C[0..i] when i is a multiple of log? c(n).

Next, we will construct another array C' with ) entries. For i = 0 to 2%

log c(n) log2 c(n) B
and for j =0 to 2logc(n) — 1, the entry C'[i -2logc(n) + j] will contain the sum

in C [i log2 c(n). ..ilog2 cn)+ (j + 1)% — 1]. Since each short-ranged sum is at
most log” c(n), each entry of C' requires only log(log? ¢(n)) bits. Hence C' occupies

(0] (1:;.'(’,)1) x loglog c(n)) = o(c(n)) bits. With C! and C°, we can compute the sum in

C[0..i] when i is a multiple of log#.

Finally, for the number of 1’s within a (&1)-pattern of length loge®) "\e make use of a 2-
dimensional lookup table L. Notice that there are 21°2¢t)/2 = /c(n) different (&)-patterns
of length w. For each such pattern « and for each position 0 < j < l‘)g#, the sum
of £1’s from position 0 to j can be precomputed and stored in L[, j]. Thus, L has size
Je(n) x % x loglog c(n) = o(c(n)) bits. Moreover, each chunk of log ¢(n)/2 bits in C
can share the same table L.

We will similarly construct D and D! for D but we can share the same lookup table L.
In total, the storage required by the arrays C, C°, C!, D, D°, D' and L is 4c(n) + o(c(n))
bits. Moreover, the operations require only constant time to complete.

3.4. Supporting Ancestor(v,d)

Observe that the lowest common ancestor (LCA) of v with any node is an ancestor of v.
By the property of an Euler tour, the LCA of the nodes with indices x and y (x < y) is the
node of minimum depth among those with an index z such that x < z < y. Thus, if j is the
principle index of v, then for any i < j, the LCA of node v and the node corresponding to
i is the node with minimum depth in E[i..j]. Since the minimum value in E[i..j] is no less
than that in E[i’..j] for any i’ < i, the depth of the LCA between the nodes with indices i
and j is monotonic increasing as i increases from 0 to j.
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Therefore the level-d ancestor of j can be found by a binary search in O(logc(n)) =
O(log n) time, provided we can compute the depth of the LCA between any pair of indices,
(i, j), in constant time. This amounts to computing the minimum among D[0..i], D[0..i +
1], ..., D[O..j]. In the next subsection, we will describe a data structure of space o(c(n)) that
answers such implicit range minimum queries in O(1) time. Note that there exist algorithms
that support level ancestor query in O(1) time using space O(nlogn) (Bender and Farach-
Colton, 2000) or even O(n) (Geary et al., 2004). However, we do not use them here because
the overall query time is not improved and they do not blend well with the other components
of our structures, resulting in a larger constant factor in the storage.

3.5. A range minimum structure

Let D, be the array storing the index to the minimum of each sub-interval of length log> ¢(n)
in D. Thus D, has 2c(n)/ log3 c(n) entries, each storing an O(log c(n))-bit index. On this
array, we build an APM structure of Poon (2003) which can answer range min queries in

constant time and uses —2<%)_ log (M) log c(n) = o(c(n)) bits. We denote this structure

log? ¢(n) log? ¢(n)
by APM(D)).

For each interval of length log® ¢(n) in D, we further break it down into sub-intervals of
length log c(n)/2 and store the index to the minimum of each sub-interval in another array D,
of length 2c(n)/ log3 c(n) x 210g2 c(n) = 4c(n)/log c(n). This time, each index will need
only O(loglogc(n)) bits since they are indices relative to a sub-interval. Again, we build
an APM structure for every 2log” c¢(n) entries of D,. We denote this collection of struc-
tures by APM(D,). This requires lofé;‘(:()”) (21og? c(n) log(2 log? c(n)) loglog ¢) = o(c(n))
bits.

Finally, we build a lookup table M for range minimum within a sub-interval of length
log c()/2. The table has size (v/c(n)) x (log c(n)/2)* x loglog c(n) bits. The table is shared
by all the sub-intervals of length (log c(n))/2. In total, the two structures, AP M (D)) and
APM(D,), together with M, require at most o(c(n)) bits.

4. Extension and variations
4.1. Generalizing to array of integers

To extend the previous ideas on a general array of k-bit integers, we apply Lempel-Ziv over
an alphabet of size 2. Thus, the dictionary of phrases 7 will be a 2¢-ary trie instead of a
binary trie.

For the inter-phrase structure, we have P, S and the array of principle indices using
O(c(n)logn) bits of storage. For the intra-phrase structure, we store 7 succinctly using
array D as defined before but with arrays Co, Cy, ..., Cx—; defined as follows. For each
i €{0,...,k—1}, C; is designed such that the sum of values in C;[0..j] and DJO0..j] is
equal to twice the number of 1’s in the i-th bit position of the phrase from the root to the node
corresponding to E[i]. Furthermore, we will store the succinct data structure for level-ancestor
APM(D;) and APM(D,). In total, these require (2(k + 1)c(n) + o(c(n)) = O(c(n)logn)
bits of storage as k = O(logn).

To handle a query, we first query the inter-phrase structure as in section 3.1. For the intra-
phrase query, we compute the number of 1’s within the required range in each of the k bit
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positions. Then we shift these k sums properly and sum them. More precisely, the sum of
values between position d; and d; (inclusive) within a phrase v is calculated as:

k-1
Z 2! (Count; (Ancestor(v,d,)) — Count;(Ancestor(v,d, — 1))).
i=0

This takes O (k) = O(logn) time.
4.2. Speeding up queries

To speed up the query, we use the linear space predecessor structure of Willard (1983) to
store the P array. Furthermore, we will have a number of predecessor structures, one for
each level of T, to store entries in the Euler tour E. By the property of Euler tour, the level-d
ancestor of a node v is the predecessor of i (where i is the principle index of v) in the set of
all indices of nodes in level d of T. Thus, both the inter-phrase and intra-phrase queries can
be sped up to O(loglogn) time while the storage complexity remains to be O(c(n)logn).
Hence for arrays of k-bit integers, the query time is O(loglogn + k).

4.3. Reducing storage

Although in terms of asymptotic complexity, the storage is optimal relative to the Lempel-
Ziv compression, the constant factor can still be reduced. This will be important in practice.
The idea is to sparsify the arrays P and S by storing only O(1/logn)-th of the entries.
Clearly, the querying for a partial phrase using the intra-phrase structure is unaffected by
this change. However, some (at most O(logn)) of the required complete phrases are not
stored in the inter-phrase structure. Fortunately, we can compute the number of 1’s in those
phrases by querying the inter-phrase structure. Such querying, which does not require finding
a level-d ancestors of a node (phrase), takes only O(1) time. Thus the storage is reduced
from 3c(n)logn + 4c(n) + o(c(n)) to c(n)log c(n) 4+ 6¢(n) + o(c(n)) while the query time
remains to be O(logn).

5. Conclusion

We have described the first data structure that supports efficient range sum queries on a
sequence of integers using space proportional to the compressed sequence when compressed
using the ZL78 algorithm. We believe that our idea of combining the Lempel-Ziv compression
algorithm with other succinct data structure techniques will be useful in desiging other
“opportunistic” data strucures (i.e., structures with space proportional to the entropy of the
data). In fact after our results, Sakadane and Grossi (2006) have improved our idea and
designed a more general framework for designing “opportunistic data structures”. There are
still more open problems in this direction. For example, can we design dynamic opportunistic
data structure? Can we make use of other compression algorithms?
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