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In this paper we analyze the capacity improvement by directional antennas over omni-antennas in
wireless sensor networks. The capacity in our analysis is the end-to-end per-node throughput. We
analyze the typical traffic pattern for sensor networks, where traffics are destined to or originated
from the sink. The main results of our analysis are summarized as follows: 1) The network
capacity is O(1/N) for both omni and directional antennas, where N is number of sensor nodes in
the network. 2) In the case of line deployment, the capacity ratio of directional antennas over omni
antennas is bounded by (2¢+3)/(2¢ —1), where g is the ratio of interference radius to transmission
radius. 3) In the case of two-dimensional deployment, the capacity of using directional antennas
is O(é) for m = 2, and O(%) for m > 2, where m is the number of radios (antennas) on
each node, and 6 is the beamwidth of antennas. 4) When there are n > 1 sinks, the capacity
has a non-monotonic relationship with the transmission radius. The optimal transmission radius
depends on the ratio of n/q. 5) The capacity ratio of directional antennas over omni antennas in
multi-channels networks decreases as the increase of channel number/radio number ratio ¢/m.

Categories and Subject Descriptors: RERFORMANCE OF SYSTEM S]: Modeling techniques

General Terms: Performance analysis
Additional Key Words and Phrases: Sensor networks, directional antennas, network capacity,
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1. INTRODUCTION

Directional antennas exploit the spatial reuse to redugreasinterference in wireless net-
works and thus improve the network throughput. In recentsebe rapid development of
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directional antenna technologies has made it possibleefsa nodes to be equipped with
directional antennas [Giorgetti et al. 2007]. It is an intpat research topic to analyze
how much performance gain that directional antennas cary lta the sensor networks.
Although many studies have been done on the performanceimprent by using direc-
tional antennas in wireless ad hoc networks, such as [Spytop and Raghavendra 2003;
Yi et al. 2003; Li et al. 2005; Tang et al. 2005; Roy et al. 20B6ang and Liew 2006;
Yang et al. 2007; Dai et al. 2008], the analytical models usgthem cannot be applied
to sensor networks. This is because the traffic patterns imacetworks are many-to-
many, while in sensor networks all sensor nodes send th&irtddhe sink node (which is
a many-to-one traffic pattern).

In this paper, we analyze network capacity for wireless @enstworks by using direc-
tional antennas. The capacity is defined as the maximal pee-end-to-end throughput.
For the purpose of comparison, we study the capacity for bow#ctional and omni an-
tennas. We assume each radio has an antenna attached totliteamailti-radios (with
directional antennas) on a node can transmit or receivesifatdtaneously. We first focus
our analysis in a single channel network with only one sinkeff, we extend our discus-
sion to the cases of multiple sinks and multiple channelsoidigh the analysis, we show
that the network capacity i©(1/N), whereNN is the number of sensor nodes in the net-
work. When there is only one sink, the network capacity caimproved by reducing the
number of end-to-end hogs(i.e., the number of hops from the furthest sensor node to the
sink in the routing tree), which can be achieved by eitherdasing the node transmission
radius or decreasing the network diameferWhen there are multiple sinks, the network
capacity has a non-monotonic relationship with the trassion radius, and the optimal
transmission radius depends on the ratjg, wheren is the number of sinks, anglis
the ratio of interference radius to transmission radiuseBwloying directional antennas,
in the case of two-dimensional region deployment, the d&p'EO(%) form = 2, and
O(%) for m > 2, wherem is the number of antennas on each node, &iglthe
beamwidth of antennas, whend < 2r; the capacity i<0((3)?) whenm6 > 2r. The
capacity is always upper bounded ngfﬂ wherelV is the channel bandwidth, ands
the number of channels.

The rest of the paper is organized as follows. The relatedworthe capacity of the
wireless networks is in section 2. The main results of theepegpsummarized in section 3.
The framework of the analysis of the capacity is presentseéation 4. The analysis of the
network capacity with omni-antennas is presented in se&id he analysis of the network
capacity with directional antennas is presented in se@idiVe extend our discussions to
the network with multiple sinks, multiple channels, and sanansmission power setting
in section 7. Finally we conclude the paper in section 8.

2. RELATED WORK

In the literature of capacity analysis for wireless netvgortewo metrics of capacity are
widely adopted, namelfotal end-to-end capacity and per-node end-to-end capacity. In
our analysis, we use per-node capacity, which is the mayperahode end-to-end through-
put. For easy comparison, in the following related work, wewerted all analytical results
of total capacity to per-node capacity and we simply useagpi® refer per-node capacity
in the rest of the paper.

The fundamental work by Gupta and Kumar in [Gupta and Kum&028howed that
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the capacity of a random network df nodes scales &(,/1/(N1g N)), when nodes are
randomly placed and each node randomly chooses its comatiamipair. The capacity is
O(4/1/N) even with the optimal node placement and traffic patterns Thpacity bound
was confirmed by the simulations of the IEEE802.11 in [Li et24l01; Li et al. 2002].
In order to improve the network capacity, different teclugg are proposed. The work in
[Gamal et al. 2004; Grossglauser and Tse 2002; Garetto 20@F] analyzed capacity of
delay tolerant networks, and showed that capacity can lplgssach©(1) by introduce
nodes’ mobility. The work in [Liu et al. 2003; Kozat and Tagas 2003; Agarwal and
Kumar 2004; Liu et al. 2007; Toumpis 2004] analyzed the céypanprovement by adding
base stations into the network, where base stations armadso be interconnected with
each other by wired lines. It was shown in [Kozat and Tassi@203] that capacity scales
asO(1/1g N) by adding®(N) base stations. This capacity bound can be further improved
to ©(1), as shown in [Liu et al. 2003; Toumpis 2004; Agarwal and Kui@d4], when
Q(V/N) base stations are added or power control is employed.

The analysis of network capacity was extended to multiesdiulti-channels systems
in [Kyasanur and Vaidya 2005; 2009]. The analysis was basdtie@channel model that
each channel has a bandwidthH&f ¢, whereW is the total bandwidth, andis the number
of channels. We will employ this channel model in this paperas shown in [Kyasanur
and Vaidya 2005; 2009] that capacityG§ W/ 22 ) when £ = O(N), andO(W &)
when-= = Q(N), when each node has radios.

As the increasing deployment of directional antennas ienmegears, there are some
works in the literature about the capacity analysis [Spgtdps and Raghavendra 2003; Yi
et al. 2003; Zhang and Liew 2006; Dai et al. 2008; Li et al. 2G0% capacity improve-
ment [Kumar et al. 2006; Das et al. 2006] by using directiar@ennas. It was shown
in [Yi et al. 2003] that directional antennas can géit? /(«/3) more capacity in random
ad hoc networks, compared with omni-antennas, wheesnd 5 are the beamwidths of
transmitters and receivers, respectively. The analysis exéended to the multi-radios
multi-channels wireless ad hoc networks in [Dai et al. 20(Bdth works assumed that
directional antennas of a node can cover the same transmia as a node with omni-
antenna. This assumption implies that the network topolygysing directional antennas
is the same as that by omni-antennas. However, this assumgatn not hold for networks
with small beamwidth non-steerable directional antennas.

Most of the existing works on capacity analysis are for ad hetworks where both
sources and destinations of traffic are the nodes insidegtveork. This is different from
wireless sensor networks where traffic always destines tariginates from sink nodes.
Network capacity is constrained by traffic aggregation atbottlenecks. In [Marco et al.
2003; Melo and Liu 2003], the capacity of a sensor network &isingle sink was shown
to scale a®(1/N). The work in [Jun and Sichitiu 2003] obtained a similar résuth
examples in the single-gateway mesh networks. The capheiinds of networks with
such many-to-one traffic pattern was later improvet@(é%v—N) in [Gamal 2005] by ex-
ploiting data correlation between nearby sensors. The wofkoumpis 2004] analyzed
the capacity in a more general case. It showed that, for aanktef N sources andv¢
destinations, capacity scales@é,/1/N) when1/2 < d < 1, and scales a®(N¢~1)
when0 < d < 1/2.

We analyze the capacity of sensor networks with omni-arggion directional antennas
in this paper. Part of the results on the capacity analysisifmle channel networks were
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presented in [Zhang and Jia 2009]. Our capacity analysisirdiffers from the previous
work in the following aspects:

(1) We take into consideration of the topology change duensulfficient coverage by
directional antennas of a node, i.e., whefl < 27. We show in our analytical model
that such a topology change has significant impact on neteaykcity.

(2) We fully investigate the network capacity for many-teedype of traffics under var-
ious network parameters, such as the number of radios, timeof channels, the
number of sinks, transmission radius, and antenna beamsvidven though some
previous works studied the capacity under some of thesereas, none of them
have considered all these important parameters as in ouelmod

(3) The technique we use to analyze sensor networks withtdreal antennas is different
from the previous works for ad hoc networks whose trafficgyatt are many-to-many,
particularly our technique for analyzing 2-dimensiongldgment when the antennas
of a node cannot cover the whole disk area of the node (i.é < 27).

3. MAIN RESULTS

Following the model used in [Kyasanur and Vaidya 2005], weuate the total bandwidth
W is equally divided inta: channels. The bandwidth for each channéligc. The main
results of this paper are as follows:

(1) The capacity i®)(1/N) for both omni and directional antennas, whéfeés the num-
ber of sensors.
(2) When nodes are deployed along a line, the capacity ratiirectional antennas over
omni-antennas is between
(1, (29 +3)/(2¢ = 1)],
whereg is the ratio of the interference radius to the transmissialius.

(3) When nodes are deployed in a 2-dimensional region, aold eade hasn radios
with beamdwidthy, the capacity ratio of directional antennas over omni-amas is
between(1,0((3)?)] whenm#@ > 27, and between 1 and

o) if m = 2,
O(gitltn) fm>2,

whenmb < 2.

(4) When the number of sinks = 1, the capacity increases as the increase of trans-

mission radius;. Whenn > 1, the capacity has a non-monotonic relationship with
transmission radius . The optimal transmission radius to maximize capacity ddpe
on the ration/q. Whenn > ¢, the optimal transmission radius is small, in the order
of m; otherwise the optimal transmission radius is large, indraer of%,
whereD is the network diameter.

(5) Whend is sufficiently small, or channel number/radio number ratio» exceeds a
certain threshold, the capacity is upper bounded by
an)
cN 7

Cap = O(
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The capacity ratio of directional antennas over omni-amisiiecreases as the increase
of ¢/m, and converges to 1 wherim is sufficiently large.

4. THE FRAMEWORK OF CAPACITY ANALYSIS
4.1 System model

We begin our analysis from the model with a single channelasithgle sink. The work
will be extended to a more general case of multi-sinks andiran&nnels in section 7. The
wireless sensor network under our analysis consists ofiokenede andV sensor nodes.
The traffic of nodes destines to or originates from the sinkdé$ are evenly distributed in

a region of circle, where the sink node is located in the geftéhis circle. The diameter

of the circular region i9). The system has a single communication channel. Our aralysi
includes both case of omni-antennas and directional aaterffor the case of directional
antennas, we assume each node is equippedmtdios and each radio is associated with
a directional antenna. Radios on the same node can be ddtieesame time. All antennas
have the same beamwidth(mf < 27) and antennas are not steerable (i.e., they cannot
adjust their orientations). For the case of omni-antenmagssume each node is equipped
with a single radio. All nodes have fixed transmission raajusnd communication links
are bi-directional. Since each antenna corresponds toia oada node, we use antenna
and radio interchangeably in the rest of the paper.

We start with the definitions of interference between noddse transmission area of
an omni-antenna is a disk with transmission radiysand its interference area is a disk
with radius¢r;, whereq is the ratio of interference radius to transmission radarsj
q > 1. g is assumed to be an integer in this paper for ease of analW#ignq is not a
integer, the network capacity is bounded by the one with &tie {¢| and the one with
[¢], and can be approximately estimated. The transmissioncdr@airectional antenna
with beamwidthd and transmission radius is a sector with anglé and radius-;, and
its interference area is a sector with angland radiusgr;. Such a radiation model is
widely accepted in other previous works on capacity anglysih directional antennas,
such as [Yi et al. 2003], [Dai et al. 2008], due to its simpidn analysis. In practise,
the radiation pattern of a directional antenna usuallyudek a high gain main lobe and
low gain side/back lobes, and can be approximated by a mhewath beamwidtt plus
a side lobe of beamwidtA7w — 6, as shown in [Ramanathan 2001]. According to the
argument in [Sundaresan and Sivakumar 2004], the presérsigeolobes contributes to
the increase of interference. Nevertheless, as indicatetidodiscussion in the section
4.2 in [Yi et al. 2003], the capacity follows the same scaleg whenever side lobes are
taken into consideration or not. Since the capacity is maletermined by the size of the
interference area of nodes, rather than the shape, thecesshstantial difference in the
capacity analysis between the circular sector model andlaverld interference model
for directional antennas that considers side lobes and lbaels. Therefore, in this paper,
we do not consider the effect of side and back lobes.

For directional antennas, we assume both transmissioneegtion are directional, as
discussed in paper [Yi et al. 2003]. Directional receptiosams an antenna can receive
signals only from the direction it faces, which is the segtith beamwidthd. As shown in
Fig. 1(a), if antenna is interfered by antenna v andv must face each other (i.e.,and
v must be in each other’s interference sector). Otherwisshawn in Fig. 1(b), antenna
u does not interfere with antenngandv does not interfere with either) because does
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(a) w interferes witho. (b) w does not interfere
with v.

Fig. 1. Directional reception/interference with direcig antennas.

not faceu even though: facesv. We define that antennainterferes with antennaiff «
andv are in each other’s interference sector.

/\\\\\
/ o —
y

(&) Omni-antennas. (b) Directional antennas.

Fig. 2. Interference between links.

The interference between links is defined as follows. Gélyetiae interference area of
a link is the joint area covered by the two interference acédse end-nodes of the link.
Alink [; is said to interfere with linK; iff one end-antenna df interferes with one end-
antenna of;. Two cases of link interference by omni-antennas and doeatantennas are
shown in Fig. 2(a) and Fig. 2(b) respectively. Link interferes withxy, because nodes
andx are in each other’s interference sector, and interfere @atth other. Note that links
are bi-directional in our model. According to our definitjdhe interference between two
links is symmetric. That is, if; interferes withl;, I; must interfere withi; as well.

4.2 Performance metric

The capacity in our concern the per-node end-to-end cgpabf assume each node has
the same end-to-end traffic demand, denoted.byhe capacity is defined as the maximal
value ofa that the system can support.

In sensor networks, the sink node uses a tree topology teatalata from or disseminate
instructions to sensor nodes. We assume the tree is theeshpdth tree. The traffic is
merged at the tree nodes who further pass the traffic to theénp nodes towards the sink.
Let T'(v;) denote the subtree rooted at nadel(v;) the link connecting subtreg(v;) to
its parent node, and,, the traffic on linki(v;), as show in Fig. 3. We have

L,= Y a=aT()), (1)
v €T'(vy)

where|T'(v;)| is the size ofl’(v;), which is the number of nodes ifi(v;), includingv;
itself.
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Fig. 3. Nodev;, its corresponding link(v; ), and its subtre& (v;).

For link I(v;), we define its collision set as a set of links that interferéhtj including
I(v;) itself, and denote this collision set &8 (v;)). We define the (normalized) collision
load of(v;) as the total number of end-to-end flows of links in the cailisset ofl(v;),
which is

Ligwy =y, IT()l. 2)
L(v;)eI(l(vs))

In wireless communication, two links that interfere witlckather cannot be active at
the same time due to the signal interference. We considentist conservative case that
no two links in the same collision set can be active at the gémin order to guarantee
successful transmissions. That is, the collision load eflark, sayi(v;), cannot exceed
the bandwidth of a channel. Thus, we have:

Yo Ly=a Y [T <W, 3)
l(vj)el(l(vs)) l(vj)el(l(vi))

wherelV is the channel bandwidth.
From ineg. (3), we have

W w
a < = .
STyl Lrawy
1(v;)€1(1(v:))

The capacity of our concern is the maximal per-node enditbeapacity, which is the
maximal possible value af that meets ineq. (4) for any node According to ineq. (4),
we have

(4)

W W
Cap = min = . (5)
vi Lrgy)  max L))

Let L, be the maximal collision load of the system, i.B,,q: = max Li(i(v;))- The
capacity can be re-written as '

Cap L‘H’L(L.’E (6)
From the above definition of the capacity in eq. (6), we cantkat by having the
maximal collision load.,,,, of the system, we can compute the capacity. In the next two
sections, we first analyze the maximal collision load of teeworks with omni-antennas,
and compute the capacity. Then, we extend our work to the arksamwith directional
antennas.
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5. ANALYSIS OF WIRELESS SENSOR NETWORKS OF OMNI-DIRECTIONAL
ANTENNAS

Before studying the general case of 2-dimensional nodeogie@nt, we first look at the
case where nodes are distributed along a line. This is aalygaployment, when nodes
are placed along a line, such as along a bridge or a highway.

5.1 1-dimensional line deployment

In case of line deployment, we assume Ellsensor nodes are evenly placed in a line at
one side of the sink node. The physical distance of the lide.iketk = [D/r.], which
represents the minimal number of hops from the furthest sitaléhe sink. We divide the
line of nodes into segments of length(i.e., the transmission radius). Segmergfers to
the section in the deploymentlifig—1)r, ir,] from the sink, as shown in Fig. 4(a), where
i € [1,k] andi is an integer. To be consistent, segment 0 contains onlyitkensde. We
denoteS; as the set of nodes in segmeénsgince nodes are evenly distributed, the number
of nodes in each segment, except the segment 0]/is. Following the minimal hop
routing, nodes in one segment are always connected to tresiothe adjacent segments.
Each node connects with a node in its left segment, and a moitie ight segment. In
general, when traffic is evenly distributed, there p\&/ k| node-disjoint paths, and each
path contains exactly one node in each segment. Whés sufficiently large[N/k] is
approximatelyN/k. An example of the topology of the line deployment by 12 nodes
illustrated in Fig. 4.

00O OO®O®DE®ODD D

S S S, S; S,

(a) Deployment of nodes in a line.

1 0 7 )

2 5 8 @

3 6 9 ©@
s, S, s, s, s,

(b) Topology.

Fig. 4. Examples of line deployment.

For any nodes € S, its subtree contains all nodes from the segments on it$-highd

side, one from each segmeinty = i,i + 1,..., k. Hence we have
[T (v)| =k —1+ 1. 7
vES;

As illustrated in Fig. 5, a link between segments 1 andi interfere with all the links
between segmerit- 1 andj for all js such thatnax(i —¢—1,1) < j < min(i+q¢+1, k),
i > 1,7 > 1, because they have at least one end-node inside the ietectearea of this
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Fig. 5. The interference area of a link between segmentd ands in a line deployment sensor network.

link between segments— 1 and:. This means for any nodec S;, I(I(v)) is
I(l(v)) ={l(u) :u € S,

vES;
j € [max(iqu1a1)7min(i+Q+1vk)]}' (8)
Therefore, the normalized collision load of any li{k), wherev € S;, 7 > 1 is

min(i+qg+1,k)

Liqy) = > > T (w)]

vES; j=max(i—q—1,1) u€S;
min(i+g+1,k)
= > (k=j+1)(N/k). ©)

j=max(i—g—1,1)
Eq. (9) is an increasing function éfwhen: < ¢ + 2 and a decreasing function of

wheni > ¢ + 2. Therefore, whem € Sin(q+2,k), the normalized collision load reaches
the maximum, which is

bl Ny if k<2q+3
L = 2 - 10
b { Cat3)lh—a—1) N otherwise. (10)
According to eq. (6), we have
1L if k<2¢+3
Cap=q By therwi (11)
@3 (k—g-DN ONErWIse.

From eq. (11) we have the following observations:

a) Whenk < 2q+ 3, the capacity is independent frambecause the interference area of
the link that has the largest collision load covers the whelsvork area. Wheh > 2¢+3,
the capacity decreases as the increagg dfie to the larger interference area.

b) The capacity is proportional to/N. It is a decreasing function df, but does not
decrease to zero whdén— oco. k = 2¢ + 3 is a critical point of the curve of the capacity
by k. Whenk < 2¢+3, the capacity decreases as the increaseloécause the interference
area of the link that has the largest collision load alreamiecs the whole network area in
this case and the increasekodvill increase the number of segments inside that interfezen
area. Notek = [D/r,]. WhenD and N are fixed, increasing means reducing node
transmission radius and making per-hop distance shorteen® > 2q + 3, the decrease
of the capacity as the increase/ofs not significant, because the number of segments in
the collision set of the maximal collision load becomes tamsat2¢ + 3, and load of each
link in the maximal collision set, which is near the sink, eerges toN. This result tells
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us that in sensor networks reducing node transmission pffaethe purpose of energy
saving or reducing interference) would decrease the cgpiamcgeneral. But, when the
network size is large enough (i.&,> 2¢ + 3), reducing transmission power has little
impact on the capacity decrease.

¢) Whenk = 1, the network has the highest capacity, whicW#igN; whenk — oo,

lim il
k—o0 (2(] + 3)(k —q— 1)N
Therefore, the capacity is in the range[@f/((2¢ + 3)N), W/N].

= W/((2q + 3)N).

5.2 2-dimensional region deployment

In 2-dimensional region deployment, all sensor nodes are assumed to be evenly dis-
tributed in a region of circle of diametdp and the sink node is located at the center of
the circle. Letk = [D/(2r:)]|, which represents the minimal number of hops from the
furthest node to the sink. We divide the region into rings ibgles centered at the sink and
with radius fromry, 21y, 3r4,..., tokr;. We denote ring as the area between circles with
radius(i — 1)r; andirs, ¢ € [1,k]. To be consistent, ring 0 contains only the sink node.
Let R; denote the set of nodes in ringSince nodes are evenly distributed, the number of
nodes in ring, except the ring 0, is

|7l = W]\f = N (2 —1)/k%. (12)

In order to minimize the end-to-end hops, we assume thas lilkays connects nodes in
the adjacent rings, as shown in Fig. 6. The subtrees rooted fiodes ink; contain all
the nodes outside ring including R; itself. Thus, we have for > 1,

j=k j=k R
> r@i=Y 11l =Y N - yR =Na - a)

vER;

Fig. 6. Examples of the topology of 2-dimensional regionldgment.

Since nodes are evenly distributed, the number of link&falhto the interference area
of a given linkl(v) is independent from the location of i.e., the number of links in the
collision set of linkl(v) is a constant when the distance between two end-nodes is fixed
Considering the collision load defined in eq. (2), since tbiiston set size of a link is
independent from its location, the maximal collision loddirk /(v) depends on the total
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size of subtrees whose parent links ard {i{v)). Since the size of a subtree increases as
its parent link gets closer to the sink, the collision loadatees the maximum for a link
that is directly connected to the sink (i.e., a link betweiag . and ring 0). Let(v*) be
such a link between ring 1 and ring 0. The interference ardéudj is the joint area of
two circles with radiugyr; and centered at the two end-noded (@f). The interference
area ofl (v*) is larger than the circle with radiys; but smaller than the circle with radius
(¢ + 1)r; all centered at the sink. Thus, we use the circle of ragiusentered at the sink
as a close lower bound to approximate the interference dr&a*g. The collision set of

I(v*) contains all the links between rings- 1 andi, for: = 1,...,min(¢ + 1, k). Thatis
I(1(v*)) 2 {I(u) : w € Ry,i € [L,min(g + 1,k)]}. (14)
Therefore, we have
min(g+1,k)
max L)) > Z Z T (u)|
i=1 ueR;
min(g+1,k) . 9
1 —1
= > N(l—( k2) ) (15)
i=1
According to eq. (6), we have
YZ —1 .9 If k S q + 1
cor s { kN?NZ%ﬁ; o otherwise (16)
(¢+1)N—N ;27482 /K> '
and
Cap = O( 4 ). a7)

Nmin(k,q+1)

From eq. (16) and eq.(17)we have the following observations

a) Whenk < ¢+ 1, the capacity is independent frambecause the link of the maximal
collision load interferes all links in the network. Whén> ¢ + 1, the capacity decreases
as the increase af

b) Similar to the line deployment, the capacity of 2-dimensil region deployment is
O(1/N), and decreases as the increasg,dfe., increases as the increase of transmission
radiusr;. k = ¢+ 1 is a critical point for the capacity as a functionfofWhenk < ¢+ 1,
the capacity is almost inversely proportionalttowhenk > ¢ + 1, the capacity remains
nearly a constant, with respect o This shows that power control is an efficient way to
improve the capacity of wireless sensor network, when #estnission power is so large
such that all nodes can be interfered by the sink; othenadjeisting transmission power
has marginal effect on the capacity.

¢) Whenk = 1, the network has the highest capacity, whicl#igV; whenk — oo,

. w
lim —
oo (g + )N = N 3571 /k?
The capacity is in the range §f/((¢ + 1) N), W/N].
From the above analysis, we can see that, given a set of Mode=l deployment area

D, the network with larger end-end hops (i/.). would have less capacity. But, whéns
large enough, the capacity becomes at IéA&{q) times of the upper bound of the capacity

= W/((q +1)N). (18)
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(i.e.,1/N), whereg is a constant depending on the network deployment shaps.r&#uilt
also tells us when constructing the topology for a large nétwthere is no need to pay
attention to how far away nodes are connected, because tmection of those nodes
has little impact on maximal collision load of the whole st (and thus the network
capacity). The topology control algorithm should focus @who connect the nodes that
are close to the sink to effectively reduce the maximal siglhi load of the system and to
increase the capacity.

6. ANALYSIS OF WIRELESS SENSOR NETWORKS OF DIRECTIONAL AN-
TENNAS

In the analysis in this section, each node is equipped witHirectional antennas with
beamwidthy, andm > 2. All the other network parameters are the same as the sdotion
omni antennas. We start with the case of line deployment.

6.1 Line deployment

When nodes are distributed along a line, two antennas onresthare sufficient to main-
tain the network connectivity. The directions of two antason each node is one for
connecting left neighbors and one for right neighbors. We s that an antenna on a
nodeu pointing to its right direction interferes with an antenmeamother node pointing
to its left direction iff the distance betweerandv is less thamr; andwv is at the right hand
side ofu. Similar to the analysis for the line deployment with omniennas, we divide
the line into segments with length. A link between segmerit— 1 and: interferes with
another link between segmeint 1 andy, iff [j—i| < ¢—1,i.ei—qg+1<j <i4qg—1.
Hence the collision sef(I(v)), v € S;, is

I(l(v) = {l(u) : u e Sj,

vES;
j € max(i —g+1,1),min(i + ¢ — 1,k)]}. (19)

The size of the subtree of each nad€(v), is the same as that in eq. (7). Following the
similar derivation of the capacity as that in omni-antenpase from eq. (7) to eq. (11),
we obtain the capacity in a line-deployment network wittkedfional antennas, which is

L if k<2g—1
Cap =4 DN, . (20)

From eq. (20) we can observe:

a) Whenk < 2¢q — 1, the capacity is independent fragn Notice that this constraint of
k is smaller than that of the omni-antennas, because diredtemtennas have a smaller
interference area.

b) The network with directional antennas achieves higheaciy than (at least the
same as) the network with omni-antennas. The capacity oatiirectional antennas over
omni-antennas increases as the increage ofhe links with the largest collision set in
directional antennas is between segmgnt1 andgq, while in omni-antennas these links
appear between segment 1 andq + 2 (assuming; + 1 < k). Therefore, the capacity
bottleneck in directional antennas appears closer to thetlsan that in omni-antennas.

¢) Comparing the results in eq. (20) with eq. (11), wiesr 2g — 1, the network with
directional antennas has the same capacity as omni-astemhank — oo, the capacity
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ratio of directional antennas over omni-antennas is

(2 +3)/(2¢ = 1). (21)

Thus, the capacity ratio of directional antennas over oamténnas is in the range of
[1, (2¢+3)/(2¢—1)]. Considering that omni-antennas has only 1 radio, andtiineal has
two radios, the capacity is not necessary doubled by daeatiantennas, because the two
radios on a node may not be able to be active at the same tinte thueinterference with
the neighboring nodes. Notice that the capacity is invgrgedportional to the maximal
collision load, and the latter is approximately proportibto the interference area when
both NV andk are sufficiently large. Thus the capacity ratio decreasdiseasicrease of,

due to the increase in the ratio of interference area by aWittkdirectional antennas over

a link with omni antennas (which %Z%) This suggests that there is more capacity gain
of directional antennas over omni antennas when the imrée ratio is small.

6.2 2-dimensional region deployment

For directional antennas deployed in a 2-dimensional regie assume one antenna can
serve several links (in a time sharing fashion) so long ag #ne within its transmission
sector. We also assume that antennas on each node have fe@tions, and transmis-
sion sectors of antennas on the same node do not overlapagithagher, so that antennas
on a node can be active at the same time. The whole transmiag@ of a node with
m antennas of beamwidthis the collection ofn sectors of anglé and radius;. When
mé < 2w, the transmission area of a node is not equivalent to a diskratliusr; from this
node. Some nodes may be outside this node’s transmissiareeea when their distance
to this node is withirr,, and they need to use multi-hops to connect to this node.

The analysis of the capacity of the 2-dimensional sensaevar&tof directional antennas
is different from that of omni-antennas, due to the follogvieasons: 1) Nodes may need
more than[D/(2r;)] hops to reach the sink node, since the number of antennascbn ea
node may not be sufficient to maintain the same topology asi@-antennas. 2) The
collision set of a link with directional antennas is diffatérom that with omni-antennas.

Similar to the analysis for omni-antennas, the region ig@i by circles centered at the
sink and with radius fromy, 21, 3r,..., tokr,. Now we look at the maximal collision load
of links in the system. Similar to the argument in section 2 number of links falling
into the interference area of a link is independent fromatation. The collision load of a
link depends on the total size of subtrees whose parentéirk the collision set of this
link, as defined in eq. (2). Thus, the collision load of linksrieases as they are closer to
the sink. However, since the interference area of a linkgudinectional antennas is the
joint area of two sectors, the collision set of a link depeoishe orientation of antennas
of this link and the orientation of other nearby links. Thekliwith the maximal collision
load may not appear on the links that are directly connect¢hle sink. Nevertheless, the
collision load of a link that directly connects to the sinkai€lose approximation of the
maximal collision load in the system. Let € R; be a node directly connecting to the
sink andl(v*) is the link connecting* to the sink. The interference area of litlo*) is
fully covered by a circle from the sink with radiys;. To compute the collision load of
I(v*), we use the average size of subtrees whose parent links tl@asione end-node in

min(g+1,k)
this circle as an approximation. L&t = Z Z |T'(v)|, which is the total size of
=1 vER;
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all the subtrees whose parent links have at least one englfathithg into the circle with
radiusmin(g, k) and centered at the sink,, is actually the total load of all the links that
have at least one end-node in the circle. The total load ofittks that have at least one
end-node in the interference areal(f*) is L,¢, where¢ is the ratio of the size of the
interference area di(v*) over the size of this circle. According to the link interfece
definition of antennas, not all the links that have an enderiodhe interference area of
I(v*) interfere withl(v*). Let py be the probability that a link interferes witfw*), given
that an end-node of this link is in the interference aref ©f) . The average total load of
links in the collision set of(v*) is

L1y = Lq®po. (22)

We use this average collision load as a close lower bounceafttaiximal collision load in
the system. That is

max L)) = Lq¢po- (23)

On the other hand, the sink hdsnodes in its tree and it has antennas for use. Thus,
we have

maxLI(l(U)) > N/TTL. (24)

In the following, we will show how to obtaith,, ¢ andpg.

First, we consider computing,. In 2-dimensional region deployment, wher < 27,
directional antennas on each node is not sufficient to cdwemthole disk of radius;
centered at that node. Thus the sink node needs multiple thbopsnnect nodes in the
ring 1, and this multiple hop connection may also happen éetwother adjacent rings.
Since not all the nodes in ringare the parents of nodes in ring- 1 due to this multi-hop
connection, we cannot compuig as we did in eq. (15). We divide the region into two
parts, the area inside ring 1 and the area outside ring 1L ketlenote the total size of all
the subtrees whose roots are inside ring 1, Bagl the total size of all the subtrees whose
roots are in ring 2 or beyond. That is:

Lr, = Y |T(v)], (25)
vER;
min(g+1,k)
Lp.= Y, Y IT()| (26)
1=2 vER;
We have
Lq = LR1 + LRQ*. 27)

We first calculatel r, as follows. Leth denote the number of hops necessary to cover
all the nodes in ring. At Ieast%’gév nodes in ringl can be covered by the antennas
from the sink. For those nodes that are directly connectétet@ink, each of them uses 1
antenna for the uplink to the sink, and— 1 antennas to link children. They can establish
links to cover at leas{- 24 (m — 1) child nodes, which can further lin- 2 (m — 1)?
child nodes. We assume nodes in ring 1 have higher priorite iinked than nodes outside
ring 1. Thatis, no node outside ring 1 can be linked to theltefere the nodes inside ring
1. Repeat the above operation. LFf denote the set of nodes that areops to the sink.
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We have
Nmbo i1
|Hi| = W(m - (28)
Since
i=h—1 i=h
Do H| < R <) |Hi, (29)
i=1 i=1
we have
h—2 h—1
Nmo i 5 _ Nmb i
- —1)7 < < — 1)
512 izo(m 1) <N/k* < 512 izo(m 1) (30)

Thus, we have

{ (R4 g (R4 +1ifm>2

lg(m—1) lg(m—1)

) (31)
7/ <h<mw/0+1 if m = 2.

Since the total number of nodes in the subtrees whose ro®ia &f; plus the number
of the nodes that are less thahops to the sink iV, we have, for each< h,

j=i—1

1—2
E:H@M:NfZ:E:lszig (m — 1) (32)

veH; j=1 wveH, =0

Summing up the size of the subtrees whose roots afg iior all 1 < i < h, we have

i=h
Lpg, Z Z T (v)]

i=1veH;
(=" =1y
_ ) vn- N E T i s o (33)
Nh—Nhh—1)52>  ifm=2.

Next we calculatd.g,.. Lr,, reaches its minimum when all the nodes in ring 1 are
directly connected to the nodes in rifdor all i > 1. This is because, given the size of a
tree, the total size of all subtrees for a shorter balanasigr greater than that for a taller
balanced tree. In fact, wheN is large enough, all the nodes in ring- 1 can be directly
connected to the nodes in rigfor all i > 1. Thus, a close lower bound @fg,, is the
case when all the nodes in ririgt- 1 are directly connected to the nodes in ring > 1.
With the similar technique as in section 5.2, we have

i=k—1
N DY (Q-/k) ifk<q+1
LRz* Z iiZI (34)
N> (1—i/k*) otherwise.
i=1

We calculates as follows. Leta andb be the two end-nodes of a link which is incident
to the sink, and4 and B be the two interference sectors centered ahdb, respectively.
We definez = min(q, k). The joint area of the two sectors must be inside the circle of
radiuszr;, centered at the sink. As shown in Fig. 7, the two sectors #&reamgled and
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radiuszr;. Since the distance betweerandb is less than;, we can always find a sector
of angled and radiugz — 1)r;, inside sectord and outside sectaB. Let us denote this
sector asd’. The size of the joint area of sectdrandB is at least

01 0

() + o (2 — D)2, (35)
2 2
Therefore, we have
2 _
¢Z2z 222+19' (36)
2z s

Fig. 7. The joint area of two sectort and B of angled and radius;. ||ab|| < zr+.

We calculatepy as follows. LetP;(u,v) be the probability that a node is in the
interference sector of an antenna at a noeéth beamwidthy, ||uv|| < ¢r:. We have

Pr(u,v) =0/ (2m). (37)

Suppose that link= (s, t) has at least one end-node, say nedeside the interference
area of linkl(u) = (u,v), ||sul| < gr: and||sv|| < ¢r¢. The probabilityp, that link !
interferes with linki(u) is at least the probability that or v falling into the interference
sector ofs. Thus, we have

po > 1= (1= Pr(u,s)(1~ Pr(v,s)) = 0/m — (0/(2m))*. (38)

SubstituteL,, ¢, po into eq. (23) from eq.s (27), (36), (38) and consider the tairg
in eq. (24), the capacity according to eq. (6) is

w

S N, B (O - A0 T + L))
Notice thatLr, = O(Nh), andLRz* O(min(k — 1,¢)N). We have
o =i Ol il g N o
and
o(3) if m =2,méf < 2m,
h={0(%%) it m>2,md<2r (41)

1 if mé = 2.

From eq. (39) and eq. (40) we have the following observations

ACM Transactions on Sensor Networks, Vol. V, No. N, Month X0Y



Analysis of Capacity Improvement by Directional Antennas in Wireless Sensor Networks . 17

a) Directional antennas achieve a higher capacity than-@amteinnas, and this capacity
increases as the decrease of beamwidémd increases as the increase of number of anten-
nasm, whenm6 < 2x. The reason is as follows. The collision load depends on twe f
tors: 1) the size of the collision set (which is proportiottaf=5 241 ((£)2 — (1(£))3)),
and 2) the total size of all the subtrees whose roots are iodhision set. The former is
O(6?). The latter is proportional th , +L r,. . According to eq. (33)L g, is O(h), which
isO(1/0) form = 2 or 0(1%(;#> for m > 2 (see eq. (31))Lg,, is independent from

0 (see eq. (34)). Thus, the collision load(dg6) for m = 2 or O(%) for m > 2.
Hence, the capacity is

o} if m = 2
{ (G)lg'rn I " , (42)
O(W) if m > 2,

whenm6 < 27. Different from capacity scaling law for ad hoc networkstwilirectional
antennas in [Yi et al. 2003], the capacity improvement bgdional antennas in sensor
networks is less thag;z— whenmé < 27, due to more end-to-end hops.

Whenm# = 2x, the network with directional antennas has the same togasghat
with omni antennas. Thus the capacity improvement by doeat antennas in such a case
only depends on the reduction of size of the collision see Gdpacity is

O((5)%), (43)

whenm# = 2.
However, the capacity does not increase to infinity with teerdase of. It is upper
bounded by

mW/N, (44)

according to the eq. (24).

We can observe that, when the capacity is under the uppeidbolii/ NV, the capacity
does not improve linearly by adding more antennas on each, hetause the total size of
all the subtrees whose roots are in the collision set, L&, ¢ Lr,.), depends on the total
number of hops to cover those nodes from the sinkgi-e.h, while g + h is O( lgl'rn)'

b) The capacity ratio of directional antennas over omneanas is

(%)?min(k,q+1)

min[O( (h 1+ min(k7 q+ 1))

), mmin(k,q+ 1)]. (45)

Whenk — oo, the capacity ratio is upper bounded by

(5)%(@+1)

min[O( T h

),m(q +1)]. (46)
This ratio reaches the maximal valug g + 1) when beamwidttd is sufficiently small.

c) Since the number of nodes in the ring IN§k?, and an antenna will not be used
when it does not cover any node in its transmission sectentimber of used antennas on
the sink is at mostV/k?. Whenm = ©(N/k?) and@ is sufficiently small, the capacity
can reach a upper bound@$W/k?), regardless of the number of nod¥s
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7. DISCUSSIONS

In the above analysis, we assume that there is only one sité, ramd one channel in the
system. In the following, we will extend our analysis to a mmgeneral case of multiple
sinks and multi-channels. Whatis more, we will analyze Hoewdapacity of networks with

directional antennas changes with the beamwidth whenaheitnission power, rather than
the transmission radius is a fixed.

7.1 Network capacity for multiple sinks

When multiple sinks are deployed in a sensor network, tha@gapwill be improved, com-
pared with a single-sink network, because the end-to-epd toothe sinks are reduced, and
the traffic load aggregated at each sink decreases. As whailhgBow in this subsection,
the relationship between the capacity and the number osssikot necessarily linear. It
depends on transmission radius, the number of sinks, and@a@mwidth of antennas.
Furthermore, different from the single-sink case, the capaf network with multiple
sinks has a non-monotonic relationship with transmissioiiusr; .

The network model for multiple sinks is as follows. Suppds# there are: sinks and
N sensor nodes evenly distributed in a 2-dimensional regisige the disk of diameter
D = 2kr;, wherer, is the transmission radius.reflects the maximal number of hops from
nodes to the center of the region. Let each sensor node dooriecnearest sink through
the path with the minimal number of hops. The sensor networisists ofn disjoint
subtrees, one for each sink. We denbteas the maximal number of hops from each sink
to sensor nodes in this subtree. According to the Lemma laarfipis 2004], when nodes
are randomly distributed, each subtree B§3V/n) sensors with high probability, when
N is sufficiently large. We assume that each sensor only selsatlosest sink. Thus the
sensors for each sink are distributed in the disk of rakljus centered at the sink.

We have the following theorem on the capacity of a networkwiultiple sinks.

THEOREM 1. The capacity of a network with multiple sinksis as follows:
1) When sinks are sparsely distributed, i.e, k, > Q(1) (n < k* = O($£)?)), the
network capacity is

O 5%) it £ <0+ 1)
Cap = O(5 51 ;/ZN) if Q(q +1) < 27'1, < O((qg +1)v/n), (47)
O(iw) if 52 > Q((g + Dv/n).

2) When sinks are densely distributed, i.e, k, = 1 (n > k? = Q( ) )), there is no
capacity improvement by adding more sinks. The capacity in this case |s

:ItJ blﬁ

<
B
—~
L)

32

S

ap = (%) if 52 <O(Q+1)
cap= {O((%Vﬁ) IfQ(q+1) <O(\/_) (48)

Proof. For a single-sink sensor network &f sensor nodes and of radiks;, the capacity
is O(W/(kN)) whenk is small ¢ < ¢ + 1), andO(W/[(q + 1)N]) whenk is large
(k > q+1), according to the capacity with omni-antennas by eq. @&J,with directional
antennas by eq. (39).

Now, we consider the capacity of this multi-sinks networkhéfi &,, is large ¢, >
q + 1), the sink nodes are quite far away from each other (in terini®ps) and they do
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not interfere with each other. Notice that

kp = G(kj/\/ﬁ)a (49)

sok > Q((q + 1)y/n). In this case, the capacity of the whole network is equiviaien
the capacity of a subtree network with one sink &dV/n) nodes. Thus the network
capacity is

w nW
Gr o = o

Whenk,, is small ¢, < ¢+ 1,i.e.,k < O((¢ + 1)/n)), sinks may interfere with each
other. The link that has the maximal collision load in a seltmay interfere other sinks,
which results in a much larger maximal collision load for Wigole system. The maximal
collision load in the whole system is at most the collisioadmf a subtree with one sink
node andN/n sensors, times the number of interfered sinks. Notice tietensity of
sinks is 1=z, and the interference area of one linkdgr ((q + 1)r¢)?), so the number

of interfered sinks by one link is

Cap = O( ). (50)

na((q+ 1)re)

) 1
min(n, O( ()2 (51)

Thus, wherk,, > 1, i.e.,k > Q(y/n), the network capacity is
v (52)

Cap =0 —).
3 (<N/n><k/ﬁ> min(n, n ) >)

k2

Whenk,, = 1,i.e.,k < O(y/n), sinks are densely distributed, i.e., each sensor can find a
sink within its transmission radius. The network capaaityhis case becomes

O ) (53)
(N/n)min(n, n-5>)

Combining the results from eq. (50), eq. (52), and eq. (58), r@oticing thatr; =
D/(2k), we can derive the capacity of a network with multiple sinkbjch is shown in
eq. (47), and eq. (48). o

From Theorem 1, we have the following observations:

a) When multiple sinks are sparsely distributed, the capaeis a non-monotonic rela-
tionship with transmission radius. When transmissionusgj is so small that sinks do
not interfere with each other, the capacity remains nearlgt aonstant; wher is large
enough for sinks to interfere with nearby sinks, the capatdicreases as the increase of
r¢, due to the increase of interference between nearby sinkaétworks with one single
sink, such a stage does not appear as there is no interfdrent®ther sinks); whem,
increases to the level such that the collision set of eaétbl@tomes saturated, the capac-
ity increases as the increasergf due to the reduction of end-to-end hops between nodes
and sinks. When sinks are densely distributed, its capacéyuivalent to the capacity of
the network withO(k?) sinks. The capacity with dense distribution of sinks qutcaily
decreases as the increase-gfdue to the quadratical increase of interference area by the
increase of-;.

b) Still in the case of sparse deployment of sinks, the cépheis two local maximums

atr, = @(m), andr, = ©(Fy), with valueO () andO(W/N) respectively,
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according to Theorem 1. When = @(ﬁ) the furthest sensor for each sink is at

hopsO (¢ + 1) away, and sinks do not interfere with each other. Whes @( 1), each
sink is interfered by all other sinks, and each sensor is ected with a smk W|th|n one
hop. The optimal transmission radius depends on the rakdtip between sink number
and ratio of interference radius to transmission ragdil&’henn > ¢, the highest capacity
of a sensor network i§( (q+1)N) achieved by a small transmission radius; otherwise, the
highest capacity of a sensor network is oflyIV/N ), achieved by a large transmission
radius such that all nodes connect to sinks within one hops ifplies that reducing
transmission power can improve the network capacity onlhé number of sinks are
sufficiently large, otherwise transmitting packets at thghbst power level is the optimal
choice to maximize capacity.

¢) The capacity increases as the increase of the numberlafsjrand the increasing
rate decreases as more sinks are added to the network. Whtksndsi not interfere with
each other, the capacity increasing rat®is.); when sinks interfere neighboring sinks,
but can not connect its corresponding sensors within onethegapacity increasing rate
is O(y/n); when the number of sinks keeps increasing and all senseesstiéeast one sink
within one hop, the capacity does not increase with the nummibginks. The relationship
between the capacity and sinks numheran be expressed as

O(m)  ifn < O((35m)2),

) re
Cap =L O(vm) if ﬂ<<(q+1),,> ) <n <O, 4
o) ifn>Q((£)).

When directional antennas are employed, the capacitywoilp the same scaling law
in eq. (54) when the beamwidth is not small, and the capaatity of directional antennas
over omni-antennas is the same as the single-sink case. b¢laemwidth is small, capacity
can even super-linearly increase as the increasg ibfl < k, < ¢+ 1 (Q(v/n) <k <
O((q+1)y/n)). Similar to eq. (51), the number of interfered sinks by edictctional link
is
0 nm((q+ 1)r)?
2 w(kry)?

which isO(1) whené is enough small. Similar to the argumentin Theorem 1, thaciap
is

min(n, ©(— ), (55)

w )= (rtn1'5W)
v~ DN )

Cap = O( (56)

In such a case, the capacity ratio of directional antennasawni-antennas @(%),
which increases as more sinks are placed. Nevertheless, bdzmwidth keeps decreas-
ing, the network capacity is limited by the number of radiosseach node rather than
interference, and scales as

mW mnW

Cap = O( /)) O(T)' (57)

The capacity ratio of directional antennas over omni-amasrin this case is in the range
of [m(q+1),mn]if ¢ +1 <n,and[mn,m(¢g+1)]if n < g+ 1.
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7.2 Network capacity for multiple channels

The network model for multiple channels is similar to thatSaction 7.1. In addition,
we adopt the channel model in [Gupta and Kumar 2000] and [Dal. €008], which is
the channel model 1 in [Kyasanur and Vaidya 2005]. The toaaldwidthV is equally
divided among: channels, and therefore the bandwidth of each chanfiélis We assume
that radio numbem does not exceedfor omni-antennas, and does not exceed,/ for
directional antennas. Because otherwise there are redtad@nnas on the same channel,
which cannot be active simultaneously on the same node. Wghwiv that, when a sensor
network has multiple channels, the capacity scaling lavs thie number of nodes remains
asO(1/N), and directional antennas still outperform omni-anteninasich a network.

Network capacity is limited by three constraintnk bottleneck constraint, arbitrary
interference constraint, andmaximal collision load constraint.

(1) Sink interface constraint: since all flows destine to sinks, capacity is restricted by
the number of radios (interfaces) at sinks. As each sinkihaadios and each radio
can support at most’/c bits/sec, thesink interface constraint capacity bound\s is
expressed as

nmW
=), (58)

(2) Arbitrary interference constraint: according to eq. (7) of appendix | in [Kyasanur and
Vaidya 2005], and eq. (9) of appendix A in [Dai et al. 2008 fer-node capacity of
arbitrary wireless networks with directional antennagsted by interference as

As = O

C’ap><N><Dn:O(K M),
0 c
whereD,, is average distance between nodes and sinks. Noticéthat ©(1//n),

thearbitrary interference constraint capacity bound 4 is expressed as

W nm>
0\ ceN”
(3) Maximal collision load constraint: the capacity of a sensor network is constrained
by maximal collision load. When there are multiple chanpetdlision load will be
distributed among different channels, resulting in a senabllision load per link. For
each link, the number of different channels used by linkssrcollision set is at most

c. There exists at least one channel, such that its colligsiad Is at least /¢ of the
original collision load for a single channel. Thus the cafyas
W/e w
< = 60
Cap < £ e I (60)

max

Aa = O( (59)

S
max

where L7, ... is the maximal collision load for a network with a single cheh It
means that the capacity upper bound by maximal collisiod tmnstraint is not rel-
evant to the number of channels Let \{7*", and \4i" denote the single channel
maximal collision load constraint capacity bound with omni-antennas and directional
antennas, respectively. The formgg7"¢, can be referred to eq. (47), assuming that
sinks are sparsely distributed. When sinks are denselgtulistd, the capacity bound

is equivalent to case witB (k?) sparsely distributed sinks, according to Theorem 1.
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The latter\9%", can be expressed as

dir __ pdir omni
)‘1\/1 - omni)‘M ’ (61)

wherefdir - is the capacity gain of directional antennas over omni+amas in a single

channel network. Similar to the observation (a) for eq. (89 value offdi" . for
differentm andd can be found in eq. (42) and eq. (43).

Combining the three constraints, the capacitp{sin(\s, A4, A37")) for omni-antennas,
andO(min(\g, A4, \4i")) for directional antennas. We have the following theorems on
the capacity of multi-channels networks. Notice that since N andk < N, thear-
bitrary interference constraint is always either dominated kgink interface constraint, or
maximal collision load constraint.

THEOREM 2. LetT,,,,; denotethe ¢/m ratio threshold for omni-antennas, which is

2 /n if 2 < 0(g+1),
Domni = { 25y if (g 4 1) < £ < O(q + 1)/, (62)
q+1 if 52 > Q((g + 1)v/n).

The capacity of a network with omni-antennas and multiple channel is as follows:
1) when ¢/m < T gmni, the capacity is
OMF¥E) it £ <0(g+1),

O(ii) Qg+ 1) < £ <0(g+1)va, (63)
Olitiy)  if g 2 Qg +1)vn):;

2) when ¢/m > T'gmni, the capacity is O( 224V ).

THEOREM 3. Let I'y;,- denotethe ¢/m ratio threshold for directional antennas, which
iST omni/ f&r .. The capacity ratio of directional antennas over omni-antennasis:

omnt*

1) when ¢/m < T, theratiois fdir ..

omnai?

2)when Ty < ¢/m < Tomni, theratiois

O(m /) if £ < O(g+1)
max(1, f4r = x @(%W) ifQg+1) < £ <O0(g+1)yn); (64
O(%(g+1)) if - > Q((q + 1)vn)

3) when ¢/m > T'ypni, theratiois 1.

From Theorem 2 and Theorem 3, we have the following obsensti

a) The capacity is alway®(1/N), in regardless of/m ratio. This shows that a sensor
network has different capacity scaling rule to that of a leise multi-radios multi-channels
ad hoc network in [Kyasanur and Vaidya 2009] and [Dai et ad&pbecause of its special
many-to-one traffic pattern.

b) The capacity depends afim ratio. Whenc/m is below the threshold,,,,; for
omni-antennas dr ;. for directional antennas, the capacity is only constrameidterfer-
ence and not relevant tg'm; whenc/m exceeds the threshold, the capacity is constrained
by the number of radios rather than interference, and dseseas the increase ofm.

In addition, different from the ad hoc networks of many-tasy traffic pattern, the/m
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thresholds for a sensor network only depend on the numbérkss and the transmission
radiusr;, rather than the number of nodas

c) Directional antennas have higher capacity than omreérards in multi-channels sen-
sor networks. The ratio of directional antennas over onmtéanas decreases and con-
verges to 1 when/m increases. This suggests to use directional antennas stémario
where there are not many channels. When the number of clsarekufficiently large,
directional antennas have no gain in capacity than omraranas, if they have the same
transmission radius. When there are sufficient channedsywéuen the transmission power
is same for omni-antennas and directional antennas, thetitinal antenna achieves more
capacity only because it has a larger transmission radius.

7.3 Network capacity with the same transmission power setting

In previous sections of the paper, we focus on the capacilysis when the transmission
radius is same for both omni-antennas and directional aaterin the case that the trans-
mission power is same for both omni-antennas and diredteariannas, their transmission
radii are different, due to different antenna gain, as shbwithe results in [Ramanathan
2001]. In general, directional antennas improve the ndtwonnectivity [li et al. 2009],
[Bettstetter et al. 2005] and reduce hop counts [Vilzmanal.€2005] on average. Given
the path loss exponent according to the calculation in the eq. (7) of [Dai 2009k th
transmission radius of a directional antenna with beamwAddenoted by, 4, can be
expressed as follows:

: )
tan(6/2)
wheret, , is the transmission radius of the an omni-antenna with theesaansmission
power. Letk, = [D/r,]|, be the minimal number of hops from the furthest nodes to

the sink by omni antennas, aid = [D/r, 4] be that by directional antennals; can be
represented as

2

tr,d == ( tr,o; (65)

2 2
ki=(——=) 7ko. 66
d (tan(9/2)) o ( )
The maximal number of hops from the furthest nodes to thelsyndlirectional antennas,
denoted bykg .,.q2, iS cOmposed by the number of hops inside and outside theifigst
which is
2 2
kimaz =h+ks—1=nh —— ) 7k, — 1]. 67
d,m + Kd +[(tan(9/2)) o ] ( )
It is larger thank, when sensors are distributed in a small area, due to moreihsige
the first ring; and is smaller thah, when sensors are distributed in a large area, due to
less hops outside the first ring. According the the capaoitytilation for omni-antennas
eg. (17), and for directional antennas eq. (40), we haveatie of capacity of directional
antennas over omni antennas under the same transmissi@n petting, which is

(5)? min(ko, ¢ +1)
(h— 1+ min(kg, ¢ + 1))

Let 61,0441, 0%, be the beamwidth such that the the corresponding 1,¢ + 1 and
ko. The directional/omni capacity ratio changes with beantlwias follows: a)When

k, < ¢ + 1, the ratio isO(kg;f) if & < 01(kq = 1), and decreases (G(%) as
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the beamwidth increase frofi to 0y, (k4 increases from 1 té,); b) Whenk, > ¢ + 1,

the ratio isO(“t™) if § < 6y(ks = 1), decreases tG)(EZI}B)gz) as the beamwidth
(g+1)m?

increases frond; to 6,41 (kq increases from 1 tg + 1), and remains at)((h+q)92) as

the beamwidth is larger thafh 1 (k¢ > ¢ + 1). The directional/omni capacity ratio is
larger than 1, and decreases as the increase of beamwidithtrelsop count and interfer-
ence increase with the beamwidth. Compared with the casédditla omni-antennas and
directional antennas have the same transmission radeidjrégctional/omni capacity ratio
with the same transmission power is larger, because themiasion radius by directional
antennas is larger than that of omni-antennas. In all calseg]irectional/omni capacity
ratio does not increase to infinity whérapproaches zero, and it is always upper bounded
by m min(k,,q + 1).

8. CONCLUSION

In this paper, we analyzed the per-node end-to-end capafcityreless sensor networks
that use omni or directional antennas. For the use of dieatiantennas, we showed that
they affect the network capacity not only by reducing irgezhce, but also by changing
network topology. From our analytical results we found tthat network capacity foiv
sensors’ network i©)(1/N) for both omni and directional antennas. By using directiona
antennas, the network capacity can be improved, compatédwini-antennas. This ca-
pacity gain is bounded b§2q + 3)/(2¢ — 1) for line deployment. The directional antennas
with smaller beamwidth have better capacity due to lessfarence they cause. However,
for the two-dimensional deployment, the capacity is bomhldye%, no matter how
small the beamwidth can be, wherés sink numbern is radio numberg is channel num-
ber, andi¥ is the channel bandwidth. Furthermore, for the two-dimamei deployment
andm# < 2m, the capacity i)(3) for m = 2, andO(#{fw)) for m > 2, whered is
antennas’ beamwidth. From our analytical results, we asmd that using more radios
with directional antennas can increase the network capdgiit, the capacity increase is
not linear to the increase of the number of radios due to tteefarence.

We also investigated the impact of multi-sinks and mulizhels to the capacity. We
showed that, when there is only one sink, the capacity ise®as the increase of trans-
mission radius; when there ane> 1 sinks, the capacity has a non-monotonic relationship
with transmission radius. A small transmission radius aardpce a higher capacity only
when the number of sinks is greater than the ratio of interfee radius to transmission
radius; otherwise, the network capacity reaches the maximben transmission radius is
so large that all nodes can directly connect to sinks. Intemdiwe showed that, adding
more sinks to the network will generally improve the capaditowever, the capacity im-
provement decreases frof(n) to O(1) as the number of sinks increases. For a special
case, when directional antennas are used and the beamswdityismall, the capacity can
even super-linearly increases as the increase of numbatksfs

When there are multiple channels, the capacity remaigy &N ). Whenc/m exceeds
a certain threshold, the capacity decreases as the inakase. The ratio of directional
antennas over omni-antennas decreases as the increg8e,adnd converges to 1 when
¢/m is sufficiently large.
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