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In this paper we analyze the capacity improvement by directional antennas over omni-antennas in
wireless sensor networks. The capacity in our analysis is the end-to-end per-node throughput. We
analyze the typical traffic pattern for sensor networks, where traffics are destined to or originated
from the sink. The main results of our analysis are summarized as follows: 1) The network
capacity is O(1/N) for both omni and directional antennas, where N is number of sensor nodes in
the network. 2) In the case of line deployment, the capacity ratio of directional antennas over omni
antennas is bounded by (2q+3)/(2q−1), where q is the ratio of interference radius to transmission
radius. 3) In the case of two-dimensional deployment, the capacity of using directional antennas
is O( 1

θ
) for m = 2, and O( lgm

θ2 lg(1/θ)
) for m > 2, where m is the number of radios (antennas) on

each node, and θ is the beamwidth of antennas. 4) When there are n > 1 sinks, the capacity
has a non-monotonic relationship with the transmission radius. The optimal transmission radius
depends on the ratio of n/q. 5) The capacity ratio of directional antennas over omni antennas in
multi-channels networks decreases as the increase of channel number/radio number ratio c/m.

Categories and Subject Descriptors: C.4 [PERFORMANCE OF SYSTEMS]: Modeling techniques

General Terms: Performance analysis

Additional Key Words and Phrases: Sensor networks, directional antennas, network capacity,
capacity analysis

1. INTRODUCTION

Directional antennas exploit the spatial reuse to reduce signal interference in wireless net-
works and thus improve the network throughput. In recent years, the rapid development of
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directional antenna technologies has made it possible for sensor nodes to be equipped with
directional antennas [Giorgetti et al. 2007]. It is an important research topic to analyze
how much performance gain that directional antennas can bring to the sensor networks.
Although many studies have been done on the performance improvement by using direc-
tional antennas in wireless ad hoc networks, such as [Spyropoulos and Raghavendra 2003;
Yi et al. 2003; Li et al. 2005; Tang et al. 2005; Roy et al. 2006;Zhang and Liew 2006;
Yang et al. 2007; Dai et al. 2008], the analytical models usedby them cannot be applied
to sensor networks. This is because the traffic patterns in adhoc networks are many-to-
many, while in sensor networks all sensor nodes send their data to the sink node (which is
a many-to-one traffic pattern).

In this paper, we analyze network capacity for wireless sensor networks by using direc-
tional antennas. The capacity is defined as the maximal per-node end-to-end throughput.
For the purpose of comparison, we study the capacity for bothdirectional and omni an-
tennas. We assume each radio has an antenna attached to it andthe multi-radios (with
directional antennas) on a node can transmit or receive datasimultaneously. We first focus
our analysis in a single channel network with only one sink. Then, we extend our discus-
sion to the cases of multiple sinks and multiple channels. Through the analysis, we show
that the network capacity isO(1/N), whereN is the number of sensor nodes in the net-
work. When there is only one sink, the network capacity can beimproved by reducing the
number of end-to-end hopsk (i.e., the number of hops from the furthest sensor node to the
sink in the routing tree), which can be achieved by either increasing the node transmission
radius or decreasing the network diameterD. When there are multiple sinks, the network
capacity has a non-monotonic relationship with the transmission radius, and the optimal
transmission radius depends on the ration/q, wheren is the number of sinks, andq is
the ratio of interference radius to transmission radius. Byemploying directional antennas,
in the case of two-dimensional region deployment, the capacity is O(1θ ) for m = 2, and
O( lgm

θ2 lg(1/θ)) for m > 2, wherem is the number of antennas on each node, andθ is the

beamwidth of antennas, whenmθ < 2π; the capacity isO((1θ )
2) whenmθ ≥ 2π. The

capacity is always upper bounded bynmW
cN , whereW is the channel bandwidth, andc is

the number of channels.
The rest of the paper is organized as follows. The related work on the capacity of the

wireless networks is in section 2. The main results of the paper is summarized in section 3.
The framework of the analysis of the capacity is presented insection 4. The analysis of the
network capacity with omni-antennas is presented in section 5. The analysis of the network
capacity with directional antennas is presented in section6. We extend our discussions to
the network with multiple sinks, multiple channels, and same transmission power setting
in section 7. Finally we conclude the paper in section 8.

2. RELATED WORK

In the literature of capacity analysis for wireless networks, two metrics of capacity are
widely adopted, namelytotal end-to-end capacity andper-node end-to-end capacity. In
our analysis, we use per-node capacity, which is the maximalper-node end-to-end through-
put. For easy comparison, in the following related work, we converted all analytical results
of total capacity to per-node capacity and we simply use capacity to refer per-node capacity
in the rest of the paper.

The fundamental work by Gupta and Kumar in [Gupta and Kumar 2000] showed that
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the capacity of a random network ofN nodes scales asΘ(
√

1/(N lgN)), when nodes are
randomly placed and each node randomly chooses its communication pair. The capacity is
O(

√

1/N) even with the optimal node placement and traffic pattern. This capacity bound
was confirmed by the simulations of the IEEE802.11 in [Li et al. 2001; Li et al. 2002].
In order to improve the network capacity, different techniques are proposed. The work in
[Gamal et al. 2004; Grossglauser and Tse 2002; Garetto et al.2007] analyzed capacity of
delay tolerant networks, and showed that capacity can possibly reachΘ(1) by introduce
nodes’ mobility. The work in [Liu et al. 2003; Kozat and Tassiulas 2003; Agarwal and
Kumar 2004; Liu et al. 2007; Toumpis 2004] analyzed the capacity improvement by adding
base stations into the network, where base stations are assumed to be interconnected with
each other by wired lines. It was shown in [Kozat and Tassiulas 2003] that capacity scales
asΘ(1/ lgN) by addingΘ(N) base stations. This capacity bound can be further improved
to Θ(1), as shown in [Liu et al. 2003; Toumpis 2004; Agarwal and Kumar2004], when
Ω(

√
N) base stations are added or power control is employed.

The analysis of network capacity was extended to multi-radios multi-channels systems
in [Kyasanur and Vaidya 2005; 2009]. The analysis was based on the channel model that
each channel has a bandwidth ofW/c, whereW is the total bandwidth, andc is the number
of channels. We will employ this channel model in this paper.It was shown in [Kyasanur

and Vaidya 2005; 2009] that capacity isO(W
√

Nm
c ) when c

m = O(N), andO(W Nm
c )

when c
m = Ω(N), when each node hasm radios.

As the increasing deployment of directional antennas in recent years, there are some
works in the literature about the capacity analysis [Spyropoulos and Raghavendra 2003; Yi
et al. 2003; Zhang and Liew 2006; Dai et al. 2008; Li et al. 2005] and capacity improve-
ment [Kumar et al. 2006; Das et al. 2006] by using directionalantennas. It was shown
in [Yi et al. 2003] that directional antennas can gain4π2/(αβ) more capacity in random
ad hoc networks, compared with omni-antennas, whereα andβ are the beamwidths of
transmitters and receivers, respectively. The analysis was extended to the multi-radios
multi-channels wireless ad hoc networks in [Dai et al. 2008]. Both works assumed that
directional antennas of a node can cover the same transmission area as a node with omni-
antenna. This assumption implies that the network topologyby using directional antennas
is the same as that by omni-antennas. However, this assumption can not hold for networks
with small beamwidth non-steerable directional antennas.

Most of the existing works on capacity analysis are for ad hocnetworks where both
sources and destinations of traffic are the nodes inside the network. This is different from
wireless sensor networks where traffic always destines to ororiginates from sink nodes.
Network capacity is constrained by traffic aggregation around bottlenecks. In [Marco et al.
2003; Melo and Liu 2003], the capacity of a sensor network with a single sink was shown
to scale asΘ(1/N). The work in [Jun and Sichitiu 2003] obtained a similar result with
examples in the single-gateway mesh networks. The capacitybounds of networks with
such many-to-one traffic pattern was later improved toΘ( lgNN ) in [Gamal 2005] by ex-
ploiting data correlation between nearby sensors. The workin [Toumpis 2004] analyzed
the capacity in a more general case. It showed that, for a network of N sources andNd

destinations, capacity scales asΘ(
√

1/N) when1/2 < d < 1, and scales asΘ(Nd−1)
when0 < d < 1/2.

We analyze the capacity of sensor networks with omni-antennas or directional antennas
in this paper. Part of the results on the capacity analysis for single channel networks were
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presented in [Zhang and Jia 2009]. Our capacity analysis model differs from the previous
work in the following aspects:

(1) We take into consideration of the topology change due to insufficient coverage by
directional antennas of a node, i.e., whenmθ < 2π. We show in our analytical model
that such a topology change has significant impact on networkcapacity.

(2) We fully investigate the network capacity for many-to-one type of traffics under var-
ious network parameters, such as the number of radios, the number of channels, the
number of sinks, transmission radius, and antenna beamwidths. Even though some
previous works studied the capacity under some of these parameters, none of them
have considered all these important parameters as in our model.

(3) The technique we use to analyze sensor networks with directional antennas is different
from the previous works for ad hoc networks whose traffic patterns are many-to-many,
particularly our technique for analyzing 2-dimensional deployment when the antennas
of a node cannot cover the whole disk area of the node (i.e.,mθ < 2π).

3. MAIN RESULTS

Following the model used in [Kyasanur and Vaidya 2005], we assume the total bandwidth
W is equally divided intoc channels. The bandwidth for each channel isW/c. The main
results of this paper are as follows:

(1) The capacity isO(1/N) for both omni and directional antennas, whereN is the num-
ber of sensors.

(2) When nodes are deployed along a line, the capacity ratio of directional antennas over
omni-antennas is between

[1, (2q + 3)/(2q − 1)],

whereq is the ratio of the interference radius to the transmission radius.

(3) When nodes are deployed in a 2-dimensional region, and each node hasm radios
with beamdwidthθ, the capacity ratio of directional antennas over omni-antennas is
between[1, O((1θ )

2)] whenmθ ≥ 2π, and between 1 and
{

O(1θ ) if m = 2,

O( lgm
θ2 lg(1/θ)) if m > 2,

whenmθ < 2π.

(4) When the number of sinksn = 1, the capacity increases as the increase of trans-
mission radiusrt. Whenn > 1, the capacity has a non-monotonic relationship with
transmission radiusrt. The optimal transmission radius to maximize capacity depends
on the ration/q. Whenn ≫ q, the optimal transmission radius is small, in the order
of D

(q+1)
√
n

; otherwise the optimal transmission radius is large, in theorder of D√
n

,
whereD is the network diameter.

(5) Whenθ is sufficiently small, or channel number/radio number ratioc/m exceeds a
certain threshold, the capacity is upper bounded by

Cap = O(
nmW

cN
).
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The capacity ratio of directional antennas over omni-antennas decreases as the increase
of c/m, and converges to 1 whenc/m is sufficiently large.

4. THE FRAMEWORK OF CAPACITY ANALYSIS

4.1 System model

We begin our analysis from the model with a single channel anda single sink. The work
will be extended to a more general case of multi-sinks and multi-channels in section 7. The
wireless sensor network under our analysis consists of one sink node andN sensor nodes.
The traffic of nodes destines to or originates from the sink. Nodes are evenly distributed in
a region of circle, where the sink node is located in the center of this circle. The diameter
of the circular region isD. The system has a single communication channel. Our analysis
includes both case of omni-antennas and directional antennas. For the case of directional
antennas, we assume each node is equipped withm radios and each radio is associated with
a directional antenna. Radios on the same node can be active at the same time. All antennas
have the same beamwidthθ (mθ ≤ 2π) and antennas are not steerable (i.e., they cannot
adjust their orientations). For the case of omni-antennas,we assume each node is equipped
with a single radio. All nodes have fixed transmission radiusrt and communication links
are bi-directional. Since each antenna corresponds to a radio on a node, we use antenna
and radio interchangeably in the rest of the paper.

We start with the definitions of interference between nodes.The transmission area of
an omni-antenna is a disk with transmission radiusrt, and its interference area is a disk
with radiusqrt, whereq is the ratio of interference radius to transmission radius,and
q ≥ 1. q is assumed to be an integer in this paper for ease of analysis.Whenq is not a
integer, the network capacity is bounded by the one with the ratio ⌊q⌋ and the one with
⌈q⌉, and can be approximately estimated. The transmission areaof a directional antenna
with beamwidthθ and transmission radiusrt is a sector with angleθ and radiusrt, and
its interference area is a sector with angleθ and radiusqrt. Such a radiation model is
widely accepted in other previous works on capacity analysis with directional antennas,
such as [Yi et al. 2003], [Dai et al. 2008], due to its simplicity in analysis. In practise,
the radiation pattern of a directional antenna usually includes a high gain main lobe and
low gain side/back lobes, and can be approximated by a main lobe with beamwidthθ plus
a side lobe of beamwidth2π − θ, as shown in [Ramanathan 2001]. According to the
argument in [Sundaresan and Sivakumar 2004], the presence of side lobes contributes to
the increase of interference. Nevertheless, as indicated by the discussion in the section
4.2 in [Yi et al. 2003], the capacity follows the same scalinglaw whenever side lobes are
taken into consideration or not. Since the capacity is mainly determined by the size of the
interference area of nodes, rather than the shape, there is no substantial difference in the
capacity analysis between the circular sector model and a real world interference model
for directional antennas that considers side lobes and backlobes. Therefore, in this paper,
we do not consider the effect of side and back lobes.

For directional antennas, we assume both transmission and reception are directional, as
discussed in paper [Yi et al. 2003]. Directional reception means an antenna can receive
signals only from the direction it faces, which is the sectorwith beamwidthθ. As shown in
Fig. 1(a), if antennau is interfered by antennav, u andv must face each other (i.e.,u and
v must be in each other’s interference sector). Otherwise, asshown in Fig. 1(b), antenna
u does not interfere with antennav (andv does not interfere withu either) becausev does
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vu

(a) u interferes withv.

vu

(b) u does not interfere
with v.

Fig. 1. Directional reception/interference with directional antennas.

not faceu even thoughu facesv. We define that antennau interferes with antennav iff u
andv are in each other’s interference sector.

u

yx

v

(a) Omni-antennas.

v
x y
u

(b) Directional antennas.

Fig. 2. Interference between links.

The interference between links is defined as follows. Generally, the interference area of
a link is the joint area covered by the two interference areasof the end-nodes of the link.
A link li is said to interfere with linklj iff one end-antenna ofli interferes with one end-
antenna oflj . Two cases of link interference by omni-antennas and directional antennas are
shown in Fig. 2(a) and Fig. 2(b) respectively. Linkuv interferes withxy, because nodesv
andx are in each other’s interference sector, and interfere witheach other. Note that links
are bi-directional in our model. According to our definition, the interference between two
links is symmetric. That is, ifli interferes withlj , lj must interfere withli as well.

4.2 Performance metric

The capacity in our concern the per-node end-to-end capacity. We assume each node has
the same end-to-end traffic demand, denoted byα. The capacity is defined as the maximal
value ofα that the system can support.

In sensor networks, the sink node uses a tree topology to collect data from or disseminate
instructions to sensor nodes. We assume the tree is the shortest path tree. The traffic is
merged at the tree nodes who further pass the traffic to their parent nodes towards the sink.
Let T (vi) denote the subtree rooted at nodevi, l(vi) the link connecting subtreeT (vi) to
its parent node, andLvi the traffic on linkl(vi), as show in Fig. 3. We have

Lvi =
∑

vj∈T (vi)

α = α|T (vi)|, (1)

where|T (vi)| is the size ofT (vi), which is the number of nodes inT (vi), includingvi
itself.

ACM Transactions on Sensor Networks, Vol. V, No. N, Month 20YY.
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l(vi)

T (vi)

vi

Fig. 3. Nodevi, its corresponding linkl(vi), and its subtreeT (vi).

For link l(vi), we define its collision set as a set of links that interfere with it, including
l(vi) itself, and denote this collision set asI(l(vi)). We define the (normalized) collision
load of l(vi) as the total number of end-to-end flows of links in the collision set ofl(vi),
which is

LI(l(vi)) =
∑

l(vj)∈I(l(vi))

|T (vj)|. (2)

In wireless communication, two links that interfere with each other cannot be active at
the same time due to the signal interference. We consider themost conservative case that
no two links in the same collision set can be active at the sametime in order to guarantee
successful transmissions. That is, the collision load of any link, say l(vi), cannot exceed
the bandwidth of a channel. Thus, we have:

∑

l(vj)∈I(l(vi))

Lvj = α
∑

l(vj)∈I(l(vi))

|T (vj)| ≤ W, (3)

whereW is the channel bandwidth.
From ineq. (3), we have

α ≤ W
∑

l(vj)∈I(l(vi))

|T (vj)|
=

W

LI(l(vi))
. (4)

The capacity of our concern is the maximal per-node end-to-end capacity, which is the
maximal possible value ofα that meets ineq. (4) for any nodevi. According to ineq. (4),
we have

Cap = min
vi

W

LI(l(vi))
=

W

max
vi

LI(l(vi))
. (5)

Let Lmax be the maximal collision load of the system, i.e.,Lmax = max
vi

LI(l(vi)). The

capacity can be re-written as

Cap =
W

Lmax
. (6)

From the above definition of the capacity in eq. (6), we can seethat by having the
maximal collision loadLmax of the system, we can compute the capacity. In the next two
sections, we first analyze the maximal collision load of the networks with omni-antennas,
and compute the capacity. Then, we extend our work to the networks with directional
antennas.
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5. ANALYSIS OF WIRELESS SENSOR NETWORKS OF OMNI-DIRECTIONAL
ANTENNAS

Before studying the general case of 2-dimensional node deployment, we first look at the
case where nodes are distributed along a line. This is a typical deployment, when nodes
are placed along a line, such as along a bridge or a highway.

5.1 1-dimensional line deployment

In case of line deployment, we assume allN sensor nodes are evenly placed in a line at
one side of the sink node. The physical distance of the line isD. Let k = ⌈D/rt⌉, which
represents the minimal number of hops from the furthest nodes to the sink. We divide the
line of nodes into segments of lengthrt (i.e., the transmission radius). Segmenti refers to
the section in the deployment line((i−1)rt, irt] from the sink, as shown in Fig. 4(a), where
i ∈ [1, k] andi is an integer. To be consistent, segment 0 contains only the sink node. We
denoteSi as the set of nodes in segmenti. Since nodes are evenly distributed, the number
of nodes in each segment, except the segment 0, isN/k. Following the minimal hop
routing, nodes in one segment are always connected to the nodes in the adjacent segments.
Each node connects with a node in its left segment, and a node in its right segment. In
general, when traffic is evenly distributed, there are⌈N/k⌉ node-disjoint paths, and each
path contains exactly one node in each segment. WhenN is sufficiently large,⌈N/k⌉ is
approximatelyN/k. An example of the topology of the line deployment by 12 nodesis
illustrated in Fig. 4.

40
SSSSS

1 2 3 4 5 6 7 8 9 10 11 12

1 2 3

(a) Deployment of nodes in a line.

4

1

2

3

4

5

6

7

8

9

10

11

12

0
SSSSS

1 2 3

(b) Topology.

Fig. 4. Examples of line deployment.

For any nodev ∈ Si, its subtree contains all nodes from the segments on its right-hand
side, one from each segmentj, j = i, i+ 1, . . . , k. Hence we have

|T (v)|
v∈Si

= k − i+ 1. (7)

As illustrated in Fig. 5, a link between segmentsi − 1 andi interfere with all the links
between segmentj−1 andj for all js such thatmax(i−q−1, 1) ≤ j ≤ min(i+q+1, k),
i ≥ 1, j ≥ 1, because they have at least one end-node inside the interference area of this
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i

q

k

q

i−1S S

Fig. 5. The interference area of a link between segmentsi− 1 andi in a line deployment sensor network.

link between segmentsi− 1 andi. This means for any nodev ∈ Si, I(l(v)) is

I(l(v))
v∈Si

= {l(u) : u ∈ Sj ,

j ∈ [max(i− q − 1, 1),min(i+ q + 1, k)]}. (8)

Therefore, the normalized collision load of any linkl(v), wherev ∈ Si, i ≥ 1 is

LI(l(v))
v∈Si

=

min(i+q+1,k)
∑

j=max(i−q−1,1)

∑

u∈Sj

|T (u)|

=

min(i+q+1,k)
∑

j=max(i−q−1,1)

(k − j + 1)(N/k). (9)

Eq. (9) is an increasing function ofi wheni ≤ q + 2 and a decreasing function ofi
wheni ≥ q + 2. Therefore, whenv ∈ Smin(q+2,k), the normalized collision load reaches
the maximum, which is

max
v

LI(l(v)) =

{ k+1
2 N if k ≤ 2q + 3

(2q+3)(k−q−1)
k N otherwise.

(10)

According to eq. (6), we have

Cap =

{

2W
(k+1)N if k ≤ 2q + 3

kW
(2q+3)(k−q−1)N otherwise.

(11)

From eq. (11) we have the following observations:
a) Whenk ≤ 2q+3, the capacity is independent fromq, because the interference area of

the link that has the largest collision load covers the wholenetwork area. Whenk > 2q+3,
the capacity decreases as the increase ofq, due to the larger interference area.

b) The capacity is proportional to1/N . It is a decreasing function ofk, but does not
decrease to zero whenk → ∞. k = 2q + 3 is a critical point of the curve of the capacity
byk. Whenk ≤ 2q+3, the capacity decreases as the increase ofk, because the interference
area of the link that has the largest collision load already covers the whole network area in
this case and the increase ofk will increase the number of segments inside that interference
area. Notek = ⌈D/rt⌉. WhenD andN are fixed, increasingk means reducing node
transmission radius and making per-hop distance shorter. Whenk > 2q + 3, the decrease
of the capacity as the increase ofk is not significant, because the number of segments in
the collision set of the maximal collision load becomes constant at2q+3, and load of each
link in the maximal collision set, which is near the sink, converges toN . This result tells
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us that in sensor networks reducing node transmission power(for the purpose of energy
saving or reducing interference) would decrease the capacity in general. But, when the
network size is large enough (i.e.,k ≥ 2q + 3), reducing transmission power has little
impact on the capacity decrease.

c) Whenk = 1, the network has the highest capacity, which isW/N ; whenk → ∞,

lim
k→∞

kW

(2q + 3)(k − q − 1)N
= W/((2q + 3)N).

Therefore, the capacity is in the range of[W/((2q + 3)N),W/N ].

5.2 2-dimensional region deployment

In 2-dimensional region deployment, allN sensor nodes are assumed to be evenly dis-
tributed in a region of circle of diameterD and the sink node is located at the center of
the circle. Letk = ⌈D/(2rt)⌉|, which represents the minimal number of hops from the
furthest node to the sink. We divide the region into rings by circles centered at the sink and
with radius fromrt, 2rt, 3rt,..., tokrt. We denote ringi as the area between circles with
radius(i − 1)rt andirt, i ∈ [1, k]. To be consistent, ring 0 contains only the sink node.
Let Ri denote the set of nodes in ringi. Since nodes are evenly distributed, the number of
nodes in ringi, except the ring 0, is

|Ri| =
π(i2 − (i − 1)2)

πk2
N = N(2i− 1)/k2. (12)

In order to minimize the end-to-end hops, we assume that links always connects nodes in
the adjacent rings, as shown in Fig. 6. The subtrees rooted from nodes inRi contain all
the nodes outside ringi, includingRi itself. Thus, we have fori ≥ 1,

∑

v∈Ri

|T (v)| =
j=k
∑

j=i

|Rj | =
j=k
∑

j=i

N(2j − 1)/k2 = N(1− (i− 1)2

k2
). (13)

Fig. 6. Examples of the topology of 2-dimensional region deployment.

Since nodes are evenly distributed, the number of links falling into the interference area
of a given linkl(v) is independent from the location ofv, i.e., the number of links in the
collision set of linkl(v) is a constant when the distance between two end-nodes is fixed.
Considering the collision load defined in eq. (2), since the collision set size of a link is
independent from its location, the maximal collision load of link l(v) depends on the total
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size of subtrees whose parent links are inI(l(v)). Since the size of a subtree increases as
its parent link gets closer to the sink, the collision load reaches the maximum for a link
that is directly connected to the sink (i.e., a link between ring 1 and ring 0). Letl(v⋆) be
such a link between ring 1 and ring 0. The interference area ofl(v⋆) is the joint area of
two circles with radiusqrt and centered at the two end-nodes ofl(v⋆). The interference
area ofl(v⋆) is larger than the circle with radiusqrt but smaller than the circle with radius
(q + 1)rt all centered at the sink. Thus, we use the circle of radiusqrt centered at the sink
as a close lower bound to approximate the interference area of l(v⋆). The collision set of
l(v⋆) contains all the links between ringsi− 1 andi, for i = 1, . . . ,min(q+1, k). That is

I(l(v⋆)) ⊇ {l(u) : u ∈ Ri, i ∈ [1,min(q + 1, k)]}. (14)

Therefore, we have

max
v

LI(l(v)) ≥
min(q+1,k)

∑

i=1

∑

u∈Ri

|T (u)|

=

min(q+1,k)
∑

i=1

N(1− (i − 1)2

k2
.) (15)

According to eq. (6), we have

Cap ≤
{ W

kN−N
∑i=k−1

i=1 i2/k2
if k ≤ q + 1

W
(q+1)N−N

∑i=q
i=1 i2/k2

otherwise,
(16)

and

Cap = O(
W

N min(k, q + 1)
). (17)

From eq. (16) and eq.(17)we have the following observations:
a) Whenk ≤ q+1, the capacity is independent fromq, because the link of the maximal

collision load interferes all links in the network. Whenk > q + 1, the capacity decreases
as the increase ofq.

b) Similar to the line deployment, the capacity of 2-dimensional region deployment is
O(1/N), and decreases as the increase ofk, i.e., increases as the increase of transmission
radiusrt. k = q+1 is a critical point for the capacity as a function ofk. Whenk < q+1,
the capacity is almost inversely proportional tok; whenk ≥ q + 1, the capacity remains
nearly a constant, with respect tok. This shows that power control is an efficient way to
improve the capacity of wireless sensor network, when the transmission power is so large
such that all nodes can be interfered by the sink; otherwise,adjusting transmission power
has marginal effect on the capacity.

c) Whenk = 1, the network has the highest capacity, which isW/N ; whenk → ∞,

lim
k→∞

W

(q + 1)N −N
∑i=q

i=1 i
2/k2

= W/((q + 1)N). (18)

The capacity is in the range of[W/((q + 1)N),W/N ].
From the above analysis, we can see that, given a set of nodesN and deployment area

D, the network with larger end-end hops (i.e.,k) would have less capacity. But, whenk is
large enough, the capacity becomes at least1/(ξq) times of the upper bound of the capacity
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(i.e.,1/N ), whereξ is a constant depending on the network deployment shape. This result
also tells us when constructing the topology for a large network, there is no need to pay
attention to how far away nodes are connected, because the connection of those nodes
has little impact on maximal collision load of the whole system (and thus the network
capacity). The topology control algorithm should focus on how to connect the nodes that
are close to the sink to effectively reduce the maximal collision load of the system and to
increase the capacity.

6. ANALYSIS OF WIRELESS SENSOR NETWORKS OF DIRECTIONAL AN-
TENNAS

In the analysis in this section, each node is equipped withm directional antennas with
beamwidthθ, andm ≥ 2. All the other network parameters are the same as the sectionfor
omni antennas. We start with the case of line deployment.

6.1 Line deployment

When nodes are distributed along a line, two antennas on eachnode are sufficient to main-
tain the network connectivity. The directions of two antennas on each node is one for
connecting left neighbors and one for right neighbors. We can see that an antenna on a
nodeu pointing to its right direction interferes with an antenna on another nodev pointing
to its left direction iff the distance betweenu andv is less thanqrt andv is at the right hand
side ofu. Similar to the analysis for the line deployment with omni-antennas, we divide
the line into segments with lengthrt. A link between segmenti − 1 andi interferes with
another link between segmentj−1 andj, iff |j− i| ≤ q−1, i.e.,i−q+1 ≤ j ≤ i+q−1.
Hence the collision set,I(l(v)), v ∈ Si, is

I(l(v))
v∈Si

= {l(u) : u ∈ Sj ,

j ∈ [max(i − q + 1, 1),min(i+ q − 1, k)]}. (19)

The size of the subtree of each nodev, T (v), is the same as that in eq. (7). Following the
similar derivation of the capacity as that in omni-antennas’ case from eq. (7) to eq. (11),
we obtain the capacity in a line-deployment network with directional antennas, which is

Cap =

{

2W
(k+1)N if k ≤ 2q − 1

kW
(2q−1)(k−q+1)N otherwise.

(20)

From eq. (20) we can observe:
a) Whenk ≤ 2q − 1, the capacity is independent fromq. Notice that this constraint of

k is smaller than that of the omni-antennas, because directional antennas have a smaller
interference area.

b) The network with directional antennas achieves higher capacity than (at least the
same as) the network with omni-antennas. The capacity ratioof directional antennas over
omni-antennas increases as the increase ofk. The links with the largest collision set in
directional antennas is between segmentq − 1 andq, while in omni-antennas these links
appear between segmentq + 1 andq + 2 (assumingq + 1 < k). Therefore, the capacity
bottleneck in directional antennas appears closer to the sink than that in omni-antennas.

c) Comparing the results in eq. (20) with eq. (11), whenk ≤ 2q − 1, the network with
directional antennas has the same capacity as omni-antennas; whenk → ∞, the capacity
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ratio of directional antennas over omni-antennas is

(2q + 3)/(2q − 1). (21)

Thus, the capacity ratio of directional antennas over omni-antennas is in the range of
[1, (2q+3)/(2q−1)]. Considering that omni-antennas has only 1 radio, and directional has
two radios, the capacity is not necessary doubled by directional antennas, because the two
radios on a node may not be able to be active at the same time dueto the interference with
the neighboring nodes. Notice that the capacity is inversely proportional to the maximal
collision load, and the latter is approximately proportional to the interference area when
bothN andk are sufficiently large. Thus the capacity ratio decreases asthe increase ofq,
due to the increase in the ratio of interference area by a linkwith directional antennas over
a link with omni antennas (which is2q−1

2q+3 ). This suggests that there is more capacity gain
of directional antennas over omni antennas when the interference ratio is small.

6.2 2-dimensional region deployment

For directional antennas deployed in a 2-dimensional region, we assume one antenna can
serve several links (in a time sharing fashion) so long as they are within its transmission
sector. We also assume that antennas on each node have fixed orientations, and transmis-
sion sectors of antennas on the same node do not overlap with each other, so that antennas
on a node can be active at the same time. The whole transmission area of a node with
m antennas of beamwidthθ is the collection ofm sectors of angleθ and radiusrt. When
mθ < 2π, the transmission area of a node is not equivalent to a disk with radiusrt from this
node. Some nodes may be outside this node’s transmission area even when their distance
to this node is withinrt, and they need to use multi-hops to connect to this node.

The analysis of the capacity of the 2-dimensional sensor network of directional antennas
is different from that of omni-antennas, due to the following reasons: 1) Nodes may need
more than⌈D/(2rt)⌉ hops to reach the sink node, since the number of antennas on each
node may not be sufficient to maintain the same topology as theomni-antennas. 2) The
collision set of a link with directional antennas is different from that with omni-antennas.

Similar to the analysis for omni-antennas, the region is divided by circles centered at the
sink and with radius fromrt, 2rt, 3rt,..., tokrt. Now we look at the maximal collision load
of links in the system. Similar to the argument in section 5.2, the number of links falling
into the interference area of a link is independent from its location. The collision load of a
link depends on the total size of subtrees whose parent linksare in the collision set of this
link, as defined in eq. (2). Thus, the collision load of links increases as they are closer to
the sink. However, since the interference area of a link using directional antennas is the
joint area of two sectors, the collision set of a link dependson the orientation of antennas
of this link and the orientation of other nearby links. The link with the maximal collision
load may not appear on the links that are directly connected to the sink. Nevertheless, the
collision load of a link that directly connects to the sink isa close approximation of the
maximal collision load in the system. Letv⋆ ∈ R1 be a node directly connecting to the
sink andl(v⋆) is the link connectingv⋆ to the sink. The interference area of linkl(v⋆) is
fully covered by a circle from the sink with radiusqrt. To compute the collision load of
l(v⋆), we use the average size of subtrees whose parent links have at least one end-node in

this circle as an approximation. LetLq =

min(q+1,k)
∑

i=1

∑

v∈Ri

|T (v)|, which is the total size of
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all the subtrees whose parent links have at least one end-node falling into the circle with
radiusmin(q, k) and centered at the sink.Lq is actually the total load of all the links that
have at least one end-node in the circle. The total load of thelinks that have at least one
end-node in the interference area ofl(v⋆) is Lqφ, whereφ is the ratio of the size of the
interference area ofl(v⋆) over the size of this circle. According to the link interference
definition of antennas, not all the links that have an end-node in the interference area of
l(v⋆) interfere withl(v⋆). Let ρ0 be the probability that a link interferes withl(v⋆), given
that an end-node of this link is in the interference area ofl(v⋆) . The average total load of
links in the collision set ofl(v⋆) is

LI(l(v⋆)) = Lqφρ0. (22)

We use this average collision load as a close lower bound of the maximal collision load in
the system. That is

max
v

LI(l(v)) ≥ Lqφρ0. (23)

On the other hand, the sink hasN nodes in its tree and it hasm antennas for use. Thus,
we have

max
v

LI(l(v)) ≥ N/m. (24)

In the following, we will show how to obtainLq, φ andρ0.
First, we consider computingLq. In 2-dimensional region deployment, whenmθ < 2π,

directional antennas on each node is not sufficient to cover the whole disk of radiusrt
centered at that node. Thus the sink node needs multiple hopsto connect nodes in the
ring 1, and this multiple hop connection may also happen between other adjacent rings.
Since not all the nodes in ringi are the parents of nodes in ringi+ 1 due to this multi-hop
connection, we cannot computeLq as we did in eq. (15). We divide the region into two
parts, the area inside ring 1 and the area outside ring 1. LetLR1 denote the total size of all
the subtrees whose roots are inside ring 1, andLR2∗ the total size of all the subtrees whose
roots are in ring 2 or beyond. That is:

LR1 =
∑

v∈R1

|T (v)|, (25)

LR2∗ =

min(q+1,k)
∑

i=2

∑

v∈Ri

|T (v)|. (26)

We have

Lq = LR1 + LR2∗ . (27)

We first calculateLR1 as follows. Leth denote the number of hops necessary to cover
all the nodes in ring1. At least θ

2π
mN
k2 nodes in ring1 can be covered by them antennas

from the sink. For those nodes that are directly connected tothe sink, each of them uses 1
antenna for the uplink to the sink, andm− 1 antennas to link children. They can establish
links to cover at leastθ2π

mN
k2 (m− 1) child nodes, which can further linkθ2π

mN
k2 (m− 1)2

child nodes. We assume nodes in ring 1 have higher priority tobe linked than nodes outside
ring 1. That is, no node outside ring 1 can be linked to the treebefore the nodes inside ring
1. Repeat the above operation. LetHi denote the set of nodes that arei hops to the sink.
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We have

|Hi| =
Nmθ

2πk2
(m− 1)i−1. (28)

Since
i=h−1
∑

i=1

|Hi| ≤ |R1| ≤
i=h
∑

i=1

|Hi|, (29)

we have

Nmθ

2πk2

h−2
∑

i=0

(m− 1)i ≤ N/k2 ≤ Nmθ

2πk2

h−1
∑

i=0

(m− 1)i. (30)

Thus, we have
{

lg( 2π(m−2)
θm

+1)

lg(m−1) ≤ h ≤ lg( 2π(m−2)
θm

+1)

lg(m−1) + 1 if m > 2

π/θ ≤ h ≤ π/θ + 1 if m = 2.
(31)

.
Since the total number of nodes in the subtrees whose roots are inHi plus the number

of the nodes that are less thani hops to the sink isN , we have, for eachi ≤ h,

∑

v∈Hi

|T (v)| = N −
j=i−1
∑

j=1

∑

v∈Hj

1 = N − Nθm

2πk2

i−2
∑

j=0

(m− 1)j . (32)

Summing up the size of the subtrees whose roots are inHi for all 1 ≤ i ≤ h, we have

LR1 =

i=h
∑

i=1

∑

v∈Hi

|T (v)|

=

{

Nh−N
θm[( (m−1)h−1

m−2 )−h]

2π(m−2)k2 if m > 2

Nh−Nh(h− 1) θ
2πk2 if m = 2.

(33)

Next we calculateLR2∗ . LR2∗ reaches its minimum when all the nodes in ringi+ 1 are
directly connected to the nodes in ringi, for all i > 1. This is because, given the size of a
tree, the total size of all subtrees for a shorter balanced tree is greater than that for a taller
balanced tree. In fact, whenN is large enough, all the nodes in ringi + 1 can be directly
connected to the nodes in ringi, for all i > 1. Thus, a close lower bound ofLR2∗ is the
case when all the nodes in ringi + 1 are directly connected to the nodes in ringi, i > 1.
With the similar technique as in section 5.2, we have

LR2∗ ≥























N

i=k−1
∑

i=1

(1− i2/k2) if k ≤ q + 1

N

i=q
∑

i=1

(1 − i2/k2) otherwise.

(34)

We calculateφ as follows. Leta andb be the two end-nodes of a link which is incident
to the sink, andA andB be the two interference sectors centered ata andb, respectively.
We definez = min(q, k). The joint area of the two sectors must be inside the circle of
radiuszrt, centered at the sink. As shown in Fig. 7, the two sectors are with angleθ and
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radiuszrt. Since the distance betweena andb is less thanrt, we can always find a sector
of angleθ and radius(z − 1)rt, inside sectorA and outside sectorB. Let us denote this
sector asA′. The size of the joint area of sectorA andB is at least

θ1

2
(zrt)

2 +
θ

2
((z − 1)rt)

2. (35)

Therefore, we have

φ ≥ 2z2 − 2z + 1

2z2
θ

π
. (36)

a

tzr

t(z−1)rzr

A
b

B

t

A
′

Fig. 7. The joint area of two sectorsA andB of angleθ and radiusq. ||ab|| ≤ zrt.

We calculateρ0 as follows. LetPI(u, v) be the probability that a nodeu is in the
interference sector of an antenna at a nodev with beamwidthθ, ||uv|| ≤ qrt. We have

PI(u, v) = θ/(2π). (37)

Suppose that linkl = (s, t) has at least one end-node, say nodes, inside the interference
area of linkl(u) = (u, v), ||su|| ≤ qrt and ||sv|| ≤ qrt. The probabilityρ0 that link l
interferes with linkl(u) is at least the probability thatu or v falling into the interference
sector ofs. Thus, we have

ρ0 ≥ 1− (1− PI(u, s))(1− PI(v, s)) = θ/π − (θ/(2π))2. (38)

SubstituteLq, φ, ρ0 into eq. (23) from eq.s (27), (36), (38) and consider the constraint
in eq. (24), the capacity according to eq. (6) is

Cap ≤ W

max(N/m, 2z2−2z+1
2z2 (( θπ )

2 − (14 (
θ
π ))

3)(LR1 + LR2∗))
. (39)

Notice thatLR1 = O(Nh), andLR2∗ = O(min(k − 1, q)N). We have

Cap = min(O(
W

( θπ )
2N(h+min(k − 1, q))

),
mW

N
), (40)

and

h =











O(πθ ) if m = 2,mθ < 2π,

O(
lg 2π

θ

lgm ) if m > 2,mθ < 2π,

1 if mθ = 2π.

(41)

From eq. (39) and eq. (40) we have the following observations:
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a) Directional antennas achieve a higher capacity than omni-antennas, and this capacity
increases as the decrease of beamwidthθ, and increases as the increase of number of anten-
nasm, whenmθ < 2π. The reason is as follows. The collision load depends on two fac-
tors: 1) the size of the collision set (which is proportionalto 2z2−2z+1

2z2 (( θπ )
2 − (14 (

θ
π ))

3)),
and 2) the total size of all the subtrees whose roots are in thecollision set. The former is
O(θ2). The latter is proportional toLR1+LR2∗ . According to eq. (33),LR1 isO(h), which
is O(1/θ) for m = 2 or O( lg(1/θ)lgm ) for m > 2 (see eq. (31)).LR2∗ is independent from

θ (see eq. (34)). Thus, the collision load isO(θ) for m = 2 or O( θ
2 lg(1/θ)
lgm ) for m > 2.

Hence, the capacity is
{

O(1θ ) if m = 2,

O( lgm
θ2 lg(1/θ)) if m > 2,

(42)

whenmθ < 2π. Different from capacity scaling law for ad hoc networks with directional
antennas in [Yi et al. 2003], the capacity improvement by directional antennas in sensor
networks is less than1θ2 whenmθ < 2π, due to more end-to-end hops.

Whenmθ = 2π, the network with directional antennas has the same topology as that
with omni antennas. Thus the capacity improvement by directional antennas in such a case
only depends on the reduction of size of the collision set. The capacity is

O((
1

θ
)2), (43)

whenmθ = 2π.
However, the capacity does not increase to infinity with the decrease ofθ. It is upper

bounded by

mW/N, (44)

according to the eq. (24).
We can observe that, when the capacity is under the upper boundmW/N , the capacity

does not improve linearly by adding more antennas on each node, because the total size of
all the subtrees whose roots are in the collision set, i.e. (LR1 +LR2∗), depends on the total
number of hops to cover those nodes from the sink, i.e.q + h, while q + h isO( 1

lgm ).
b) The capacity ratio of directional antennas over omni-antennas is

min[O(
(πθ )

2 min(k, q + 1)

(h− 1 + min(k, q + 1))
),mmin(k, q + 1)]. (45)

Whenk → ∞, the capacity ratio is upper bounded by

min[O(
(πθ )

2(q + 1)

q + h
),m(q + 1)]. (46)

This ratio reaches the maximal valuem(q + 1) when beamwidthθ is sufficiently small.
c) Since the number of nodes in the ring 1 isN/k2, and an antenna will not be used

when it does not cover any node in its transmission sector, the number of used antennas on
the sink is at mostN/k2. Whenm = Θ(N/k2) andθ is sufficiently small, the capacity
can reach a upper bound asO(W/k2), regardless of the number of nodesN .
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7. DISCUSSIONS

In the above analysis, we assume that there is only one sink node, and one channel in the
system. In the following, we will extend our analysis to a more general case of multiple
sinks and multi-channels. What is more, we will analyze how the capacity of networks with
directional antennas changes with the beamwidth when the transmission power, rather than
the transmission radius is a fixed.

7.1 Network capacity for multiple sinks

When multiple sinks are deployed in a sensor network, the capacity will be improved, com-
pared with a single-sink network, because the end-to-end hops to the sinks are reduced, and
the traffic load aggregated at each sink decreases. As what wewill show in this subsection,
the relationship between the capacity and the number of sinks is not necessarily linear. It
depends on transmission radius, the number of sinks, and even beamwidth of antennas.
Furthermore, different from the single-sink case, the capacity of network with multiple
sinks has a non-monotonic relationship with transmission radiusrt.

The network model for multiple sinks is as follows. Suppose that there aren sinks and
N sensor nodes evenly distributed in a 2-dimensional region,inside the disk of diameter
D = 2krt, wherert is the transmission radius.k reflects the maximal number of hops from
nodes to the center of the region. Let each sensor node connect to its nearest sink through
the path with the minimal number of hops. The sensor network consists ofn disjoint
subtrees, one for each sink. We denotekn as the maximal number of hops from each sink
to sensor nodes in this subtree. According to the Lemma 1 in [Toumpis 2004], when nodes
are randomly distributed, each subtree hasO(N/n) sensors with high probability, when
N is sufficiently large. We assume that each sensor only selects its closest sink. Thus the
sensors for each sink are distributed in the disk of radiusknrt centered at the sink.

We have the following theorem on the capacity of a network with multiple sinks.

THEOREM 1. The capacity of a network with multiple sinks is as follows:
1) When sinks are sparsely distributed, i.e., kn ≥ Ω(1) (n ≤ k2 = O( D

2rt
)2)), the

network capacity is

Cap =











O( rtD

√
nW
N ) if D

2rt
≤ O(q + 1),

O(Drt

√
nW

(q+1)2N ) if Ω(q + 1) ≤ D
2rt

≤ O((q + 1)
√
n),

O( nW
(q+1)N ) if D

2rt
≥ Ω((q + 1)

√
n).

(47)

2) When sinks are densely distributed, i.e., kn = 1 (n ≥ k2 = Ω( D
2rt

)2)), there is no
capacity improvement by adding more sinks. The capacity in this case is

Cap =

{

O(WN ) if D
2rt

≤ O(q + 1),

O((Drt )
2 W
(q+1)2N ) if Ω(q + 1) ≤ D

2rt
≤ O(

√
n).

(48)

Proof. For a single-sink sensor network ofN sensor nodes and of radiuskrt, the capacity
is O(W/(kN)) whenk is small (k ≤ q + 1), andO(W/[(q + 1)N ]) whenk is large
(k > q+1), according to the capacity with omni-antennas by eq. (16),and with directional
antennas by eq. (39).

Now, we consider the capacity of this multi-sinks network. Whenkn is large (kn ≥
q + 1), the sink nodes are quite far away from each other (in terms of hops) and they do
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not interfere with each other. Notice that

kn = Θ(k/
√
n), (49)

so k ≥ Ω((q + 1)
√
n). In this case, the capacity of the whole network is equivalent to

the capacity of a subtree network with one sink andO(N/n) nodes. Thus the network
capacity is

Cap = O(
W

(q + 1)N/n
) = O(

nW

(q + 1)N
). (50)

Whenkn is small (kn ≤ q + 1, i.e.,k ≤ O((q + 1)
√
n)), sinks may interfere with each

other. The link that has the maximal collision load in a subtree may interfere other sinks,
which results in a much larger maximal collision load for thewhole system. The maximal
collision load in the whole system is at most the collision load of a subtree with one sink
node andN/n sensors, times the number of interfered sinks. Notice that the density of
sinks is n

π(krt)2
, and the interference area of one link isΘ(π((q + 1)rt)

2), so the number
of interfered sinks by one link is

min(n,Θ(
nπ((q + 1)rt)

2

π(krt)2
)). (51)

Thus, whenkn ≥ 1, i.e.,k ≥ Ω(
√
n), the network capacity is

Cap = O(
W

(N/n)(k/
√
n)min(n, n (q+1)2

k2 )
). (52)

Whenkn = 1, i.e.,k ≤ O(
√
n), sinks are densely distributed, i.e., each sensor can find a

sink within its transmission radius. The network capacity in this case becomes

O(
W

(N/n)min(n, n (q+1)2

k2 )
). (53)

Combining the results from eq. (50), eq. (52), and eq. (53), and noticing thatrt =
D/(2k), we can derive the capacity of a network with multiple sinks,which is shown in
eq. (47), and eq. (48). 2

From Theorem 1, we have the following observations:
a) When multiple sinks are sparsely distributed, the capacity has a non-monotonic rela-

tionship with transmission radius. When transmission radiusrt is so small that sinks do
not interfere with each other, the capacity remains nearly as a constant; whenrt is large
enough for sinks to interfere with nearby sinks, the capacity decreases as the increase of
rt, due to the increase of interference between nearby sinks (for networks with one single
sink, such a stage does not appear as there is no interferencefrom other sinks); whenrt
increases to the level such that the collision set of each link becomes saturated, the capac-
ity increases as the increase ofrt, due to the reduction of end-to-end hops between nodes
and sinks. When sinks are densely distributed, its capacityis equivalent to the capacity of
the network withO(k2) sinks. The capacity with dense distribution of sinks quadratically
decreases as the increase ofrt, due to the quadratical increase of interference area by the
increase ofrt.

b) Still in the case of sparse deployment of sinks, the capacity has two local maximums
atrt = Θ( D

(q+1)
√
n
), andrt = Θ( D

q+1 ), with valueO( Wn
(q+1)N ) andO(W/N) respectively,
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according to Theorem 1. Whenrt = Θ( D
(q+1)

√
n
), the furthest sensor for each sink is at

hopsΘ(q + 1) away, and sinks do not interfere with each other. Whenrt = Θ( D
q+1 ), each

sink is interfered by all other sinks, and each sensor is connected with a sink within one
hop. The optimal transmission radius depends on the relationship between sink numbern
and ratio of interference radius to transmission radiusq. Whenn ≫ q, the highest capacity
of a sensor network isO( nW

(q+1)N ), achieved by a small transmission radius; otherwise, the
highest capacity of a sensor network is onlyO(W/N), achieved by a large transmission
radius such that all nodes connect to sinks within one hop. This implies that reducing
transmission power can improve the network capacity only ifthe number of sinks are
sufficiently large, otherwise transmitting packets at the highest power level is the optimal
choice to maximize capacity.

c) The capacity increases as the increase of the number of sinks n, and the increasing
rate decreases as more sinks are added to the network. When sinks do not interfere with
each other, the capacity increasing rate isO(n); when sinks interfere neighboring sinks,
but can not connect its corresponding sensors within one hop, the capacity increasing rate
isO(

√
n); when the number of sinks keeps increasing and all sensors have at least one sink

within one hop, the capacity does not increase with the number of sinks. The relationship
between the capacity and sinks numbern can be expressed as

Cap =











O(n) if n ≤ O(( D
(q+1)rt

)2),

O(
√
n) if Ω(( D

(q+1)rt
)2) ≤ n ≤ O((Drt )

2),

O(1) if n ≥ Ω((Drt )
2).

(54)

When directional antennas are employed, the capacity following the same scaling law
in eq. (54) when the beamwidth is not small, and the capacity ratio of directional antennas
over omni-antennas is the same as the single-sink case. Whenbeamwidth is small, capacity
can even super-linearly increase as the increase ofn, if 1 ≤ kn ≤ q + 1 (Ω(

√
n) ≤ k ≤

O((q+1)
√
n)). Similar to eq. (51), the number of interfered sinks by eachdirectional link

is

min(n,Θ(
θ

2π

nπ((q + 1)rt)
2

π(krt)2
)), (55)

which isO(1) whenθ is enough small. Similar to the argument in Theorem 1, the capacity
is

Cap = O(
W

(N/n)(k/
√
n)

) = O(
rtn

1.5W

DN
). (56)

In such a case, the capacity ratio of directional antennas over omni-antennas isO( (q+1)2n
k2 ),

which increases as more sinks are placed. Nevertheless, when beamwidth keeps decreas-
ing, the network capacity is limited by the number of radios on each node rather than
interference, and scales as

Cap = O(
mW

N/n)
) = O(

mnW

N
). (57)

The capacity ratio of directional antennas over omni-antennas in this case is in the range
of [m(q + 1),mn] if q + 1 ≤ n, and[mn,m(q + 1)] if n ≤ q + 1.
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7.2 Network capacity for multiple channels

The network model for multiple channels is similar to that inSection 7.1. In addition,
we adopt the channel model in [Gupta and Kumar 2000] and [Dai et al. 2008], which is
the channel model 1 in [Kyasanur and Vaidya 2005]. The total bandwidthW is equally
divided amongc channels, and therefore the bandwidth of each channel isW/c. We assume
that radio numberm does not exceedc for omni-antennas, and does not exceed2πc/θ for
directional antennas. Because otherwise there are redundant antennas on the same channel,
which cannot be active simultaneously on the same node. We will show that, when a sensor
network has multiple channels, the capacity scaling laws with the number of nodes remains
asO(1/N), and directional antennas still outperform omni-antennasin such a network.

Network capacity is limited by three constraints:sink bottleneck constraint, arbitrary
interference constraint, andmaximal collision load constraint.

(1) Sink interface constraint: since all flows destine to sinks, capacity is restricted by
the number of radios (interfaces) at sinks. As each sink hasm radios and each radio
can support at mostW/c bits/sec, thesink interface constraint capacity boundλS is
expressed as

λS = O(
nmW

cN
). (58)

(2) Arbitrary interference constraint: according to eq. (7) of appendix I in [Kyasanur and
Vaidya 2005], and eq. (9) of appendix A in [Dai et al. 2008], the per-node capacity of
arbitrary wireless networks with directional antennas is limited by interference as

Cap×N ×Dn = O(
W

θ

√

Nm

c
),

whereDn is average distance between nodes and sinks. Notice thatDn = Θ(1/
√
n),

thearbitrary interference constraint capacity boundλA is expressed as

λA = O(
W

θ

√

nm

cN
). (59)

(3) Maximal collision load constraint: the capacity of a sensor network is constrained
by maximal collision load. When there are multiple channels, collision load will be
distributed among different channels, resulting in a smaller collision load per link. For
each link, the number of different channels used by links in its collision set is at most
c. There exists at least one channel, such that its collision load is at least1/c of the
original collision load for a single channel. Thus the capacity is

Cap ≤ W/c

Ls
max/c

=
W

Ls
max

, (60)

whereLs
max is the maximal collision load for a network with a single channel. It

means that the capacity upper bound by maximal collision load constraint is not rel-
evant to the number of channelsc. Let λomni

M , andλdir
M denote the single channel

maximal collision load constraint capacity bound with omni-antennas and directional
antennas, respectively. The former,λomni

M , can be referred to eq. (47), assuming that
sinks are sparsely distributed. When sinks are densely distributed, the capacity bound
is equivalent to case withΘ(k2) sparsely distributed sinks, according to Theorem 1.
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The latter,λdir
M , can be expressed as

λdir
M = fdir

omniλ
omni
M , (61)

wherefdir
omni is the capacity gain of directional antennas over omni-antennas in a single

channel network. Similar to the observation (a) for eq. (39), the value offdir
omni for

differentm andθ can be found in eq. (42) and eq. (43).

Combining the three constraints, the capacity isO(min(λS , λA, λ
omni
M )) for omni-antennas,

andO(min(λS , λA, λ
dir
M )) for directional antennas. We have the following theorems on

the capacity of multi-channels networks. Notice that sincen ≤ N andk ≤ N , thear-
bitrary interference constraint is always either dominated bysink interface constraint, or
maximal collision load constraint.

THEOREM 2. Let Γomni denote the c/m ratio threshold for omni-antennas, which is

Γomni =











D
2rt

√
n if D

2rt
≤ O(q + 1),

2(q+1)2rt
√
n

D ) if Ω(q + 1) ≤ D
2rt

≤ O(q + 1)
√
n,

q + 1 if D
2rt

≥ Ω((q + 1)
√
n).

(62)

The capacity of a network with omni-antennas and multiple channel is as follows:
1) when c/m ≤ Γomni, the capacity is











O(Wrt
√
n

DN ) if D
2rt

≤ O(q + 1),

O( WD
√
n

(q+1)2Nrt
) if Ω(q + 1) ≤ D

2rt
≤ O(q + 1)

√
n,

O( Wn
(q+1)N ) if D

2rt
≥ Ω((q + 1)

√
n);

(63)

2) when c/m ≥ Γomni, the capacity is O(nmW
cN ).

THEOREM 3. Let Γdir denote the c/m ratio threshold for directional antennas, which
is Γomni/f

dir
omni. The capacity ratio of directional antennas over omni-antennas is:

1) when c/m ≤ Γdir, the ratio is fdir
omni;

2) when Γdir ≤ c/m ≤ Γomni, the ratio is

max(1, fdir
omni ×











Θ(mc
D
√
n

rt
) if D

2rt
≤ O(q + 1)

Θ(mc
(q+1)2rt

√
n

D ) if Ω(q + 1) ≤ D
2rt

≤ O(q + 1)
√
n

Θ(mc (q + 1)) if D
2rt

≥ Ω((q + 1)
√
n)

); (64)

3) when c/m ≥ Γomni, the ratio is 1.

From Theorem 2 and Theorem 3, we have the following observations:
a) The capacity is alwaysO(1/N), in regardless ofc/m ratio. This shows that a sensor

network has different capacity scaling rule to that of a wireless multi-radios multi-channels
ad hoc network in [Kyasanur and Vaidya 2009] and [Dai et al. 2008], because of its special
many-to-one traffic pattern.

b) The capacity depends onc/m ratio. Whenc/m is below the thresholdΓomni for
omni-antennas orΓdir for directional antennas, the capacity is only constrainedby interfer-
ence and not relevant toc/m; whenc/m exceeds the threshold, the capacity is constrained
by the number of radios rather than interference, and decreases as the increase ofc/m.
In addition, different from the ad hoc networks of many-to-many traffic pattern, thec/m
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thresholds for a sensor network only depend on the number of sinksn and the transmission
radiusrt, rather than the number of nodesN .

c) Directional antennas have higher capacity than omni-antennas in multi-channels sen-
sor networks. The ratio of directional antennas over omni-antennas decreases and con-
verges to 1 whenc/m increases. This suggests to use directional antennas in thescenario
where there are not many channels. When the number of channels are sufficiently large,
directional antennas have no gain in capacity than omni-antennas, if they have the same
transmission radius. When there are sufficient channels, and when the transmission power
is same for omni-antennas and directional antennas, the directional antenna achieves more
capacity only because it has a larger transmission radius.

7.3 Network capacity with the same transmission power setting

In previous sections of the paper, we focus on the capacity analysis when the transmission
radius is same for both omni-antennas and directional antennas. In the case that the trans-
mission power is same for both omni-antennas and directional antennas, their transmission
radii are different, due to different antenna gain, as shownby the results in [Ramanathan
2001]. In general, directional antennas improve the network connectivity [li et al. 2009],
[Bettstetter et al. 2005] and reduce hop counts [Vilzmann etal. 2005] on average. Given
the path loss exponentγ, according to the calculation in the eq. (7) of [Dai 2009], the
transmission radius of a directional antenna with beamwidth θ, denoted bytr,dir, can be
expressed as follows:

tr,d = (
2

tan(θ/2)
)

2
γ tr,o, (65)

wheretr,o is the transmission radius of the an omni-antenna with the same transmission
power. Letko = ⌈D/rt,o⌉, be the minimal number of hops from the furthest nodes to
the sink by omni antennas, andkd = ⌈D/rt,d⌉ be that by directional antennas.kd can be
represented as

kd = (
2

tan(θ/2)
)−

2
γ ko. (66)

The maximal number of hops from the furthest nodes to the sinkby directional antennas,
denoted bykd,max, is composed by the number of hops inside and outside the firstring,
which is

kd,max = h+ kd − 1 = h+ [(
2

tan(θ/2)
)−

2
γ ko − 1]. (67)

It is larger thanko when sensors are distributed in a small area, due to more hopsinside
the first ring; and is smaller thanko when sensors are distributed in a large area, due to
less hops outside the first ring. According the the capacity formulation for omni-antennas
eq. (17), and for directional antennas eq. (40), we have the ratio of capacity of directional
antennas over omni antennas under the same transmission power setting, which is

min[O(
(πθ )

2 min(ko, q + 1)

(h− 1 + min(kd, q + 1))
),mmin(ko, q + 1)]. (68)

Let θ1, θq+1, θko
be the beamwidth such that the the correspondingkd is 1, q + 1 and

ko. The directional/omni capacity ratio changes with beamwidth as follows: a)When
ko ≤ q + 1, the ratio isO(koπ

2

hθ2 ) if θ ≤ θ1(kd = 1), and decreases toO( koπ
2

(h+ko)θ2 ) as
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the beamwidth increase fromθ1 to θko
(kd increases from 1 toko); b) Whenko ≥ q + 1,

the ratio isO( (q+1)π2

hθ2 ) if θ ≤ θ1(kd = 1), decreases toO( (q+1)π2

(q+h)θ2 ) as the beamwidth

increases fromθ1 to θq+1 (kd increases from 1 toq + 1), and remains atO( (q+1)π2

(h+q)θ2 ) as
the beamwidth is larger thanθq+1 (kd ≥ q + 1). The directional/omni capacity ratio is
larger than 1, and decreases as the increase of beamwidth, asboth hop count and interfer-
ence increase with the beamwidth. Compared with the case that both omni-antennas and
directional antennas have the same transmission radius, the directional/omni capacity ratio
with the same transmission power is larger, because the transmission radius by directional
antennas is larger than that of omni-antennas. In all cases,the directional/omni capacity
ratio does not increase to infinity whenθ approaches zero, and it is always upper bounded
bymmin(ko, q + 1).

8. CONCLUSION

In this paper, we analyzed the per-node end-to-end capacityof wireless sensor networks
that use omni or directional antennas. For the use of directional antennas, we showed that
they affect the network capacity not only by reducing interference, but also by changing
network topology. From our analytical results we found thatthe network capacity forN
sensors’ network isO(1/N) for both omni and directional antennas. By using directional
antennas, the network capacity can be improved, compared with omni-antennas. This ca-
pacity gain is bounded by(2q+3)/(2q− 1) for line deployment. The directional antennas
with smaller beamwidth have better capacity due to less interference they cause. However,
for the two-dimensional deployment, the capacity is bounded by nmW

cN , no matter how
small the beamwidth can be, wheren is sink number,m is radio number,c is channel num-
ber, andW is the channel bandwidth. Furthermore, for the two-dimensional deployment
andmθ < 2π, the capacity isO(1θ ) for m = 2, andO( lgm

θ2 lg(1/θ) ) for m > 2, whereθ is
antennas’ beamwidth. From our analytical results, we also found that using more radios
with directional antennas can increase the network capacity. But, the capacity increase is
not linear to the increase of the number of radios due to the interference.

We also investigated the impact of multi-sinks and multi-channels to the capacity. We
showed that, when there is only one sink, the capacity increases as the increase of trans-
mission radius; when there aren > 1 sinks, the capacity has a non-monotonic relationship
with transmission radius. A small transmission radius can produce a higher capacity only
when the number of sinks is greater than the ratio of interference radius to transmission
radius; otherwise, the network capacity reaches the maximum when transmission radius is
so large that all nodes can directly connect to sinks. In addition, we showed that, adding
more sinks to the network will generally improve the capacity. However, the capacity im-
provement decreases fromO(n) to O(1) as the number of sinks increases. For a special
case, when directional antennas are used and the beamwidth is very small, the capacity can
even super-linearly increases as the increase of number of sinksn.

When there are multiple channels, the capacity remains asO(1/N). Whenc/m exceeds
a certain threshold, the capacity decreases as the increaseof c/m. The ratio of directional
antennas over omni-antennas decreases as the increase ofc/m, and converges to 1 when
c/m is sufficiently large.
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